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Totally Disconnected Locally compact groups

Definition: A locally compact (Hausdorff) group G is totally disconnected if the largest connected
set containing the identity eG is the singleton {eG}.

Characterisation of TDLC-topology (van Dantzig, 1934)

Let G be a topological group andCO (G) = {O ≤ G | compact and open}.
The group G is TDLC if, and only if,CO (G) forms a neighbourhood basis at the identity eG.

Motivation: structure theory of locally compact groups

the theory of connected LC-groups

the theory of TDLC-groups

the theory of extension of groups
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Examples

Discrete groups and Profinite groups;

Non-Archimedean local fields. E.g.,Qp.

Linear groups over non-Archimedean local fields. E.g., SLn(Qp).

Automorphism groups of locally finite graphs.

T3
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Cohomology theory (Castellano–Weigel, 2016)

Let G be a TDLC-group and M a (left)Q[G]-module. We say that M is discrete if the map

G×M→ M

is continuous whenever M carries the discrete topology.

Projective discrete Q[G]-modules

Let Ω be a (left) G-set such that Gω = {g ∈ G | g ·ω=ω} ∈ CO for everyω ∈Ω. Then

Q[Ω]∼=
∐

ω∈G\Ω
Q[G/Gω]

is projective (and we call it proper discrete permutationQ[G]-module).

M is projective⇔M is a direct summand of a proper discrete permutationQ[G]-module.
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Finiteness conditions in rational discrete cohomology
Type FPn

A TDLC-group G is said to have type FPn if there is a projective resolution

Pn→ Pn−1→ ·· · → P0→Q→ 0

where each discreteQ[G]-module Pi is finitely generated.

Rational discrete cohomological dimension

A TDLC-group G is said to have cdQ(G) = n if there is a projective resolution

0→ Pn→ ·· · → P0→Q→ 0

of finite length n ∈N and any other projective resolution ofQ has length at least n.

Examples:
G has type FP1⇔ G is compactly generated.
cdQ(G) = 0⇔ G is profinite.
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Bredon cohomology

Let G be a TDLC-group andCO the family of its compact open subgroups.
The orbit category OCO (G) consists of the following data:

objects: G/K , where K ∈CO
morphisms: G/L

G-map→ G/K for L, K ∈CO

A Bredon module is a contravariant functor T :OCO (G)→ Rmod.
For instance, the Bredon module R is defined to be the constant functor G/K 7→ R.

Projective Bredon modules

Let K be a compact open subgroup of G. The prototype of the free object is the Bredon module

R[−, G/K ]:OCO (G)→ Rmod, defined by G/L 7→ R[G/L, G/K ]

where R[G/L, G/K ] is the free R-module on the basis [G/L, G/K ]OCO .

A Bredon module M is free⇔ M is the direct sum of modules R[−, G/K ], for K ∈CO .

A Bredon module M is projective⇔ M is the direct summand of a free Bredon module.
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Finiteness conditions in Bredon cohomology

Type FPn in Bredon cohomology

A TDLC-group G is said to have type OCO −FPn over R if there is a projective resolution

Pn→ Pn−1→ ·· · → P0→ R→ 0

where each Bredon module Pi is finitely generated.

Bredon cohomological dimension (over R)

A TDLC-group G is said to have OCO − cdR(G) = n if there is a Bredon projective resolution

0→ Pn→ ·· · → P0→ R→ 0

of finite length n ∈N and any other Bredon projective resolution of R has length at least n.
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Comparison of cohomology theories

Let R =Q.

Question
Is the rational discrete cohomology of G equivalent to the Bredon cohomology of G overQ?

Finiteness conditions can help:

Type FP0 is an empty condition in the rational discrete cohomology.

Type OCO −FP0⇔∃U1, . . . , Un ∈CO (G) s.t. any K ∈CO is subconjugated to some Ui .

New question

The theories are not equivalent. Are the finiteness conditions related somehow?

