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Further Empirical Evidence on the Consumption-Real
Exchange Rate Anomaly

Efthymios G. Pavlidis Ivan Paya David A. Peel

Department of Economics, Lancaster University ManagerSehool, LA1 4YX, UK

Abstract

This paper adopts a nonlinear framework to model the dewiatof the real exchange rate from its funda-
mental value implied by International Real Business Cyabelaels with complete asset markets. By focusing
on the post Bretton Woods era, we find that in several casesitha long run relationship between real ex-
change rates and consumption series in line with internakiosk sharing. Further, linearity tests indicate
that the majority of the deviation processes exhibit sigaiit smooth transition nonlinearity. Exponential
Smooth Transition Autoregressive models appear parsiongty to capture the nonlinear adjustment. These
findings provide an explanation for the empirical reguiesitnoted in the literature on the relation between
the real exchange rate and consumption, such as the BacluSnaith (1993) puzzle. Finally, General-
ized Impulse Response functions show that shock absor#ieignificantly faster than suggested in the
Purchasing Power Parity puzzle.
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JEL Classification: F41, C22, C52

1. Introduction

In the early 1990s the lack of evidence supporting PurchiaBower Parity (PPP) led researchers to
focus on the identification of potential pitfalls concempithe empirical approaches employed till then as
well as to provide theoretical justifications for the obsehbehaviour of real exchange rates.

Three of the most important avenues of research that emdésaesi focused on: (i) the effect of the
sample size, (ii) the presence of nonlinearities in the stdjent mechanism, and (iii) the fact that real
variables may affect the equilibrium real exchange ratefafas the latter factor is concerned, International
Real Business Cycle (IRBC) models, with complete or incatgphsset markets, establish a relationship
between the equilibrium real exchange rate and consumsdines on the basis of international risk sharing
(e.g., Backus and Smith, 1993; Kollmann, 1995; Chari et28l02). However, the findings of a number of
studies cast doubts on the empirical validity of this imation (see, e.g., Benigno and Thoenissen, 2008).
The main objective of the present paper is to reassess thedmplationship between the real exchange
rate and consumption by extending the sample used by pregindies and by allowing the presence of



nonlinearity in the adjustment mechanism. The rest of th@ductory section outlines recent advances in
the literature that motivate our approach.

As noted by Frankel (1986), the tests typically employedrduthe 1980s to investigate whether real
exchange rates are stationary may have low power when dgplismall spans of data during the recent
floating rate period. Following Frankel a number of researsisupported this view by using long span
of data (e.g., Lothian and Taylor, 1996) and panel unit rests (Frankel and Rose, 1996). Even though
these studies provided evidence that real exchange rat&s reeert in the long-run, the implied half life
of deviations from PPP ranged from three to five years. Thetlfed real shocks cannot account for such a
high degree of persistence gave rise to Rogoff's (1996) RRBI@.

Perhaps the most important explanation of the Rogoff puszteovided by theoretical models which
demonstrate how transactions costs or the sunk costs ohatienal arbitrage induce nonlinear but mean
reverting adjustment of the real exchange rate (see, eunad, 1992; Sercu et al., 1995; O’'Connell and
Wei, 2002). Whilst globally mean reverting, these nonlinearcesses have the property of exhibiting near
unit root behaviour for small deviations from PPP, sincelbd®viations are left uncorrected if they are not
large enough to cover transactions costs or the sunk costeeafiational arbitrage. On the other hand, large
deviations are much less persistent. Hence, the low powstatibnarity tests and the excess volatility of
the real exchange rate may be attributed to the presencenbhearities in the data. In his seminal paper
Dumas (1992) summarised this position as follows

“Linear equations are unlikely clearly to identify a progesuch as the one fdnp! ... in
which long-run behaviour is very different from short-tdoghaviour, since reversion manifests
itself only when deviations from parity has become wide ghdu

Dumas (1992, p. 171)

The set of parametric models that can capture the nonliggaostulated includes the Threshold Autore-
gressive (TAR) model of Tong (1983) and the Smooth Transifiatoregressive (STAR) model of Granger
and Te#svirta (1993) and Tésvirta (1994). There are two common forms of the STAR motleé one is
the Exponential STAR (ESTAR) model in which transitionsvize¢n a continuum of regimes are assumed
to occur smoothly and symmetrically. The appealing featdithe ESTAR model is that the speed of mean
reversion is increasing with the size of the deviation frama equilibrium, which implies that the corre-
sponding half life of a shock depends on its size. The smatjtistment process is suggested in the analysis
of Dumas (1992) and demonstrated by Berka (2002). Furthesnieg&svirta (1994) argues that if an ag-
gregated process is observed, regime changes may be sratifa@hthan discrete as long as heterogeneous
agents do not act simultaneously even if they individualBkendichotomous decisions, which favours the
use of the ESTAR model over TAR model.

Michael et al. (1997), Taylor et al. (2001) and Kilian and [By(2003) among others show that ESTAR
models can parsimoniously fit a number of real exchange.r&tealinear impulse response functions de-
rived from the estimated models suggest that large shocks mewert much faster than the ones previously
reported for linear models, for which the speed of mean stweris independent of the size of the shock.
These findings therefore seem to go some way towards sohiggfRs PPP puzzle. However, deviations
from PPP still dissipate very slowly.

Although the early studies of PPP assumed a constant equiililrate, it is well recognised that even
in relatively short spans of data real effects on the equilib exchange rate may be important. A variety

lwherelnp denotes the real exchange rate.



of theoretical models, such as Balassa (1964) and Samu@l864), Lucas (1982) and Stein et al. (1995),

demonstrate how real factors drive real exchange ratesements and imply a non-constant equilibrium.

