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Motivation
Terminology: a graph can have parallel edges and loops.

Draw a collection of line segments in the plane that do not
overlap (i.e disjoint relative interiors). What are the possible
contact graphs† of such collections?

† in this case this is just the intersection graph
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Variations:

• Replace line segments by Jordan arcs/circular
arcs/piecewise linear curves/. . .

• Replace the plane by a different surface.

• Other geometric constraints e.g. suppose that all line
segments must be either vertical or horizontal.

We need to be careful about degenerate contacts between
objects

yields K4. But K4 cannot arise from a ’generic’ configuration.
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Generic collections of non overlapping curves

Σ is a surface (e.g. sphere, torus, . . . ). A curve is a
continuous α : [0, 1]→ Σ.
We say that C is a generic collection of curves in Σ if

(1) For α ∈ C, α is injective on (0, 1).

(2) For α 6= β ∈ C, α((0, 1)) ∩ β((0, 1)) = ∅.
(3) For α, β ∈ C, α({0, 1}) ∩ β({0, 1}) = ∅.

(1) and (2) say the the collection is non overlapping.
(3) is a nondegeneracy condition.
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Rotation systems

A rotation system is a combinatorial gadget that
corresponds to a graph embedded in a surface. Useful for
computational work.
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corresponds to the oriented rotation system with vertex
permutation (1, 2)(3, 4, 5)(6, 7, 8)(9, 10) and edge involution
(1, 5)(2, 6)(4, 7)(3, 10)(8, 9).
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From curves to an embedded graph/rotation

system
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The Plane

Suppose that G is a plane graph.

Theorem (Thomassen 90s)
A plane graph G is the graph of a collection of line segments
in the plane if and only of it is (2, 3)-sparse (i.e. subgraph of a
Laman graph).

Theorem (Alam, Eppstein, Kaufmann, Kobourov,
Pupyrev, Schulz, Ueckerdt ’15)
If a plane graph G is (2, 2)-tight then it is the graph of a
collection of circular arcs in the plane
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Orthogonal line segements

We say a collection of line segments is orthogonal if each
segment is either horizontal or vertical.

Theorem (de Fraysseix, Ossona de Mendez, Pach
’91)
A plane graph G is the graph of an orthogonal collection of line
segments in the plane if and only if G is simple and bipartite.

A graph is (2, 4)-sparse if it has no loop edges and for E ′ ⊂ E
with |E ′| ≥ 2 we have |E ′| ≤ 2|V (E ′)| − 4. It is tight if
|E | = 2|V | − 4 also.

• A plane bipartite simple graph is (2, 4)-sparse.

• On the other hand a (2, 4)-tight plane graph is bipartite.
These are quadrangulations of the plane.
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The flat cylinder

The flat cylinder is R2/(x , y) ∼ (x + 1, y). Generic line
segments should have non zero slope.

Theorem (C)
A cylinder graph G is the graph of a generic collection of line
segments in the flat cylinder if and only if it is (2, 3, 2)-sparse

A subset F ⊂ E (G ) is unbalanced if it is essential in the
cylinder. (2, 3, 2)-sparse means (2, 3) for balanced sets and
(2, 2) otherwise.

Theorem (C,Kitson,Power,Shakir)
If a cylinder graph G is (2, 2)-tight then it is the graph of a
generic collection of circular arcs in the flat cylinder.
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Now consider collections orthogonal line segments in the flat
cylinder. But make sure neither horizontal nor vertical
corresponds to slope 0 (because of the nondegeneracy
requirement).

Theorem
The graph of a generic collection of orthogonal line segments
in the flat cylinder is (2, 4, 2)-sparse.

Theorem
Suppose that G is a bipartite (2, 4, 2)-tight (so |E | = 2|V |− 4)
cylinder graph. Then G is the graph of a generic collection of
orthogonal line segements in the flat cylinder.

Note that we do not assume that G is simple. However
balanced subgraphs of a (2, 4, 2)-sparse graph are necessarily
simple.
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Sample Proof

Theorem
A plane graph G is the graph of an orthogonal collection of line
segments in the plane if and only if G is simple and bipartite.

⇒: Count the ‘free’ ends
⇐: Induction using vertex splitting. We can assume that G is
a quadrangulation.
Reduction step: Pick a face. Collapse it to a pair of adjacent
edges. There are are two ways to do this. By planarity at least
one is ’admissible’. So we can reduce to a K1,2.
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Extension step: One possibility - others are similar
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