Question: Let G be a TDLC-group of type OCO −FPn. Does G have type FPn?
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The Mackey category

The Mackey category MCO (G) consists of the following data:

objects: transitive G-set G/K for some K ∈CO
morphisms: the set of morphisms [G/L, G/K ]MCO (G)

is the free abelian group generated by

equivalence classes of the so-called basic morphisms from G/L to G/K

Definition
A basic morphism (αL,αK ): G/L→ G/K is given by a diagram of G-maps

∆

αL

��

αK // G/K

G/L

(αL,αK )

==

where∆ is a finitely generated G-set.
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Mackey category: equivalence classes of basic morphisms

Definition
Two basic morphisms (αL,αK ) and (α′L,α′K ) from G/L to G/K are equivalent if there exists an
isomorphism ι:∆→∆′ of G-sets such that the following diagram

∆
αL

}}

αK

!!
ι

��

G/L G/K

∆′
α′L

aa

α′K

==

commutes; we denote the equivalence class of (αx ,αy) by [αx ,αy ].
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Mackey category: composition of basic morphisms

Definition
The composition of two elements [αL,αK ] and [βK ,βH ] is represented by a pull-back diagram:

Π
pull
back

b //

a

��

Λ
βH //

βK

��

G/H

∆ αK

//

αL

��

G/K

<<<<

[βK ,βH ]

<<

G/L

====

[αL,αK ]

==

⇒ Π //

��

G/H

G/L

>>>>

[αL ◦a,βH ◦b]

>>
,
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Mackey functors for TDLC-groups

Let G be a TDLC-group. A Mackey functor for G is an additive contravariant functor

M :MCO (G)→ Rmod

We denote by MackCO (G) the category of Mackey functors for G.

Projective Mackey functors

Let K be a compact open subgroup of G. The prototype of the projective object is then the Mackey
functor

R[−, G/K ]:MCO (G)→ Rmod defined by G/L 7→ R[G/L, G/K ]

where R[G/L, G/K ] is the free R-module on the basis [G/L, G/K ]MCO (G)
.
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What do we need to understand

1 The Burnside Mackey functor BG...

The Mackey cohomological dimension

The TDLC-group G has MCO cdR(G) = n if there is a projective resolution

0→ Pn→ ·· · → P0→ BG→ 0

by MCO (G)-modules and any other projective resolution of BG has length at least n.

Remark: If G is profinite, then BG should be represented by R[−, G/G]MCO (G)
.

Therefore, BG is projective and MCO cdR(G) = 0.

2 Does the chain of inequalities below hold?

cdQ(G)≤MCO cdQ(G)≤OCO cdQ(G)
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Mackey systems & TDLC-groups

For an arbitrary group G, a Mackey system is a pair (C ,O ) where

C is a set of subgroups of G closed under conjugation and finite intersection, and,

for every H ∈C , there is a set

O (H)⊆ {U ∈C | U ≤ H} of subgroups of H

satisfying the following conditions for every H ∈C and U ∈ O (H):
1 |H : U|<∞;
2 O (U)⊆O (H);
3 O (gHg−1) = gO (H)g−1, for all g ∈ G;
4 U ∩V ∈ O (V) for all V ∈C such that V ≤ H.

Definition:
If G is a TDLC-group, we may defineC as the set of compact open subgroups of G and, for H ∈C ,
O (H) as the set of open subgroups of H. We refer to it as the natural Mackey system for G.
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Almost finite G-spaces

A G-space is a Hausdorff topological space X with a continuous G-action.
We say that X is almost finite if

X is discrete;

the stabiliser Gx is compact open for every x ∈ X ;

X U , regarded as NG(U)/U-space, has finitely many orbits for every U ∈CO .

The categoryAF G consists of the following data:

objects: almost finite G-spaces

morphisms: f : X
G-map→ Y such that each fiber f−1(y), y ∈ Y , is an almost finite Gy -space
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Thanks for the attention
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