Neglecting the influence of such factors may result in ant@ahivariable bias, which could account for the

slow mean reversion reported in the empirical literaturée Significance of real factors has been docu-
mented in panel data analysis (see, e.g., Canzoneri 986, Thinn and Johnston, 1996), as well as, in
studies adopting a country by country nonlinear frameworkdng span of data (Lothian and Taylor, 2008;

Paya and Peel, 2006).

International Real Business Cycle (IRBC) models predidbaecrelation between movements in the real
exchange rate and relative consumption levels. (e.g., Baakd Smith, 1993; Kollmann, 1995). However,
the evidence in favour of a link between real exchange rade@ative consumption is scarce. Backus and
Smith (1993) are the first to document the lack of a systenpatitern governing the movements of real
exchange rates and relative consumption by comparing tlamsnetandard deviations and autocorrelations
of the first differences of the two series. Kollmann (1995péays the methods proposed by Park (1992) and
Phillips and Ouliaris (1990) to investigate whether congtiom and real exchange rates are cointegrated.
By using quarterly data for the recent floating period he tates that the complete markets model cannot
match the observed consumption and real exchange ratelgravés. This result also holds using panel
data (Koedijk et al., 1996). More recently, Sercu and Upga0Q) examine a different set of countries
than the set used by Kollmann (1995) for the post-Bretton #§oera and find that there is a long-run
relation between consumption and real exchange rates edpattis of the Johansen (1991) test. However,
the authors do not specify if the cointegration equatioroisséstent with the implications of IRBC models.
Finally, Head et al. (2004) employ the generalized methochofents and reject the hypothesis that there
is a link between real exchange rates and relative consamigtvels.

As noted by Obstfeld and Rogoff (2000) the fact that real erde rates and consumption appear to be
disconnected should be of no surprise given the high vitladif real exchange rates under floating together
with the low volatility of consumption. The discrepancywetn theory and empirical evidence is known as
the “Backus and Smith puzzle” or the “consumption real exgearate anomaly”.

We argue that the empirical failure of IRBC models in pregistudies may be due to the linear frame-
work adopted in conjunction with the relatively short spdrdata available for the post-Bretton Woods
era. Our line of reasoning is that factors such as the cosbiifage, the presence of heterogeneous agents
(noise traders and rational speculators) in the market tlemdact that the equilibrium rate cannot be ob-
served directly by the arbitrageurs may lead to persistahtreherently nonlinear deviations from economic
fundamentals (e.g., Frankel and Froot, 1990; Kilian anddray001; De Grauwe and Grimaldi, 2006).
Moreover, we show that the sample correlation between thleepechange rate and relative consumption
levels may be small or negative even though there is a wehe@fiong-run structural relationship between
the variables. Essentially the structural relationshig monlinear dynamic one so that the sample contem-
poraneous correlation may be misleading.

When deviations from the equilibrium are small, arbitragewvho may be uncertain about the exact
value of the equilibrium exchange rate, may be dominatedoisertraders who can drive the exchange rate
in the opposite direction. Hence, small misalignments eikchange rate will be left uncorrected. However,
when deviations from equilibrium become large a consersuaeveloped that the currency is overvalued
or undervalued which, eventually, will result in drivingetlexchange rate towards its fundamental value.
In this setting deviations from the equilibrium exhibit ayhidegree of persistence and smooth threshold

2We are aware that real business cycle models that includeniplece asset markets , non-traded goods or other market fisotian
explain the contemporaneous correlation (see, e.g., Chaki 002; Kehoe and Perri, 2002; Benigno and Thoeniss8;Selaive
and Tuesta, 2006).



dynamics. The hypothesis of a nonlinear adjustment to thdiledqum is also motivated by the empirical
regularities noted by Backus and Smith (1993) and ObstfettiRogoff (2000), and with the difficulty of
finding cointegration when linear models are used to analiiset spans of data.

The present study re-examines the validity of IRBC modeigdithe recent floating period. By expand-
ing the span of data used by previous studies we attempt tgatdtthe low power of linear cointegration
tests and to approximate the long-run relationship usiegJtthansen (1991) method. Subsequently, we
apply the linearity test of Escribano and Jad999) to the deviations from the IRBC equilibrium. We also
consider two recent modifications of the linearity test varaccount for conditional heteroskedasticity. Our
findings support the presence of smooth transition nonfityea/hich provides an explanation for the failure
of cointegration tests based on relatively short span & (l&ag., Pippenger and Goering, 1993). It appears
that STAR models produce parsimonious fits to the deviatoies. The results of the Generalized Impulse
Response Function (GIRF) suggest a fast adjustment pradggskalf-lives between one to three years.

The rest of the paper is structured as follows. Section 2igesva brief discussion of IRBC models
based on complete asset markets and ESTAR models. The mtixinsdescribes the data, the empirical
methodology and the experimental results. The final sectioicludes.

2. The Equilibrium Real Exchange Rate in IRBC models

International Real Business Cycle models comprise an sigrof the closed economy Real Business
Cycle models to an international setting where transastiake place both in goods as well as in financial
markets (e.g., King et al., 1988). In this setting, as londimancial markets are complete, risk sharing
takes place across countries with the real exchange ratg pbebportional to the ratio of marginal utilities
of consumption (see, e.g., Chari et al., 2002; Apte et aD420lt follows that IRBC models with complete
markets predict that higher real consumption abroad lotierseal value of foreign currency.

