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Totally Disconnected Locally compact groups

Defton Definition: A locally compact (Hausdorff) group G is totally disconnected if the largest connected
Conpe e set containing the identity e is the singleton {e}.

Rational discrete coho

e e Characterisation of TDLC-topology (van Dantzig, 1934)

Let G be a topological group and 6 O(G) = {O < G| compact and open}.
The group G is TDLC if, and only if, (66’(6) forms a neighbourhood basis at the identity e.
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Totally Disconnected Locally compact groups

Defton Definition: A locally compact (Hausdorff) group G is totally disconnected if the largest connected
set containing the identity e is the singleton {e}.

Bredon c

Characterisation of TDLC-topology (van Dantzig, 1934)
e Let G be a topological group and 6 O(G) = {O < G| compact and open}.
The group G is TDLC if, and only if, (gﬁ(G) forms a neighbourhood basis at the identity e.

Motivation: structure theory of locally compact groups

m the theory of connected LC-groups
m the theory of TDLC-groups

m the theory of extension of groups
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Examples

m Discrete groups and Profinite groups;

Exampies of TOLG graups = Non-Archimedean local fields. E.g., Qp.

Rational discrete cohomology

Bredon ¢

m Linear groups over non-Archimedean local fields. E.g., SLH(QP).

m Automorphism groups of locally finite graphs.
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Definitior
Examples of TDLC-groups
Rational discrete cohomology

Bredon

Cohomology theory (Castellano-Weigel, 2016)

Let G be a TDLC-group and M a (left) Q[G]—module. We say that M is discrete if the map
GXM—M

is continuous whenever M carries the discrete topology.
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£
Rational discrete cohomology

Bredon c

Cohomology theory (Castellano-Weigel, 2016)

Let G be a TDLC-group and M a (left) Q[G]—module. We say that M is discrete if the map
GXM—>M
is continuous whenever M carries the discrete topology.

Projective discrete Q[G]-modules

m Let Q be a (left) G-set such that G, = {g E G| g- w = w} € 6 O for every w € ). Then

Q= [ [ Qle/e,l

weG\Q

is projective (and we call it proper discrete permutation (Q[G]-module).
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Rational discrete cohomology

Bred

Cohomology theory (Castellano-Weigel, 2016)

Let G be a TDLC-group and M a (left) Q[G]—module. We say that M is discrete if the map

GXM—M

is continuous whenever M carries the discrete topology.

Projective discrete Q[G]-modules

m Let Q be a (left) G-set such that G, = {g E G| g- w = w} € 6 O for every w € ). Then

is projective (and we call it proper discrete permutation (Q[G]-module).

Q= [ [ Qle/e,l

weG\Q

m M is projective <= M is a direct summand of a proper discrete permutation Q[G]-module.
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Rational discrete cohomology

Bred

Cohomology theory (Castellano-Weigel, 2016)

Let G be a TDLC-group and M a (left) Q[G]—module. We say that M is discrete if the map

GXM—M

is continuous whenever M carries the discrete topology.

Projective discrete Q[G]-modules

m Let Q be a (left) G-set such that G, = {g E G| g- w = w} € 6 O for every w € ). Then

is projective (and we call it proper discrete permutation (Q[G]-module).

Q= [ [ Qle/e,l

weG\Q

m M is projective <= M is a direct summand of a proper discrete permutation Q[G]-module.
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Definitior
Examples of TDLC
Rational discrete cohomology

Bredon cohomology

Finiteness conditions in rational discrete cohomology
Type FP_

A TDLC-group G is said to have type FPn if there is a projective resolution
Pn_)Pn—1 _)'“_)PO_)Q_)O

where each discrete Q[G]-module P, is finitely generated.
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Finiteness conditions in rational discrete cohomology
Type FP_

et A TDLC-group G is said to have type FP,, if there is a projective resolution

E

Rational discrete cohomology

eredon coomo P,—P,_, —--—>P—0Q—0

where each discrete Q[G]-module P, is finitely generated.

