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Objectives

Problem structure:

Bivariate sample {ẋij}n,2i=1,j=1 of random variables {Ẋij}n,2i=1,j=1

Covariate {θij}n,2i=1,j=1 associated with each individual

For some choices of variables Ẋ , e.g. Ẋ1 = HS , Ẋ2 = TP , θi1 , θi2 ∀i
For other choices, e.g. Ẋ1 = HS , Ẋ2 =WindSpeed, θi1 6= θi2 in general

Objective:

Objective is to model the joint distribution of extremes of Ẋ1 and Ẋ2 as a
function of θ

Jonathan, Ewans & Randell, EVA 2011, Lyon Conditional extremes with covariates



Int Mrg Cnd LmtAss RtrVls StrVrb CncRfr Obj iLct iDat OutMth

Location
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Exploratory data analysis

Spread of TP vs HS different for different directions
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Outline of method

Follows Heffernan & Tawn (2004)

Model Ẋ1 and Ẋ2 marginally as a function of θ
Quantile regression (QR) below threshold
Generalised Pareto (GP) above threshold

Transform to standard Gumbel variates X1 and X2

Model X2 given large values of X1 using extension of conditional
extremes model incorporating covariate θ

Simulate for long return periods
Generate samples of joint extremes on Gumbel scale
Transform to original scale
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Marginal model for threshold exceedences

For sufficiently large threshold, ∀ij , the Ẋijs are marginally independently
distributed according to:

Pr(Ẋij > ẋij |Ẋij > ψij(τj∗)) = (1 +
ξij
ζij

(ẋij − ψij(τj∗)))
− 1
ξij

where:

ψij(τj∗) = ψj(θij , τj∗) is a quantile threshold associated with cumulative
probability τj∗

ξij = ξj(θij) and ζij = ζj(θij)

ψj , ξj and ζj are smooth functions ∀j
Fourier forms estimated by maximising roughness-penalised likelihood

Use diagnostics to select an appropriate threshold level τj∗:

Q-Q plot

Stability of ξj(θ) with θ ∀j
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Unconditional marginal CDF

The unconditional cumulative distribution function for threshold excesses is:

Fij(ẋij) = Pr(Ẋij 6 ẋij)

= 1− (1− τj∗)(1 +
ξij
ζij

(ẋij − ψij(τj∗)))
− 1
ξij ẋij > ψij(τj∗)

= τL + (τH − τL)
(ẋij − ψij(τL))

(ψij(τH)− ψij(τL))
ẋij 6 ψij(τj∗)

where ∀j , {τd}Dd=1 is a set of threshold probabilities for which quantile
thresholds ψj(θ, τd) have been estimated, and:

H = arg min
d
{ψij(τd) > ẋij}

with L = H − 1 and K = j∗

Typically we would have {τd}Dd=1 = 0.1, 0.2, ..., 0.9 say, and evaluate quantile
regressions for each. We would choice the smallest value for which GP gives good
marginal fit, then use quantiles corresponding to smaller values to approximate the
CDF
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Quantile regression with Fourier parameterisation

Data {θi , yi}ni=1

τ th conditional quantile function Qy (τ |θ) = ψ(τ, θ), where:

ψ(τ, θ) =

p∑
k=0

aτψk cos(kθ) + bτψk sin(kθ) and bτψ0 , 0

Estimated by minimising criterion Qτ with respect to {aτψk , bτψk}pk=0:

Qτ = {τ
n∑

ri≥0

|ri |+ (1− τ)
n∑

ri<0

|ri |}

in terms of residuals:

ri = yi − ψ(τ, θi ) for i = 1, 2, ..., n
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Roughness-penalised quantile regression

Use penalised criterion Q∗
τ instead of Qτ :

Q∗
τ = Qτ + λRQτ

where parameter roughness Rψ with respect to x is defined by:

RQτ =

∫ 2π

0

(ψτ (x)
′′

)2dx

=

p∑
k=0

k4(a2
τψk + b2

τψk)

Solved using linear programming
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Regression quantiles

Transform directions to uniform prior using QR estimation

Deciles to 80%
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Cross-validatory choice of QR roughness penalty, λ

Penalty of approximately 0.1 appropriate
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Transformation to Gumbel scale

Transform sample {ẋij}n,2i=1,j=1 to sample {xij}n,2i=1,j=1 on Gumbel scale using
probability integral transform:

exp(− exp(−xij)) = Pr(Xij 6 xij) = Pr(Ẋij 6 ẋij) from above
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Model form

On Gumbel scale, by analogy with Heffernan & Tawn (2004) we propose the
following conditional extremes model:

(Xk |Xj = xj ,Φ = φ) = αφxj + x
βφ
j (µφ + σφZ) for xj > ψG

j (θj , τ
G
j∗)

where:

ψG
j (θj , τ

G
j∗) is a high directional quantile of Xj on Gumbel scale, above

which the model fits well

αφ ∈ [0, 1], βφ ∈ (−∞, 1], σφ ∈ [0,∞)

