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MOTIVATION - ABANDONMENTS
Real-world queueing systems in which customers may
abandon if service does not start sufficiently quickly

• Internet users - lost of wireless signal

• Call centers - users’ impatience

• Health care - irreversible deterioration of pa-
tients’ health

• Real-time systems - data received after hard
deadline

• Inventory systems with perishable goods

PROBLEM DESCRIPTION
Aim: Solving the problem of multi-class multi-server
customer scheduling for a system in which we allow
for abandonment.

Objective: Maximize the total discounted or time-
average revenue from customers in the system

• Revenue: Sum of service completion rewards mi-
nus waiting costs and abandonment penalties

Main assumptions:

• Service only from one server at a time

• Customers in service cannot abandon

• Customers in service are also charged a waiting cost

MDP FORMULATION
Analyzes of the continuous-time model without ar-
rivals

• uniformization and discretization of parameters

• time slotted into epochs t ∈ T := {0, 1, 2, . . . }

• K +M competing options, labeled by k ∈ K+ :=
K ∪M

• A := {0, 1} - action space

Customer k defined by

• Nk := {0, 1} - state space

• Expected one-period revenue

R1
k,0 := 0, R1

k,1 := −c′k,
R0
k,0 := 0, R0

k,1 := −c′k − dkθ′k;

• State-transition probability matrix

P 1
k :=

( 0 1

0 1 0

1 µ′k 1− µ′k

)
,P 0

k :=

( 0 1

0 1 0

1 θ′k 1− θ′k

)
.

OPTIMIZATION PROBLEM

V (X(0)) := max
π∈ΠX,a

Bπ
0

[ ∑
k∈K+

R
ak(·)
k,Xk(·)

]
(P)

subject to Eπ
t

[ ∑
k∈K+

ak(t)

]
=M, for all t ∈ T

OPT. SOLUTION FOR SPECIAL CASES
Single Customer at a Single Server

ν1U
k := Ck = dk − ck

(
1

µk
− 1

θk

)
(1)

Proposition 1. Ck is the difference between the expected to-
tal revenue if serving the customer always and the expected
total revenue if not serving her at all.

Two Customers at a Single Server

ν2U
k :=

Ckθ
′
k

θ′k + µ′3−k
. (2)

SOLUTION OF GENERAL CASE
Larger values of K and M - analytically intractable

Whittle relaxation - using Bπ
0 [M ] =M

max
π∈ΠX,a

Bπ
0

[ ∑
k∈K+

R
ak(·)
k,Xk(·)

]
(PW)

subject to Bπ
0

[ ∑
k∈K+

W
ak(·)
k,Xk(·)

]
=M.

Lagrange relaxation

max
π∈ΠX,a

Bπ
0

[ ∑
k∈K+

R
ak(·)
k,Xk(·) − ν

∑
k∈K+

W
ak(·)
k,Xk(·)

]
+ νM.

(PL
ν)

Decomposition into Single-Option Subproblems

max
π̃k∈ΠX,ak

Bπ̃k
0

[
R
ak(·)
k,Xk(·) − νW

ak(·)
k,Xk(·)

]
. (3)

Optimal Solution to Single-Option Subproblem via
the Whittle Index
Let us denote for customer k ∈ K, νk,0 := 0, and

νk,1 :=

{
Ckµ

′
k, if Ck ≥ 0,

Ckθ
′
k, if Ck < 0,

(4)

Theorem 1. For problem (3), the following hold (where, in
the case of equality, both actions are optimal):

(i) it is optimal to serve waiting customer k ∈ K if and
only if ν ≤ νk,1;

(ii) it is optimal to serve customer k ∈ K when it is already
completed or abandoned if and only if ν ≤ νk,0;

(iii) it is optimal to serve the alternative task k ∈M if and
only if ν ≤ νk,0;

WHITTLE INDEX RULE
Time-average continuous-time problem

ξWI
k,1 :=


Ckµk = [dk − ck (1/µk − 1/θk)]µk, if Ck ≥ 0

Ckθk = [dk − ck (1/µk − 1/θk)] θk, if Ck < 0

Interpretation of the WI index rate

• measuring the expected profit rate

COMPUTATIONAL EXPERIMENTS
Single-server idling system
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Single-server non-idling system
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Multi-server idling system
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CONCLUSION
• WI is optimal for the majority of values of the var-

ied parameter in all the scenarios;

• WI is almost always equivalent to or outperforms
cµ/θ, which is in turn almost always equivalent
or outperforms cµ;

• In cases in which the optimal policy chooses to
idle instead of serving, WI is much better than
cµ/θ or cµ;

• The switching point of 2U is often very close to
WI, but usually its suboptimality region is larger;

• WI achieves near-optimal performance both in
single-/multi-server cases, overload/underload
regimes and idling/non-idling systems

• WI has asymptotically optimal performance (in fluid
limit sense)

• Solution extends also to the discounted case
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