To analyse this statement more formally we follow Kollma@845) and assume a world wifki coun-
tries indexed byt = 1,..., K, each represented by an infinitely lived agent. Furthermibie assumed
that the goods consumed differ across countries, whichiésm@ non-constant real exchange rate. Each
country’s preferences are given by

> 81wk 4(Crr) k=1

t=s

Uk:Es 7"'aKa (1)

)

where,E is the expectations operatgk, € (0, 1) is countryk’s subjective discount factoa,, . (-) is country
k’s instantaneous utility function in periad andC}, ; denotes consumption of countky In equilibrium,
the risk sharing condition for any country pair {) and for all periods and states is

Q0 = Ay, Dt @

4,7 ot )
ﬁjmj7t

where(), is the real exchange ré&ten periodt, A; ; is a constant, angh;, ; is the marginal utility of con-
sumption for countryc = 4, j. The above relation should hold even if there are frictiongaods and labour

3The real exchange rate is defined as

P; t

Qi = St =L
P; ¢

whereS; denotes the nominal exchange rate, units of currémsr unit of currencyj, and Py, ; denotes consumer prices for country
k.




markets, such as sticky prices and sticky wages, becauseeffext is already reflected in consumption
choices.

Taking logs and assuming that the utility function is isastic with exponent — ny, wheren;, denotes
the coefficient of relative risk aversion of country= i, j, Equation (2) yields the model tested by Kollmann
(1995) and Backus and Smith (1993)

8.

qr = )\1',7]' + ln <ﬁj t—|— nicq;,t — TLjCjJ —+ 2ty (3)
A

whereg, \; j, ¢;+ andc; ; denote the logarithms @, A; ;, C; . andC} ., respectively, and, denotes the

deviation from the equilibrium implied by the model. Givérat the coefficient of risk aversion takes positive

values, a country undergoing a real depreciation shouldréxpce relative consumption growth, with a rate

depending on the elasticity of intertemporal substitutrooonsumption.

2.1. Nonlinear Adjustment to Equilibrium

Recently, a number of authors have provided evidence inufawbsmooth transition dynamics in the
deviations of nominal exchange rates from macroeconomddmentals such as those suggested by the
monetary model and the PPP (see, e.g., Taylor and Peel, Zagor et al., 2001; Paya and Peel, 2006).
A model that seems to parsimoniously capture the nonlinesmmmneversion postulated is the ESTAR. An
ESTAR model for the proceds;} may be written

P
2 — = Z¢p(zt—z) — j) exp (*7 (21 — u)2) + €, (4)
p=1

wherey € (0, 00) is the smoothness parameter, which determines the temsjieed of functiofi(z;_1; v, 1) =
exp (—7 (z¢—1 — M)Q) towards the inner or outer regime. The error tegmjs assumed to follow a white

noise process with mean 0 and variaanceandy is a constant. Equation (4) is a popular reformulation of
the ESTAR model proposed by Granger andaseirta (1993). The exponential transition functici; ), is
particularly applicable because it implies symmetric atfjient for positive and negative deviations from the
equilibrium. Further, the speed of adjustment is increggiith the smoothness parameteaind the absolute
value of the past deviation from the equilibrium. A partemly interesting case is WheEZ:1 ¢, =1.1n
this case, at the equilibriu@(-) = 1 andz; will behave as a unit root process, while for larger deviaio
G(-) € [0,1) andz; will mean revert. Hence, although is a globally mean reverting nonlinear process, it
may exhibit a high degree of persistence, which providesxataration for the low power of stationarity
test. Kilian and Taylor (2003) propose a different ESTARgpaeterisation. They argue that it is more intu-
itive to allow the effect of the deviations from the equilion on the nonlinear dynamics to be cumulative.
To this end, the authors suggest modifying Equation (4) to

d=1

5 d
w—p=Y d,(zp—mexp | 7> (z_a—p)° | +e, (5)
p=1

whered is a positive integer. Suppose thatiffers from unity and that the smoothness parametgeis
significant. Then cumulative deviations are a more infoiveaindicator of whether the market is moving
towards the equilibrium value rather than a single pastadsn of the process.

4Backus and Smith (1993) derive a restricted model with idahtisk aversion coefficients, as well as, subjective distdactors
across countries. Whilst, a more general model than the onellh&ion (1995) is provided by Apte et al. (2004).



3. Data, Empirical Methodology and Experimental Results

We use quarterly data for private consumption, nominal argke rates and consumer price indices
obtained from the International Financial Statistics bate for Canada, Germany, France, Japan, Sweden,
the United Kingdom and the United States. The sample pesifsdin 1973:1to 2004:1V, except for Germany
and France, for which the sample period ends at 1998:1V. WihedJ.S. dollar as the reference currency
for the empirical analysis.

In order to investigate whether the consumption real exgbaate anomaly is present in the examined
data set, we initially utilise the correlation coefficiehttween real exchange rates and relative consumption.
These correlations vary betweei.575 and 0.107, indicating that the “Backus and Smith puzzle” remains
for the extended sample period. However, the correlatiatisic may be an inappropriate measure for
testing the validity of IRBC models due to the presence oéttrends in the equilibrium equation, different
risk aversion parameters and nonlinear dynamics.

3.1. Cointegration Analysis

IRBC models clearly predict that there should be a long-alationship between real exchange rates and
consumption, or equivalently if the variables are integgadf order one,(IL), they should form a cointegrat-
ing system. By the Granger Representation Theorem (Englé€&aanger, 1987) the above set of variables
must posses a Vector Error Correction Model (VECM) repreg@m in which the error termy,, in Equa-
tion (3) comprises the deviations from the equilibrium. yet= [q;, ¢; ¢, ¢n,.] denote the x 1 vector of the
system’s variables, the VECM is written

p
Ay, = Tilby i + Ty, 1+, (6)

i=1

whereA is the difference operator. The rank of matfikdetermines the number of cointegrating relation-
ships. If matrixII is of full rank, r = 3, the VECM reduces to a vector autoregression (VAR) gna a
stationary process. KI is the null matrix,» = 0, then the system’s variables are not cointegrated and the
underlying process is not stationary. FinallyIIfis neither of full rank nor the null matrixj < r < 3, then
there are- cointegrating relationships add can be decomposed

I1 = an’ (7

wheren are ther cointegrating vectors determining the long-run equilibrj anda denotes the matrix of
the adjustment coefficients.