Z is a random variable with unknown distribution G

Z will be assumed to be approximately Normally distributed for the
purposes of parameter estimation

Settings:

In a (HS ,TP) case, φ , θj , θk , and dependence is assumed a function of
absolute covariate

In a (HS ,WindSpeed) case, φ = θk − θj , and dependence is assumed a
function of relative covariate
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Fourier parameterisation of conditional model

Defining {η}4
r=1 to be {α, β, µ, σ}, we assume Fourier form with φ:

ηr (φ) =

p∑
s=0

aηr s cos(sφ) + bηr s sin(sφ) and bηr 0 , 0

Parameter roughness Rηr with respect to φ is defined by:

Rηr =

∫ 2π

0

(η
′′
r (φ))2dφ =

p∑
s=0

s4(a2
ηr s + b2

ηr s)

Total solution roughness Rη(ω) (for ω s.t.
∑4

r=0 ωr = 1 in general):

Rη = R(ω) =
4∑

r=0

ωrRηr

Since it is reasonable to expect that αφ ∈ [0, 1], βφ ∈ [0, 1), µφ ∈ [− 1
2
, 1

2
] (residual

mean should be near zero) and σφ ∈ (0, 1] (σφ just relative scale, absolute scale given

by VarZ), we set ω1 = ω2 = ω3 = ω4 = 1
4

for simplicity. We therefore have only one
overall roughness tuning parameter.
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Penalised likelihood

For sample {xik , xij , φi}mi=1 corresponding to threshold exceedences {xij}mi=1 of
ψG

j , negative log likelihood ` is given by:

` =
n∑

i=0

log si +
(xik −mi )

2

2s2
i

where:

mi = mi (xij , φi ) = α(φi )xij + µ(φi )x
β(φi )
i

si = si (xij , φi ) = σ(φi )x
β(φi )
ij

Penalised negative log likelihood `∗ is given by

`∗ = `+ λRη

Imposing non-negativity: We choose to express
√
α,
√
β and

√
σ as Fourier series so

that their squares are non-negative. Roughness penalty estimated using
cross-validation.
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Parameter estimates

MLE in green; 1000 bootstrap resamples (median in red, 95% band in
magenta)
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Residuals with direction
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Residuals with conditioning variate
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Kernel density estimate for residuals
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Limit assumption

The limit assumption required to justify the conditional model is:

Pr(
x
−βφ
j (Xk − αφxj)− µφ

σφ
6 z |Xj = xj ,Φ = φ)→ G(z) as xj →∞
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Estimating TP associated with extreme quantile of HS

Given parameter estimates and sample of residuals:

Estimate quantiles of TP given any quantile of HS on Gumbel scale

(TP |HS = h,Θ = θ) = α̂θh + hβ̂θ (µ̂θ + σ̂θZ) for h > ψG (θ, τGj∗)

Transform to original scale

Compare with model ignoring covariate effects
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Conditioning variate HS with tail probability = 0.01

Exceedence probability = 0.01 with covariate (red) and without (grey)
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Conditional TP corresponding to HS with tail probability = 0.01

With covariate (median (red), 95% band (magenta)), without (grey)

TP with exceedence probability = 0.01 shown in green
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Residuals ignoring covariates

Directional variation clear
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Conditional TP corresponding to HS with tail probability = 0.01

With covariate (median (red), 95% band (magenta)), without (grey)
HS with exceedence probability = 0.01 shown in white
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Illustrative response transfer function

Characteristic of roll or heave response of floating structure

R

HS
=

1√
(1− ω2) + (kω)2

, ω =
2π

TP
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Conditional extreme response: with direction

Response with covariate effect (median in red, 95% limits in magenta) and
without (grey) for HS with tail probability = 0.01
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Simulation under the model

The procedure for simulating from the conditional extremes model with
covariates is as follows:

Sample a value θsj

Sample a value φs

Sample a value xsj of Xj from its Gumbel distribution

If xsj > ψG
j (θsj : τGj∗):

Sample xsk from the estimated conditional model

Else:
Sample a pair of values {xsk , xsj} from the subset of the original sample (of

non-exceedences of ψG
j )

Transform from Gumbel to original scale

If xsj > ψG
j (θsj , τ

G
j∗):

Apply probability integral transform

Else:
Find pair {ẋsk , ẋsj} corresponding to {xsk , xsj} in original data
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Conditional extreme response: kernel density estimate

Response density with covariate effect (red) and without (grey) for
exceedences of HS with tail probability = 0.01

Jonathan, Ewans & Randell, EVA 2011, Lyon Conditional extremes with covariates



Int Mrg Cnd LmtAss RtrVls StrVrb CncRfr

Conclusions and references

Conclusions

Extension of conditional extremes model to include covariate effects

Requires approach to marginal estimation with covariate (QR used here)

Makes engineering application of conditional extremes model feasible,
particularly for floating structures
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