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Abstract. Separation is of fundamental importance in cutting-plane based techniquesgefger Linear
Programming(ILP). In recent decades, a considerable research effort has been devoted to the definition of
effective separation procedures for families of well-structured cuts. In this paper we address the separation of
Chvéatal rank-1 inequalities in the context of general ILP’s of the form{alir : Ax < b, x integet, where

Ais anm x n integer matrix and an m-dimensional integer vector. In particular, for any given intelger

we studymodk cuts of the form,.T A x < [ATb] for anyx € {0, 1/k, ..., (k — 1)/k}™ such that.T A is

integer. Following the line of research recently proposed for mod-2 cuts by Applegate, Bixby, Chvatal and
Cook [1] and Fleischer and Tardos [19], we restrictiiaximally violatedcuts, i.e., to inequalities which

are violated by(k — 1)/k by the given fractional point. We show that, for any giyersuch a separation
requiresO(mnmin{m, n}) time. Applications to both the symmetric and asymmetric TSP are discussed. In
particular, for any givelk, we propose al(|V|2|E*|)-time exact separation algorithm for méduts which

are maximally violated by a given fractional (symmetric or asymmetric) TSP solution with support graph
G* = (V, E*). This implies that we can identify a maximally violated cut for the symmetric TSP whenever

a maximally violatedextended) comb inequaligxists. Finally, facet-defining makleuts for the symmetric

and asymmetric TSP are studied.

Key words. integer programming — separation — symmetagymmetric traveling salesman problem

1. Introduction

Separation is of fundamental importance in cutting-plane based techniquatefyer
Linear ProgrammindILP). In recent decades, a considerable research effort has been
devoted to the definition of effective separation procedures for families of well-structured
cuts. This line of research was originated by the pioneering work of Dantzig, Fulkerson
and Johnson [12] on th&raveling Salesman Proble(fSP) and led to the very suc-
cessful branch-and-cut approach introduced by Padberg and Rinaldi [28]. Most of the
known methods have been originally proposed for the TSP, a prototype in combinatorial
optimization and integer programming.

In spite of the large research effort, however, polynomial-time exact separation
procedures are known for only a few classes of facet-defining TSP cuts. In particular,
no efficient separation procedure is known at present for the famous class of comb
inequalities [22]. The only exact method is due to Carr [8], and req@esi+3) time
for separation of comb inequalities witheeth on a graph af nodes.
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Applegate, Bixby, Chvéatal and Cook [1] recently suggested concentrating on max-
imally violated combs, i.e., on comb inequalities which are violated [ ly the
given fractional poini* to be separated. This is motivated by the fact that maximally
violated combs exhibit a very strong combinatorial structure, which can be exploited
for separation. Their approach is heuristic in nature, and is based on the solution of
a suitably-defined system of mod-2 congruences. Following this approach, Fleischer
and Tardos [19] were able to design @q|V |2 log|V|)-time exact separation proced-
ure for maximally violated comb inequalities for the case where the support graph
G* = (V, E*) of the fractional poink™* is planar.

It is well known that comb inequalities can be obtained by adding-up and rounding
a convenient set of TSP degree equations and subtour elimination constraints weighed
by 1/2, i.e., they ar€0, %}-cutsin the terminology of Caprara and Fischetti [7]. These
authors studieo, %}—cuts in the context of general ILP’s. They showed that the asso-
ciated separation problem is equivalent to the problem of finding a minimum-weight
member of a binary clutter, i.e., a minimum-weig@t 1}-vector satisfying a certain set
of mod-2 congruences. This problem is NP-hard in general, as it subsumes the max-cut
problem as a special case. A key observation, due to Letchford [25], is that the binary
clutter problem is in fact polynomially solvable when all weights are equal to 0, as in
this case it reduces to finding a solution of a system of mod-2 congruences. This is
precisely the situation arising when one restricts to the separation of maximally violated
cuts. As a consequence, one can always separate in polynomial time over the family
of {0, %}—cuts which are maximally violated by the giveh. For the TSP, this implies
that one can efficiently separate maximally violated members of a family of cuts that
properly contains comb inequalities. Interestingly, this family contains facet-inducing
cuts which are not comb inequalities.