It is well recognised that depending on the properties of#rées under examination cointegration tech-
niques may have low power when applied to short spans of &atdher, due to serious small sample bias
the coefficients obtained in cointegration analysis cay vaddely across country pairs making economic
interpretation very difficult (Froot and Rogoff, 1995). Weaeine this scenario by extending the data set
used by previous studies and applying the Johansen (193hpdaogy.

Table 1 reports the trace andmax (maximum eigenvalue) statistics for cointegratiomj ¢he long-
run coefficients for consumption. Overall, the cointegnatresults support the existence of a long-run
relationship among real exchange rates and consumptionthedasis of both the trace ahdmax statistics

5These values are similar to the ones reported in the litergsere, e.g., Chari et al., 2002).



the null of no cointegration can be rejected for all cousstiiet Japan at the 10 % significance Iv@&oth
tests indicate that there is a single cointegrating retatiqp between the system’s variables. As the last two
columns of Table 1 report, the long-run coefficients,s andn;, are correctly signed for Canada, France,
Sweden and the United Kingdom suggesting that higher (lpseat consumption abroad lowers (increases)
the real value of foreign currency (see Equation (3)). Thplied relative risk aversion parameters are
sometimes higher than the upper limit of ten suggested a®nahle by Rajnish et al. (1985). However,
recent work by Barro (2005) suggests that higher values nearedlistic. It is noted that the correlation
coefficients for these countries with the exception of Feaaie negative. Therefore, the difference in the
relative risk aversion coefficients and/or the presencetiofi@trend (due to different discount rates between
countries) may result in negative contemporaneous ctigetabetween the real exchange rate and relative
consumption.

TABLE 1

This is illustrated in Table 2 which reports correlation fficeents between the real exchange rate and
consumptions for three different cases. The first cagedrresponds to the Backus and Smith (1993) model
where the relative risk aversion coefficients are assumdzk tmlentical and a time trend is not included
in the equilibrium value. In the second cage ), the assumption of identical risk aversion coefficients is
relaxed by using the estimates from Table 1. Finally, we atstsider the effect of different risk aversion
coefficients and a time treng,(.,) for the cases that the latter is significant in the cointégmneanalysis.

TABLE 2

As far as Germany is concerned, although there is evidenceinfegration the results are not in line
with IRBC models since the coefficient of relative risk avensis negative. In summary, these findings
support mean reversion towards the time-varying equiliorspecified by IRBC models.

3.2. Linearity Testing

A complementary reason for the empirical regularities regzbin the IRBC literature, such as the es-
timated values of correlation coefficients (Backus and Bnii®93), the difference in volatility (Obstfeld
and Rogoff, 2000), and the difficulty of finding cointegratifKollmann, 1995), may be that the deviations
process is governed by nonlinear dynamics. Next, we inyatgtiwhether the deviations series exhibit sig-
nificant STAR nonlinearity of the type suggested by Kiliam draylor (2003). Escribano and Jér{1999)
developed a linearity test that provides useful insightsceoning the presence of STAR nonlinearity, and
the specification of the transition variable.

In deriving an LM test for the null of linearity against STARminearity we adopt the typical STAR
model (Teasvirta, 1994; Escribano and Jard 999; van Dijk et al., 2002)

2t = ¢/wt + elth(an e C) + Ut, (8)

6Japan is excluded from the remaining analysis since no apitien was found.



wherex; = (1,2;-1,...,2t—p) , @ = (dg;---,9,), 0 = (0o, - .., 0,), s, is the transition variabley is the
transition parameter ands a constant. The transition functidfy(-) for the ESTAR model is defined by

F(st,7,¢) = [1—exp (—y(st — ¢)?)] - 9)
In the case of a Logistic STAR (LSTAR) model
F(st,7,¢) = [1+exp (—y(ss — )] . (10)

Testing linearity in this framework is not straightforwaide to the presence of unidentified-nuisance
parameters (Davies, 1977). Luukkonen et al. (1988) oveecitra identification problem by replacirg-)
with a Taylor series approximation. The resulting equagiermits the use of LM tests which asymptotically
posses tha? distribution. Escribano and Jaxq1999) extended the work of Luukkonen et al. (1988) and
Terasvirta (1994) and proposed a new specification strateglydose between ESTAR and LSTAR models
based on the following equatibn

2e = O Ts + Oy @5y + Opxiss + Ogxis 4+ O4xs) + uy. (11)

e Estimate Equation (11) and obtain thevalue, p;, for the null hypothesis of linearityt/} : &, =
8 =8, =&, = 0.

o If linearity is rejected,

— test the nullH} : 8}, = &), = 0 with an F-test and obtain the correspondipgalue,pg.
— test the nullH{ : 8 = &5 = 0 with an F-test and obtain the correspondipgalue,p..

e If pp < pr, select ESTAR, otherwise select LSTAR.

The implementation of the above procedure requires thefggion of the lag lengtlp and the tran-
sition variables;. We follow previous studies and set= 2 for all countries but Sweden and the United
Kingdom, for which we sep = 4 so as to deal with residual autocorrelation. Kilian and ®ay2003) argue
that although most studies employ a single past deviatidheasransition variable, it is more intuitive to

allow the effects of persistent deviations to be cumulatif@this end, we conside;, = (2221 22 V2,
whered denotes the lag with the minimupavalue for the null of linearity 7}, and we allow a maximum
of 8 lags.