Rational discrete cohomological dimension

A TDLC-group G is said to have ch(G) = nif there is a projective resolution
0—P —:-—P,—-Q—0

of finite length n € N and any other projective resolution of () has length at least n.
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Finiteness conditions in rational discrete cohomology
Type FP_

et A TDLC-group G is said to have type FP,, if there is a projective resolution

E

Rational discrete cohomology

Ercon P,—P,_, —--—>P—0Q—0

where each discrete Q[G]-module P, is finitely generated.

Rational discrete cohomological dimension

A TDLC-group G is said to have ch(G) = nif there is a projective resolution
0—P —:-—P,—-Q—0

of finite length n € N and any other projective resolution of () has length at least n.

Examples:
m G has type FP, <= G is compactly generated.
= cdg(G) =0<> Gis profinite.
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Examples of TDLC

Rational discrete cohomology

Bredon cohomology

Bredon cohomology

Let G be a TDLC-group and % O the family of its compact open subgroups.

The orbit category O, (G) consists of the following data:
objects: G/K, where K € 60

G-
morphisms: G/L — G/K for LK € €0
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Bredon cohomology

Let G be a TDLC-group and % O the family of its compact open subgroups.
The orbit category O, (G) consists of the following data:

Erangesal ToLCgoups objects: G/K, where K € 60
o— morphisms: G/L — G/K for LK € €0

A Bredon module is a contravariant functor T: O ,(G) — zmod.
For instance, the Bredon module R is defined to be the constant functor G/K — R.

“DEGUISTUDI

llaria Castellano On Mackey functors for TDLC-groups 16 September 2021



Bredon cohomology

Let G be a TDLC-group and 6 O the family of its compact open subgroups.
The orbit category O, ,(G) consists of the following data:
Eanpesl o objects: G/K, where K € 60

: G-
— morphisms: G/L —' G/K for LK € €0

A Bredon module is a contravariant functor T: O ,(G) — zmod.
B For instance, the Bredon module R is defined to be the constant functor G/K — R.

Projective Bredon modules
m Let K be a compact open subgroup of G. The prototype of the free object is the Bredon module
R[—, G/K]: O 4(G) = smod, definedby G/L— R[G/L,G/K]

where R[G/L, G/K] is the free R-module on the basis [G/L, G/K]y -
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Bredon cohomology

Bredon cohomology

Let G be a TDLC-group and 6 O the family of its compact open subgroups.
The orbit category O, ,(G) consists of the following data:
objects: G/K, where K € 60

G-
morphisms: G/L —' G/K for LK € €0

A Bredon module is a contravariant functor T: O ,(G) — zmod.
For instance, the Bredon module R is defined to be the constant functor G/K — R.

Projective Bredon modules
m Let K be a compact open subgroup of G. The prototype of the free object is the Bredon module
R[—, G/K]: O 4(G) = smod, definedby G/L— R[G/L,G/K]

where R[G/L, G/K] is the free R-module on the basis [G/L, G/K]y -
m A Bredon module M is free <= M is the direct sum of modules R[—, G/K], for K € 6 0.
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Bredon cohomology

Bredon cohomology

Let G be a TDLC-group and 6 O the family of its compact open subgroups.
The orbit category O, ,(G) consists of the following data:
objects: G/K, where K € 60

G-
morphisms: G/L —' G/K for LK € €0

A Bredon module is a contravariant functor T: O ,(G) — zmod.
For instance, the Bredon module R is defined to be the constant functor G/K — R.

Projective Bredon modules

m Let K be a compact open subgroup of G. The prototype of the free object is the Bredon module
R[—, G/K]: O 4(G) = smod, definedby G/L— R[G/L,G/K]

where R[G/L, G/K] is the free R-module on the basis [G/L, G/K]y -
m A Bredon module M is free <= M is the direct sum of modules R[—, G/K], for K € 6 0.
= A Bredon module M is projective <= M is the direct summand of a free Bredon module.
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Finiteness conditions in Bredon cohomology

- Type FP_ in Bredon cohomology

Examples of TDLC

Rational discrete cohomolog

sty A TDLC-group G is said to have type D% o —FP,7 over R if there is a projective resolution
Pn_)Pn—1 _)'”_)PO_)B_)O

where each Bredon module P; is finitely generated.
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E
Rational discr

Bredon cohomology

Finiteness conditions in Bredon cohomology

Type FP_ in Bredon cohomology

A TDLC-group G is said to have type 53(5 o — P, over Rif there is a projective resolution
Pn_>Pn—1 _>'“_)P0_)B_)O

where each Bredon module P; is finitely generated.