In this paper we address the separation of Chvatal rank-1 inequalities in the context
of general ILP’s of the form mift” x : Ax < b, x intege}}, whereA is anm x n integer
matrix andb anm-dimensional integer vector. In particular, for any given intdgese
studymodk cuts of the formkT A x < [ATb] foranya € {0, 1/k, ... , (k—1)/k}™such
that AT A is integer. We show that, for any givén separation of maximally violated
modk cuts requireO(mnmin{m, n}) time. Applications to both the symmetric and
asymmetric TSP are discussed.

The paperis organized as follows. Section 2 introduces koads and the associated
separation problem, called m&BEP. We show that mokISEP is equivalent to finding a
{0,1, ..., k—1}-vector satisfying a certain set of méa@ongruences. As a consequence,
maximally violated modk cuts can be separated efficiently, for any gike®ection 3
discusses the separation of maximally violated TSP kodts. In particular, we show
how to reduce fronD(|V|?) to O(|V|) the number of tight constraints to be considered
in the modk congruence system, whed| is the number of nodes of the underlying
graph. Sections 4 and 5 address nkoclits for the symmetric and asymmetric TSP.
For both problems we show that the family of these cuts contains several classes of
facet-defining inequalities. Furthermore, we investigate some interesting connections
between modederivation and clique (0-node) lifting and 2-cycle (edge) cloning. Some
conclusions are drawn in Sect. 6.
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2. Maximally violated mod-k cuts

Given anm x n integer matrixA and amém-dimensional integer vectdy, let P := {x e
R": Ax < b}, P :=con{x € Z": Ax < b}, and assum®, # P. A Chvatal-Gomory
cutis a valid inequality forP; of the formiTA x < [ATb], where themultiplier
vectori € R} is such that,T A € Z", and |-] denotes lower integer part. In this
paper we address cuts which can be obtained through multiplier vectoetonging
to {0, 1/k, ..., (k — 1)/k}™ for any given integek > 2. We call thenmodk cuts as
their validity relies on modk rounding arguments. Note that mod-2 cuts are in fact the
{0, %}—cuts studied in Caprara and Fischetti [7].

Any Chvatal-Gomory cut is a mokleut for some integek > 0, as it is well known
that undominated Chvatal-Gomory cuts only arisexar [0, 1)™, since replacing any
Ai by its fractional park; — [ 4 | always leads to an equivalent or stronger cut. Moreover,
A can always be assumed to berational, i.e., an intege® exists such tha is integer.
Indeed, for any given € RT with o' := 1T A e Z" one can obtain an equivalent (or
better) multiplier vectok by solving the linear programmia'b: ATA=«aT, 1 > 0},
whose basic solutions are of the fosm= [B~1«, 0] for some basis® of AT. Hence
det(B) - 1 is integer, as claimed.

We are interested in the following separation problem, in its optimization version:

mod-k SEP: Givenx* € P, find A € {0,1/k, ..., (k — 1)/k}™ such that
ATAe Z" and[ATb] — AT A x* is @ minimum.

Following [7], this problem can equivalently be restated in terms of the integer
multiplier vectory := ki € {0,1, ...,k — 1}™. For any giverz € Z andk € Z, let
zmodk := z— |z/k|k. As is customary, notatioa= b (modk) stands fom modk =
b modk. Given an integer matriQ = (gjj) andk € Z, letQ = (@ij) = Q modk
denote thenodk supportof Q, wheregj; := gjj modk for all'i, j. Then, modk SEP
is equivalent to the following optimization problem.

mod-k SEP: Givenx* € P and the associated slack vec&r:= b — Ax* > 0,
solve

S :=min(s* Tu—0) (1)
subject to
Au=0 (modk )
b u=6  (modk) (3)
wel0,1,... k—1™m (4)
0efl,... k—1}. (5)

By construction(s* T — ) /k gives the slack of the mokleut AT A x < |ATb] for
A = u/k, computed with respect to the given poxit Hence, there exists a mddtzut
violated byx* if and only if the minimums* in (1) is strictly less than 0. Observe that
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s* > 0andd < k—1imply§* > 1—Kk, i.e., no modk cut can be violated by more than
(k — 1)/k. This bound is attained far = k — 1, when the modk congruence system
(2)—(4) has a solutiop with i = 0 wheneveg' > 0. In this case, the resulting mad-
cut is said to benaximally violated