An important issue when testing the presence of STAR noatities is the presence of conditional
heteroskedasticity in the model's residuals. For examiplmdbergh and Tésvirta (1998) examine the
linearity test of Te#svirta (1994) and conclude that conditional heteroskaitysmay result in severe size
distortions and that the robust version of Granger ané3rta (1993) appears to have very low potver.
Pavlidis et al. (2009) show that the Escribano and d¢i®99) test exhibits similar problems as the test of
Terasvirta (1994) and investigate the performance of posaildenatives to improve its properties (size and
size-adjusted power). Their findings suggest that the uskeoHeteroskedasticity Consistent Covariance
Matrix Estimator (HCCME) of MacKinnon and White (1985) impes upon the size, but results in very
low size-adjusted power. On the other hand, the Fixed Déaligh Bootstrap appears to lead to a marked
improvement both in terms of size and size-adjusted power.

"This new procedure appears to be consistent and to generatehiginer correct selection frequencies (see Paya and Z08s).
8See Lundbergh and Tasvirta (1998) for the specification, estimation and evilnabf models with nonlinear behaviour in the
mean (STAR) and in the conditional variance (STGARCH), thAR"STGARCH model.



TABLE 3

The results of the Escribano and Jangrocedure using the Least Squares Covariance Matrix {bs),
Heteroskedasticity Consistent Covariance Matrix of Mawiin and White (1985) (HC), and the Fixed
Design Wild Bootstrap (WB) are presented in Table 3. Ovelinbarity is rejected for the majority of cases.
For Canada, France, and the United Kingdom the results aléatively similar between the three versions
of the LM test. The null hypothesig{, is rejected at least at the 10% significance level and thessam
transition variable is selected for each country by allstest= 8, 7 and2. The latter finding supports the use
of the model proposed by Kilian and Taylor instead of the ERTAodel usually adopted in the literature
with d = 1. In the case of Sweden, only the original version of the Bsad and Jor procedure rejects
the null of linearity at the 5% significance level, which ingsl thatd = 1. Germany is the only country
for which the deviations from the equilibrium do not appesafdilow a STAR process. Although the results
suggest the selection of an LSTAR model rather than an ESBARBIfcountries but Sweden the difference
in the associateg-values is marginal. Given that there is no prior reason fioagymmetric adjustment, the
remaining analysis focuses on ESTAR models.

3.3. Estimation of the ESTAR models and the Wild Bootstrap

We examine the performance of the two ESTAR models (4) andd{S¢ussed in Section 2.1) in cap-
turing the nonlinear dynamics of the deviations serigsWhile the former model is used for all countries,
the model proposed by Kilian and Taylor is only employed fan&da, France and the United Kingdom.
This is due to the linearity test results, which indicate tha effect of the deviations are not cumulative, i.e.
d < 2, for Germany and Sweden. Furthermore, we cannot rejecesteation thatz, follows a unit root
process at the equilibriun/, : > ¢, = 1. Table 3 shows the estimates of the restricted ESTAR moithels,
standard error of the regression, the correspongstgtistic, the Ljung-Box)-statistic for serial correlation
in the residuals and the LM test statistic (ARCH) for coratifil heteroskedasticity up to lags 1 and 4. The
Q-statistic does not indicate the presence of serial cdioelan the regression residuals. However, there is
some evidence of conditional heteroskedasticity for Swewl the United Kingdom.

In order to test the significance of the smoothness parametén the presence of conditional het-
eroskedasticity or non-normality we employ the Fixed Dedigld Bootstrap (see, e.g., Wu, 1986; Mam-
men, 1993; Davidson and Flachaire, 2001). The asymptdiidityaof the Fixed Design Wild Bootstrap for
stationary autoregressions with known finite lag order wthererror term exhibits conditional heteroskedas-
ticity of unknown form is established in Goncalves and &il(2004). Their results cover as special cases the
N-GARCH, t-GARCH and asymmetric GARCH models, as well as, stochastatility models. The pro-
cedure we follow is to impose the nully: v = 0 and simulate 1,000 series for, denoted by:? according
to

p
Z(Aé Zt_p — 1) + el 12)

The residuals? are constructed by multiplying the residuals obtained ey@BTAR model¢;, by a random
variable,n,, that follows the Rademacher distribution

~J—1 with probabilityp = 0.5,
=1 with probability (1 — p).

Then, are mutually independent drawings from a distribution petedent of the original data. The dis-
tribution has the properties that(n,) = 0, E(n?) = 1, E(n}) = 0, andE(n}) = 1. A consequence of



these properties is that any heteroskedasticity or synicrmatn-normality in the estimated residuats)(is
preserved in the newly created residifals.

This procedure provides an empirical distribution foand the associated standard errors. The idea in
1,000 replications is to determine the appropriatealues so we do not reject the null 6f= 0. These
critical values can then be used to determine whether tiraatsts ofy reject the null or not (see also Paya
and Peel, 2006). The Wild Bootstrapvalues under the nullly: v = 0, are also reported in Table 4.

TABLE 4

The Wild Bootstrap-values imply that the estimated transition parametersnagach case significant
for all conventional levels, which supports the nonlineatune of the deviation processes. Therefore, the
difficulty of detecting cointegration in short samples may ditributed to large and persistent deviations
generated by the ESTAR adjustment mechanism. Furtherjgheshort term volatility of the real exchange
rates compared to the volatility of the consumption sesgalso, in accordance with the implications of the
ESTAR model. We conduct a Monte Carlo experiment in the falthg section, which illustrates the above
points.

3.4. Generating the Puzzle
We are interested in examining the behaviour of the coioglatoefficients between the real exchange
rate and relative consumption and the properties of linetegration tests when the true DGP is nonlinear.
To this end, we calibrate nonlinear models by using paranvetees similar to the estimated ones. For
simplicity we assume that the two consumption series folladviftless random walk

Cijt = Cijt—1 + Uiy, u;p ~ N(0,0.02),
Cjt = Cjt—1 t Ujt, uj ¢ ~ N(0,0.02).

