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Return value basics

What is a return value?

o Random variable A represents the maximum value of some
physical quantity X per annum

o The N-year return value xy of X is then defined by the equation
1
FA(XN) = Pr(A < XN> =1- N

o Typically N € [10?,10%] years



Return value basics

An alternative definition

o Random variable Ay represents the N-year maximum value of X

o The N-year return value x}; of X can be found from F4,, for large
N, assuming independent annual maxima since

1
FA(XN) = 1—-—

N
= Fa,(xn) = <1 - ;[)N ~ exp(—1)

o Use Fy4, (x)) = exp(—1) to define an alternative return value x);



Return value basics

Estimating a return value

o To estimate xy, we need knowledge of the distribution function
F,4 of the annual maximum

o We might estimate F4 using extreme value analysis on a sample of
independent observations of A

o Typically more efficient to estimate the distribution Fx|x-~., of
threshold exceedances of X above some high threshold 1 using a
sample of independent observations of X, and use this in turn to
estimate F4 and xp

o How is this done?



Return value basics

Estimating a return value

o Asymptotic theory suggests for high threshold 1 € (—o0, c0) that

£ 1/
Fyixsy(x|th,0,8) =1~ (1 + p (x = 1!’))

+
for x > 1P, shape & € (—o0, 00) and scale o € (0, 00)

o The full distribution of X is Fx(x) = 7 + (1 — ) Fx|x>(x) where
T=Pr(X <)

o Thus

Fa(x) =Pr(A <x) = ¥ fe(k)F(x)
k=0

where C is the number of occurrences of X per annum, with
probability mass function fc to be estimated (say with a Poisson
model with parameter A)

o So what'’s the problem?
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Incorporating epistemic uncertainty

Parameter uncertainty

o xy can be estimated easily in the absence of uncertainty

o In reality, we estimate parameters A, 1, o and & from a sample of

data, and we cannot know their values exactly

o How does this epistemic uncertainty affect return value
estimates?

o A number of different plausible estimators for return values
under uncertainty

o Different estimators perform differently (bias and variance)

o Which estimators are likely to perform reasonably in fairly
general circumstances?

o Is it even sensible or desirable to estimate return values?
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Incorporating epistemic uncertainty

Incorporating uncertainty

o If a distribution Fy|z of random variable Y is known conditional
on random variables Z, and the joint density fz of Z is also
known, the unconditional predictive distribution Fy can be
evaluated using

Be(y) = /C Fyi2(x|0)f2(¢) dg

o Th expected value of deterministic function g of parameters Z
given joint density fz is

Els(2)] = | $(@)f2(€) de

o ¢=(AY,0,¢&),Y=A(rY = Ay)



Different return value estimators [ESNSRERINI2VA)]

Return value estimated using expected values of parameters, xx(E[Z])

o Motivated by the widespread approach of ignoring uncertainty in
parameters ¢ for estimation of return values

xn1 = xn(E[Z])
o Simply plug in the mean parameter estimates E[Z] = [, {fz(() d¢
o A related estimator converging to xy; with increasing N, would
be x (E[Z])

o Similar choices of estimator could be based on mode(Z),
median(Z), ...



Different return value estimators [EESNCYENAEINIVA)|

Expected quantile of distribution of A with NEP 1 —1/N, E[xn(Z)]

x2 = Elxn(Z)] = [ an(@)f2(0) de

o Solve for quantile xy(¢) of the distribution of A with NEP
1 —1/N for a large number of parameter choices ¢, and then take
the mean

o A related estimator E[x};(Z)] is the expected quantile of

distribution of Ax with NEP exp(—1) (converges to xn2 as N
increases)



Different return value estimators [NESNSESNOPYE NI}

Quantile of predictive distribution of A with NEP 1 —1/N,
Qa(1—-1/N)

o First calculated the predictive distribution Fj

Fa(x) = [ Faz(xl0)f2(€) de
integrating over parameter uncertainty

o Then find the 1 — % quantile of Fy

1

I3 -1-— =
A(xN3) N

o Write briefly as xy3 = Q4(1 — 1/N), where Q is the predictive
quantile (or inverse) function corresponding to Fs

o This would be the “obvious go-to” Bayesian estimate



Different return value estimators XNy = QAN (exp(—1))