Bredon cohomological dimension (over R)

A TDLC-group Gis said to have O, —cd;(G) = nif there is a Bredon projective resolution
0—>Pn—>---—>PO—>E—>0

of finite length n € N and any other Bredon projective resolution of R has length at least n.
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Comparison of cohomology theories

st Let R=Q.

Ration

B Question

Gomparison of cohomology theories

Is the rational discrete cohomology of G equivalent to the Bredon cohomology of G over Q?
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Definitior
Examples of TDLC

Rational discrete coho
Bredon cohomology

Gomparison of cohomology theories

Comparison of cohomology theories

Let R=Q.
Question
Is the rational discrete cohomology of G equivalent to the Bredon cohomology of G over Q?

Finiteness conditions can help:

m Type FPO is an empty condition in the rational discrete cohomology.
m Type O, —FP < 3U,,...,U, € €0(G) st. any K € 6 0 is subconjugated to some U,.
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Rational discr
Bredon c

Comparison of cohomalogy thearies

Definitior

Comparison of cohomology theories

Let R=Q.

Question

Is the rational discrete cohomology of G equivalent to the Bredon cohomology of G over Q?

Finiteness conditions can help:

m Type FP0 is an empty condition in the rational discrete cohomology.
m Type O, —FP < 3U,,...,U, € €0(G) st. any K € 6 0 is subconjugated to some U,.

New question

The theories are not equivalent. Are the finiteness conditions related somehow?
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Comparison of cohomology theories

St Let R=Q.

E

B Question

Gomparison of cohomology theories

Is the rational discrete cohomology of G equivalent to the Bredon cohomology of G over Q?

Finiteness conditions can help:

m Type FP0 is an empty condition in the rational discrete cohomology.
m Type O, —FP < 3U,,...,U, € €0(G) st. any K € 6 0 is subconjugated to some U,.

New question

The theories are not equivalent. Are the finiteness conditions related somehow?

Question: Let G be a TDLC-group of type O, —FP,. Does G have type FP ?
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Examples of TDLC-groups

Rational discrete coho

Bredon cohomolog

Mackey functors
Mackey f

Definition

omparison of cohomology
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COHOMOLOGICAL DIMENSION OF MACKEY FUNCTORS
FOR INFINITE GROUPS

CONCHITA MARTINEZ-PEREZ anD BRITA E. A. NUCINKIS

ABSTRACT

We consider the cohomology of Mackey functors for infinite groups and define the Mackey-
cohomological dimension cdamG of a group G. We will relate this dimension to other cohomological

dimension §-cdG. In particular, we show that for virtually torsion free groups the Mackey-
cohomological dimension is equal to both §-cdG and the virtual cohomological dimension.

1. Introduction

Mackey-functors for finite groups have been around for a long time since they give
an abstraction of the properties enjoyed by natural functors for finite groups such as
group cohomology, the Burnside ring, the representation ring, algebraic K-theory
or topological K-theory for classifying spaces to name a few. The motivation for this
work on Mackey functors for finite groups was representation theory, see [19-21]
as well as equivariant cohomology theory [5, 6]. The study of Mackey functors for
infinite groups is a fairly recent phenomenon, see, for example, [12] for a less general
definition. In connection with the Baum-Connes conjecture, Bredon homology with
coefficients in Mackey functors, especially with coefficients in the representation
ring, seem to be of importance [15].

Let G be a group and denote by § the family of finite subgroups of G. We
denote by DG the orbit category, which has as objects cosets G/K, where K € §
and where morphisms are G-maps G/L — G/K for G/L,G/K € D5G. The most
common definition of a Mackey functor is a pair of functors

(M*,M.) : D5G — Ab,

where M* is contravariant, M, is covariant and which coincide on objects. Fur-
thermore they satisfy a certain pull-back condition, which we will describe later. A
different but equivalent definition turns out to be better suited for our purposes. We
shall introduce this in Section 3. The category of Mackey functors, like any category
of functors to abelian groups, is an abelian category. Moreover, it can be shown
that a sequence of Mackey functors is exact if and only if its evaluation on each
object is exact. Also, the category of Mackey functors has enough projectives and
hence there is the notion of cohomology of Mackey functors and of cohomological
dimension cd, G.