The DGP for the real exchange rate is given by

g = —0.07t+6¢;; —9¢ + (1.2(q—1 +0.07(t — 1) — 6¢;,4—1 +9¢j1—1) —
—0.1(gt—2 +0.07(t — 2) — 6¢;,4—2 + 9¢j,t—2) + 0.2(qs—3 + 0.07(t — 3) —
—6¢it—3+9¢j1—3) +0.1(qi—a +0.07(t —4) — 6¢;4—a + 9¢j1—4)) -
cexp (—0.3(ge—1 + 0.07(t — 1) — 6¢;0—1 + 9 x cj1—1)%) + €,

wheree; ~ N(0,0.15). We set the sample size equal to 128 observations and gerled80 series for each
variable. In turn, we obtain the correlation coefficienttimen the “fake” real exchange rate series and the
“fake” relative consumption. The percentage of negativeedation coefficients is 46.4, implying that the
likelihood of observing a small or negative correlationagge.

Further, we examine the power of the Johansen (1991) testéatcointegration between the “fakg’,
¢t andc; ;. The null hypothesis of no cointegration can be rejectedBid gercent of the cases when the
nominal significance level is 10 percent. However, if we @jethe sample size to 70 observations, which is
about the sample size used by Kollmann (1995), the poweridettes to only 15.7 percent, indicating the
importance of the sample length.

9The Wild Bootstrap matches the moments of the observed ertaibdigon around the estimated regression function at eastyd
point (z%). Liu (1988) and Mammen (1993) show that the asymptotic digidbwf the Wild Bootstrap statistics are the same as the
statistics they try to mimic.
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3.5. Generalized Impulse Response Functions

In this context, it is also of importance to investigate Wigetthe estimated nonlinear models, as well as,
the inclusion of the equilibrium determinants can expl&i@ PPP puzzle regarding the slow rate at which
shocks appear to damp out. Impulse response analysis addrgs issue by focusing on the effect of a
shock on the behaviour of the deviation process. Howeveunaber of studies have shown that impulse
response analysis is considerably more complex for naalimedels when compared to linear models (see
Gallant et al., 1993; Koop et al., 1996; Potter, 2000; vatk Bfjal., 2007). In particular, impulse responses
produced by nonlinear models depend on (i) the history bat,i$ the initial conditions, (ii) the size and
sign of the current shock, and (iii) the shocks that occumnituife periods. Koop et al. (1996) propose a
measure, the Generalized Impulse Response Function (QlRigh deals with the complications entailed
in impulse response analysis for nonlinear models. The GdRIefined as the average difference between
two realizations of the stochastic process,;,, which start with identical histories up to tinie- 1, but only
the first realization is hit by a shock of magnitutieat periodt.

GIRF(h,d0¢,wi—1) = E [ze4nler = 0, wi—1] — E [2en|wi—1] (13)

whereh = 1,2... denotes horizong, = 4, is an arbitrary shock occurring at timte andw;_; is the
history set ofz;. Given that the GIRF:, §,w;_1) is a function of§; andw;_;, which are realizations of
random variables, the GIRF, d,w;_1) itself is a realization of a random variable. It follows thatrious
conditional versions of the GIRF can be defined. For exammecan condition on the shock and treat the
variables generating the history as random. Alternatjusty can consider a specific history and treat the
GIRF as a random variable in terms of the shock. In generakamecondition on a subset of shocks and
a subset of histories, depending on the specific applicatiothis work, we choose to condition upon “all
past histories” so as to examine the time profile of the effetshocks of different magnitudes on the future
patterns of the series variable.

Due to the fact that analytic expressions for the condilierpectations involved in (13) are usually not
available forh > 1, we use bootstrap integration methods (see Koop et al.,, I89& detailed description) to
overcome the issue of future shocks intrinsically incogped in the model® In particular, for each available
history 200 repetitions are implemented to average outdéushocks, where future shocks are drawn with
replacement from the models residuals, and then the resultss all histories are averaged. The maximum
impulse response horizon is set to 48 quarters and we corstideks of magnitudé; = 6., whereg, is
the residual standard deviation and= 1, 3, 5.

In order to measure the rate at which the final effect of an isg4;, is attained we compute thelife
or m-absorption time (see van Dijk et al., 2007)

N(Wagtawtfl) = Z (1_ H I<7T7 h>6t7wt1)> ) (14)
m=0 h=m

where0 < 7 < 1andI(w,h,d;,w:—1) is the indicator function which takes the value of 1 if at lesSaction

1 — = of the difference between the initial and ultimate effedt$,ohas been absorbed afteperiods and

0 otherwiset! The 7-life corresponds to the minimum horizon beyond which théedénce between the

10An analytical expression of the “impulse response functfonthe deterministic skeleton of a restricted ESTAR modetisjged
by Venetis et al. (2007).
11The indicator function is defined as

I(m, b, 84, wi—1) = I [|GIRF(h, 8¢, wi—1) — GIRF® (8¢, wi—1)| < 8¢ — GIRF® (81, wy—1)]]
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impulse responses at all longer horizons and the ultimaigorese is less than or equal to the fractioof

the difference between the initial impact and the ultimatponse. Note that the above definitionrelffe
differs from the definition usually adopted in the literauwhich is the shortest horizon at which at least a
fraction1 — = of the initial effect,d,, has been absorbed. This is an appealing feature since amicitt is

not granted. That id)(r, h, d;,w;—1) = 1 does not necessarily impl§(r, h + j, 0¢,we—1) = 1,Vj > 0.