Quantile of predictive distribution of Ay with NEP exp(—1),
Qay(exp(=1))

o First calculated the N-year predictive distribution Fy4,,

Fay () = [ Faniz(xl)f2(0) de
integrating over parameter uncertainty
o Then find the exp(—1) quantile of F4,,

Fay(xns) = exp(—1)

o Write briefly as xya = Qa, (exp(—1)), where Q,, is the
predictive quantile function corresponding to Fa,,
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Different return value estimators [ES{bisieikvyg

Summary

o

o

o

Take average over uncertain parameters, and plug in to return

value calculation g1=xx1 = xn(E[Z])

Calculate return value for all sets of estimates independently, then

take average g2 =xn2 = E[xn(Z)]

Calculate “average” annual maximum distribution, then take

1 —1/N quantile g3 =xns = Oa(l—1/N)

Calculate “average” N-year maximum distribution, then take

exp(—l) quantile Ja=xNg = QAN(exp(—l))

Without parameter uncertainty, all these estimators are equivalent
With parameter uncertainty, all these estimators are different



Theoretical orderings of estimators

Theoretical inequalities

o We can show that the estimators have orderings, e.g.

Inequality Condition
I g3>4q4 Always
12 q2 > qo &1 > max(éo, 0)
I3 g3>0q 1> &; > max(&p,0)
4 q1>q0 &o,&1 <0, %01/ Xi(—&) > 0o/ (—&o)

5 g2>q0 &o0,&1 <0, (1/m) ¥i(0i/(=&i)) > 00/(—&0)
16 g3>q0 &,& <0,maxecqip,.m(0/(=&)) > 0o/(—o)

o GP parameter set Z = {¢&;, 0;}" | ordered s.t. &; = argmax;(é;)

o &p and oy are the true underlying data-generating parameters

o Condition N — oo applies to all these cases

o Not specific to maximum likelihood estimation of GP parameters



Simulation study SR

Simulation study

o Data from GP distribution, &, € —0.4, —0.35, ..., +0.1, 09 = 1

o Sample sizes n = 102,10% and 10%, and A = 102 events annually
o Return periods N = 10% and 10* years

o m = 10° sample realisations

o Fractional bias in return value
T4
go
o Bias in exceedence probability
1
Pr(A > q;) - N

(@]

Bias in log exceedence probability (important for estimation)
1
logyo(Pr(A > q;)) — loglO(N)



Simula

C Return value

Fractional bias in return value, N = 100 years, A = 100 annually

Sample size = 100

Fractional bias of return value
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Bias in exceedance probability, N = 100, A = 100

Sample size = 100 Sample size = 1000 Sample size = 10000
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o g3 underestimates exceedance probability
o g2 shows lowest bias for &y > —0.2



BIGRIELIGIEIGIAN  Log exceedance probability

Bias in log exceedance probability, N = 100, A = 100
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o g3 underestimates exceedance probability (huge for small 1)
o g generally shows lowest bias

June 2021
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Findings

o Different estimators = different estimates and systematic bias
o Why? E(g(Z)) # g(E(Z)) in general
o Worse for small sample size n, and — 0 as n — oo

o E[xn(Z)] less biased, estimated from F4 or Fa,,

o Q4(1—1/N) is “obvious go-to”, but poor performance
= Intuitively, better to take averages at end of calculation only
= Decision-theoretic approach better

o Maximum likelihood estimation used here; other inference
schemes examined also; lots of other estimators possible!

o Uncertainties in return values are also large!

o Do safety factors elsewhere in the design process require return
values with assumed characteristics?

o Discussion of differences in return values only makes sense when
they have been calculated using the same approach



Conclusions SIS

Decision-theoretic approach

o Consider structural loading R over some period for structural
strength rg

o Define a loss function, e.g. L(R|rp) = I(R > rp)

o Estimate conditional distribution Fg|z(r|¢) for uncertain
environmental parameters ¢ (computationally challenging!)

o Calculate expected loss

E(Lln) = | [ Lirlro) fuiz(r1)f2(0) drd

o Adjust rg so that E(L|rg) is acceptably small

o Propagate uncertainty in full through design calculation, and
integrate over uncertain parameters at the very end

o No need for return values
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g3, 94 and their uncertainties
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