Received 24 November 2004; revised 11 May 2006.
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Our motivation comes from classifying spaces for proper actions and their alge-
braic mirror, Bredon cohomology. Bredon functors are slightly less complicated
gadgets. A Bredon functor, or Bredon module, is a contravariant functor T’ :
D3G — Ab and there is a natural way to define cohomology and the cohomological
dimension ¢d3G of a group G. This is the projective dimension in the Bredon
category of the constant functor Z. A classifying space for proper actions, denoted
EG is a G-CW-complex X satisfying the following: the fixed point complex XX is
contractible if K is a finite subgroup of G and empty otherwise. Constructions by
Milnor [14] and Segal [18] imply that these always exist, but these constructions
give us very large models. We denote by gdgG the minimal dimension of a model
for an EG. By taking fixed points, the augmented cellular chain complex of an EG/
gives us a projective resolution of Bredon functors

C(X) >z
and hence cdgG < gd3G. The work of Dunwoody [3] for dimension one and Lick [9]
for higher dimensions implies that unless cdsG = 2, cdsG = gdG. Furthermore,
there are examples where cdsG = 2 but gdgG = 3 (see [1]). In Section 3, we shall
compare the Bredon cohomology with the cohomology of Mackey functors and will
show (Corollary 3.9) that for every group G,

edon, G < edzG.
Tt is, however, not clear which connection there is between Mackey cohomological
dimension and the topology of G-spaces.

Another quantity of interest is the relative cohomological dimension §-cdG. This
is defined as the length of the shortest relative projective resolution of the trivial
ZG-module Z. A relative projective resolution P, —» Z is an exact sequence of ZG-
‘modules, which splits when restricted to each finite subgroup of G and where the P;
are direct summands of direct sums of modules induced up from finite subgroups.
In particular, permutation modules Z[G/K] with K finite are relative projective.
It can be shown that cdgG < §-cdG. For details on relative cohomology, see [16].
‘We shall show (Theorem 4.3) that always §-cdG < cdm, G and we therefore have
the following chain of inequalities:

edgG < §-0dG < edo, G < cd3G.
The main motivation for studying Mackey functors came from looking at the
behaviour of §-cdG and cdzG for virtually torsion-free groups. A group G is said
to be virtually torsion-free if it has a torsion-free subgroup H of finite index. The
virtual cohomological dimension vedG is defined to be equal to the cohomological
dimension of H over Z. By Serre’s theorem (see [2]) this is well defined. Serre’s
theorem also implies that whenever vedG = n is finite, there is a model for EG' of
dimension |G : H|n. Furthermore, vedG < §-cdG (see [1]). A question of interest,
which has become known as Brown’s conjecture, is whether we can always find
a model for EG of dimension equal to vedG. In [7], examples were exhibited,
where this is not the case. In particular for these examples and positive integers m,
3m = ved@ = §-cdG < cdsG = gdgG = 4m. As Mackey functors scem to have
a more ‘symmetric’ structure and seem to behave more naturally under induction
from finite index subgroups (see Theorem 3.3), one would expect that things are
slightly more straightforward, which is indeed the case. Theorem 5.1 implies:
if G is a virtually torsion-free group, then
vedG = F-cd@ = cdan, G.
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The Mackey category

The Mackey category ZDLK 0(6) consists of the following data:
objects: transitive G-set G/K for some K € 6 0

morphisms: the set of morphisms [G/L, G/K]zmw(a) is the free abelian group generated by
equivalence classes of the so-called basic morphisms from G/Lto G/K

Mackey functors a la Lindner

e Definition

A basic morphism (,, 2, ): G/L — G/K is given by a diagram of G-maps

A—5 G/Kk

LL XO‘L:XK)

G/L

where A is a finitely generated G-set.
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Mackey category: equivalence classes of basic morphisms

- Definition
‘ Two basic morphisms (,,a, ) and (@}, ) from G/Lto G/K are equivalent if there exists an
isomorphism ¢: A — A’ of G-sets such that the following diagram