TABLE 5

Table 5 displays the-lives of shocks for the estimated ESTAR models of the deviaderies (see Table
4). The results reported further illustrate the nonlineature of the real exchange rate with time-varying
equilibrium models, with the absorption time decreasinthuhe size of the shock. Moreover, the reduction
in the time needed to absorb fractioh— ) of different size shocks depends on the proportion- ).
In other words, if the shock increases frdnmx 6. to 5 x &, the reduction in the time needed to absorb
25% of both shocks is not generally the same as the reductibmé needed to absorb 50% of the shocks.
The half-lives corresponding to the smallest shocks ramgeden 7 and 14 quarters, while for the largest
shocks the half-lives range between 3 and 9 quarters. Tharmlmn time also depends on the specific
ESTAR formulation. For Canada and France the absorptioa tsrmuch smaller when the Kilian and
Taylor ESTAR model is adopted, but not for the United KingdoRowever, the results are qualitatively
similar. Given that consensus estimates of linear modeajgest a half-life between 3 and 5 years (see
Rogoff, 1996), these results, in accordance with the resd@ilbther studies adopting a nonlinear framework,
seem to go some way towards solving the PPP puzzle.

4. Conclusion

The present study adopts an IRBC framework, where the équith real exchange rate is determined
by consumption series. By focusing on the recent float, wedindience in favour of a long-run relationship
in line with the risk sharing condition implied by IRBC modalith complete markets for most of the
countries under examination. The results of linearitysté@sdicate that the deviations from the equilibrium,
as estimated by the Johansen (1991) method, exhibit STAReanty. We fit ESTAR models and employ
the Fixed Design Wild Bootstrap so as to draw inferencesemtiesence of conditional heteroskedasticity.
The estimated models appear to parsimoniously fit the demigirocesses. The nonlinear nature of the
series provides an explanation for the empirical reguidarihoted in literature and the results of studies
using shorter spans of data. Finally, we address the PPRegegarding the slow absorption rate of shocks
by employing GIRFs. Our findings suggest that shocks to thé@tiens from the IRBC equilibrium have
short half-lives.
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Table 1: Cointegration Results

Trace A-max
Countryj p trend r<=2 r<=1 r=20 r<=2 r<=1 r=20 nys n;
Canada 7 0.24 8.64 40.87** 0.24 8.40 32.22** 1285 16.01
(2.51) (2.97)
France 12 3.77 16.52 41.69* 3.77 12.75 25.17* 7.75 1.01
(2.15) (0.98)
Germany 7TV 4.53 16.04 42.28* 453 11.51 26.24** 426 -1.42
(0.67) (0.23)
Japan 7V 4.92 16.91 34.79 492 11.99 17.88 — —
= =)
Sweden 8 V 7.28 18.24 63.74** 7.28 10.96 45.50*** 16.57 9.43
(2.49) (1.68)
United Kingdom 3 0.01 11.09 41.75** 0.01 11.08 30.66*** 50 4.59
(1.21) (1.17)

NOTE: The system variables afe:, c; i s, ct,;), Whereg; is the real exchange rate angy, is the real consumption at timtefor countryk = 4, j.
The cointegrating vector has been normalised with respdtietoeal exchange rate. Figures in parentheses denotesdagmiors. The lag length
of the Vector Autoregression (VAR) was determined on thesakthe Schwartz Information Criterion (SIC), allowing fomeaximum length of 8
lags. However, in the case that the LM test indicated thaViB€E residuals exhibited serial correlation up to order 8léwelength was increased.
*xx xx % denote significance at the 1%, 5%, and 10% significanevel, respectively.



Table 2: The Consumption Real Exchange Rate Anomaly

Correlation Canada France Sweden United Kingdom
p -0.575 0.101 -0.553 -0.274
Pra 0.393 0.045 -0.556 0.031
Pira — 0.255 0.149 —

NOTE: p denotes the correlation coefficient between real exchaaigeand relative consumption, while
Prq IS the correlation coefficient adjusted for the differervelles of relative risk aversion ang,,., is the
coefficient adjusted for both the different levels of relatiisk aversion and a time trend.

Table 3: Linearity Testing

Country; p d D1 PE PL
Canada

OoLS 2 8 0.002 0.008 0.003

HC 2 8 0.023 0.165 0.023

WB 2 8 0.008 0.028 0.010
France

OoLS 2 7 0.066 0.029 0.017

HC 2 7 0.051 0.030 0.017

WB 2 7 0.080 0.052 0.030
Germany

OoLS 2 3 0.298 0.133 0.118

HC 2 2 0.235 0.122 0.109

WB 2 3 0.364 0.226 0.194
Sweden

oLS 4 1 0.033 0.015 0.036

HC 4 6 0.308 0.692 0.753

wB 4 5 0.226 0.142 0.194
United Kingdom

OoLS 4 2 0.006 0.014 0.012

HC 4 2 0.001 0.040 0.030

WwB 4 2 0.036 0.044 0.040

NOTE: The length of the autocorrelation is denotedghywhile d shows the number of lags included in
the transition variable for which the-value for the null of linearityp, is the lowest.pg andpy, are the

p-values for the null hypotheses of LSTAR and ESTAR nonliiigatespectively.

18



Table 4: Estimated ESTAR Models

Canada
(a) Typical ESTAR Model Parameterisation

2 =—0.287 + ( 1.002 (z_1 + 0.287]) +(1— 1.002 ])(zt_z + 0.287]))-
[1.913] [11.105] [1.913 [11.105 [1.913

-exp(— 0.069 (z_1 + 0.287)2
exp( [3.217](Zt ! [1.913? )
(0.010)

s = 0.146, Q; = 0.784 (0.376), Q4 = 3.803 (0.433),
ARCH; = 0.005 (0.946), ARCH, = 0.579 (0.678)

(b) Kilian and Taylor Parameterisation

2, — — 0.145 + (0.893 (21 + 0.145) + (1 — 0.893 )(2_5 + 0.145))-
“t ( (71 .783]> ( .4671> (22 [1.783]) )

[1783]  \[0.467] il 9

. _ 8 2

(-~ 0-gag = (a0 150°)
(0.000)

s =0.137, Q1 = 0.011 (0.917), Q4 = 2.739 (0.602),
ARCH; = 1.829 (0.179), ARCH, = 0.684 (0.605)