NP

commutes; we denote the equivalence class of (2,,,) by [2,,,].
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Mackey category: composition of basic morphisms

Definition

The composition of two elements [, , @, | and [, 3] is represented by a pull-back diagram:

2 L G/H = I— > G/H,
pull
back ,BK
[ﬁm/@Hl
A e = G/K [#,0a,8,00]
l ﬁ:‘ﬂ G/L
G/L
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Mackey functors for TDLC-groups

Let G be a TDLC-group. A Mackey functor for G is an additive contravariant functor
M: My 5(G) — zmod
We denote by Mack., ,(G) the category of Mackey functors for G.

Projective Mackey functors

m Let K be a compact open subgroup of G. The prototype of the projective object is then the Mackey
functor
R[—, G/K]: My ,(G) — smod definedby G/L— R[G/L,G/K]

where R[G/L, G/K] is the free R-module on the basis [G/L, G/ Koy (q)-
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Definitior

Open questions

What do we need to understand

1 The Burnside Mackey functor BC...

The Mackey cohomological dimension

The TDLC-group G has ﬂﬁ%;ﬁcdR(G) = nif there is a projective resolution

0—>Pn—>---—>P0—>BG—>O

by im(g ﬁ(G)-moduIes and any other projective resolution of B has length at least n.

Remark: I G is profinite, then B should be represented by R[—, G/Glan,,  (a)-
Therefore, B is projective and M., ,cd,(G) = 0.
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Definitior

Open questions

What do we need to understand

1 The Burnside Mackey functor BC...

The Mackey cohomological dimension

The TDLC-group G has ﬂﬁgﬁcdR(G) = nif there is a projective resolution

0—>Pn—>---—>P0—>BG—>O

by im(g ﬁ(G)-moduIes and any other projective resolution of B has length at least n.

Remark: I G is profinite, then B should be represented by R[—, G/Glan,,  (a)-
Therefore, B is projective and M., ,cd,(G) = 0.

2 Does the chain of inequalities below hold?

edo(6) < Mg pedg(G) < Do yedy (G)
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Mackey systems & TDLC-groups

For an arbitrary group G, a Mackey system is a pair (‘6, o ) where
e m G is a set of subgroups of G closed under conjugation and finite intersection, and,

P m for every H € 6, there is a set

O(H) C{U€ 6 | U< H} of subgroups of H

satisfying the following conditions for every H € 6 and U € O'(H):
H |H: U] < oo;

O(U) C O(H);

O(gHg ') =gO(H)g ', forallg € G;

unveo(Vv)forall VE % suchthat V< H.

Arbitrary number of orbits

“DEGUISTUDI
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Mackey systems & TDLC-groups

For an arbitrary group G, a Mackey system is a pair (‘6, o ) where

05010 m G is a set of subgroups of G closed under conjugation and finite intersection, and,
PR m for every H € 6, there is a set

o O(H) C{U€ 6 | U< H} of subgroups of H

: satisfying the following conditions for every H € 6 and U € O'(H):
\rbitrary number of orbits n |H: U| < w;

0(U) C O(H);

O(gHg ') =gO(H)g ', forallg € G;

unveo(Vv)forall VE % suchthat V< H.

Definition:

If G is a TDLC-group, we may define 6 as the set of compact open subgroups of G and, for H € 6,
7 (H) as the set of open subgroups of H. We refer to it as the natural Mackey system for G.
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Almost finite G-spaces

A G-space is a Hausdorff topological space X with a continuous G-action.
o We say that X is almost finite if

m X is discrete;
= the stabiliser G, is compact open for every x € X;

= XY, regarded as N;(U)/U-space, has finitely many orbits for every U € 6 0.

Definitior
Open questions

Arbitrary number of orbits

The category ﬂfﬁ'e consists of the following data:

objects: almost finite G-spaces

G-
morphisms: f: X %® ¥ such that each fiber £ (), y € Y, is an almost finite G, -space

“DEGUISTUDI
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Definitior
Examples of TDLC-groups

Rational discrete cohomology

jon cohomology

on of cohomology theories

Compar

Mackey functors a la Lindner
Definition

Thanks for the attention

Arbitrary number of
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