France
(a) Typical ESTAR Model Parameterisation

2 = 0.040 + ( 1.382 (2,1 — 0.040) + (1 — 1.382 )(z;—2 — 0.040))-
Zt ( (2e-1 900]) ( ]>(zt 2 f)

[0.900] [14.423] [0. ! [14.423 [0.900
'eXp(_[%%%](zt_l - [%'.%8? )
(0.000)

s = 0.074, Q, = 0.242 (0.623), Q4 = 3.378 (0.497),
ARCH; = 0.087 (0.769), ARCH, = 0.294 (0.881)

(b) Kilian and Taylor Parameterisation

2= 0.066 — ( 1.310 (21 — 0.0661) +(1— 1310 ])(,zt,2 - 0.0661>)~

[1.403] [12.945] [1.403 [12.945 [1.403
cexp(—0.121 37 (z;_q — 0.066)?
Xp( [2.551] a=1(Zt-d [1.403]) )
(0.003)

s =0.077, Q1 = 0.231 (0.630), Q4 = 2.140 (0.710),
ARCH, = 0.271 (0.604), ARCH, = 0.602 (0.662)

Germany
(a) Typical ESTAR Model Parameterisation
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2= —0.028 + ( 1190 (z,_1 + 0.028]) +(1— 1.190 ])(th2 + 0.028]))-
[0.774]  [11.797] [0.774 [11.797 [0.774
-exp(—2.340 (z,—1 + 0.028)?
xp( [2.508](Zt ! [0.774f )
(0.000)

s =0.066, @1 = 0.293 (0.588), Q4 = 2.138 (0.710),
ARCH; = 1.582 (0.211), ARCH, = 0.751 (0.560)

Sweden
(a) Typical ESTAR Model Parameterisation

2 = 0.010 + ( 1.180 (z—1 — 0.010]) — 0.093 (24_2 — 0.010]) + 0.200 -
[0.152] [13.342] [0.152]  [0.709] [0.152] = [1.536]

(Z—3 — 0.010) + (1 — 1.180 + 0.093 — 0.200)(z:—4 — 0.010))-
(23 [0.1521> ( [13.342] ' [0.157] [1.536J> (2= [0.1521>)

cexp(— 0.305 (211 — 0.010)2
p( [3.770]( =l [o.152f )
(0.000)

s = 0.159, Q1 = 0.303 (0.582), Q4 = 0.540 (0.969),
ARCH; = 4.046 (0.047), ARCH, = 1.136 (0.343)

United Kingdom
(a) Typical ESTAR Model Parameterisation

2 =—0.051 + (1134 (z_, + 0.051]) + 0.034 (245 + 0.051]) + 0.078 -
[1.151] [12.547] [1.151] = [0.259] [1.151]  [0.590]

(2i—3 + 0.051) + (1 — 1.134 — 0.034 — 0.078) (214 + 0.051))-
(23 [1.151]) ( [12.547] [0.259] [o.590]>( = [1.151]»

~exp(— 0.652 (z¢—1 + 0.051)2
xp( [3.276](Zt ! [1.151f )
(0.000)

s = 0.075, Q, = 0.045 (0.832), Q4 = 2.379 (0.666),
ARCH; = 5.212 (0.024), ARCH, = 2.163 (0.078)

(b) Kilian and Taylor Parameterisation

2 =—0.046 + ( 1.093 (z_1 + O.O46J) + 0.082 (z4_s + O.O46J) + 0.095 -
[1.198] [12.233] [1.198] = [0.617] [1.198]  [0.725]
(z—3 + 0.0461) +(1— 1.093 — 0.082 — 0.095])(zt,4 + 0.046J))~
[1.198 [12.233] [0.617] [0.725 [1.198

cexp(—0.38722_ (z1_q + 0.046)2
xp( [3.684] az1(3t-d [1.198]) )
(0.000)

s =0.074, Q1 = 0.008 (0.930), Q4 = 1.645 (0.897),
ARCH, = 4.936 (0.028), ARCH, = 1.801 (0.133)
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NOTE: Figures in square brackets denote the ratio of thelatesealue of the estimated coefficient to the
estimated standard error of the coefficient estimate. The Bbldtstrapp—value for they coefficient is
reported in parentheses below the coefficient estimatis. the standard error of the regressiap; and
Q4 denote the Ljung-BoxQ-statistic for serial correlation up to order 1 and 4, resipely. ARCH; and
ARCHjy4 denote the LM test statistic for conditional heteroskedigtup to order 1 and 4, respectively.
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Table 5: Estimated-lives of Shocks

Shock Absorption
Country Ot 0.25 0.50 0.80
1x o0, 6 (4) 14 (10) 34 (22)
Canada 3 X o, 5(4) 11 (8) 30 (18)
5 X ¢ 3(3) 9 (6) 25 (13)
1x 6. 7(7) 10 (9) 17 (15)
France 3 X0, 7(6) 10 (9) 17 (15)
5 X ¢ 5(5) 8(8) 15 (13)
1 x6e 4(-) 7() 13(-)
Germany 3X 0, 3() 5() 12 (-)
5x e 2() 3() 9()
1 x6e 7() 9() 12(-)
Sweden 3 X b, 6(-) 8(-) 11 (-)
5% 6. 4() 6() 9()
1 X 6. 7(9) 9 (11) 11 (14)
United Kingdom 3 X0, 5 (7) 7(9) 10 (13)
5 X 0 4 (5) 5 (7) 8 (11)

NOTE: The table reports the absorption time for the typical /&S parameterisation and the Kilian and Taylor
parameterisation. Figures in parentheses correspond tattee In the cases of Germany and Sweden only the
typical ESTAR parameterisation is employed.
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