Even fork = 2, modk SEP is NP-hard as it is equivalent to finding a minimum-
weight member of a binary clutter [7]. However, findingreximally violatedmodk
cut amounts to finding any feasible solution of the congruence system (2)—(4) after
having fixedd = k — 1 and having removed all the rows OA, b) associated with
a strictly positive slacls®. For anyk prime this solution, if any exists, can be found
in O(mnmin{m, n}) time by standard Gaussian eliminationGt(k), which works as
follows.

Consider a general congruence syst@wy = d (mod k), in the unknownsy; €
{0,1,...,k—1}, where the entries @lQ, d) are assumedtobe {Q, 1, ... , k—1}. By
a series of modulk row combinations, one can always bring the system to its equivalent
form Qy = d (modk), where after a convenient row and column permuta@oandd

read
=~ [ULF] 5 [di
Q._[O 0},d._[aj.

Therefore,Qy = d (modk) has a solution if and only ifi, = 0. In this case, a basic
solution is obtained ag = (dz, 0). Note that basic solutions have the property of being
minimal in the sense that no other solutigh< y exists.

For k nonprime,G F(k) is not a field, hence Gaussian elimination cannot be per-
formed. On the other hand, there exists@mnmin{m, n})-time algorithm to find, if
any, a solution of the mo#l-congruence system (2)—(4) even komonprime, provided
a prime factorization ok is known; see, e.g., Cohen [11].

The above considerations lead to the following result.

Theorem 1. For any givenk, maximally violated mod-cuts can be found efficiently,
in O(mnmin{m, n}) time, provided a prime factorization &fis known.

It is worth noting that modk SEP with i = 0 whenevers® > 0 can be solved
efficiently by fixing6 to any value in(1, . .. , k—1}. We call the corresponding solutions
of (2)—(5)totally tight modk cuts. The following theorem shows that, foprime, the
existence of a totally tight mol-cut implies the existence of a maximally violated
modk cut.

Theorem 2. For any k prime, a maximally violated moki-cut exists if and only if
a totally tight modk cut exists.

Proof. One direction is trivial, as a maximally violated m&aut is also a totally tight
modk cut. Assume now that a totally tight mddeut exists, associated with a vector
(u, 0) satisfying (2)—(5) and such that = Oforalls® > 0. 1f6 # k— 1 andkis prime,
wu can always be scaled by a factore {2, ...,k — 1} such thatﬂT wu = 0 (modk)
andb' wy = k — 1 (modk).

O
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Note that Theorem 2 cannot be extended to the cakeohprime.

The following considerations allow for a typically substantial reduction of the num-
ber of variables and congruences in (1)—(5). Suppose decision varigbles/e an
associated lower bound;j, i.e., systemAx < b contains a number of inequalities of
the form—x; < —Lj. Then, itis not hard to see that all lower bound constraints which
are tight at the given point* need not be taken into account explicitly as long as rkod-
separation is concerned. The same holds for tight upper bound constraints of the form
Xj < Uj, as one can always complemeqtto transform this inequality into a tight
lower bound constraint. Moreover, any inequalityAx < b with slacks® > 6 (where
0 < k —1is supposed to be fixed) can be removed;‘as 0 in (1) impliesu; = 0.

Of course, not all maximally violated mddeuts are guaranteed to be facet defining
for Py. In particular, a cut is not facet defining whenever it is associated with a non-
minimal solutionu of the congruence system (2)—(4), whérkas been fixed tk — 1
(barring the case of equivalent formulations of the same facet-defining cut). Indeed, the
inequality associated with any solutign< n is violated whenever the one associated
with p is. Hence one is motivated in finding maximally violated modits which are
associated with minimal solutions. This can be done with no extra computational effort
for k prime since, as already observed, for any fixedll basic solutions to (2)—(4)
are minimal by construction. Unfortunately, the algorithm kononprime does not
guarantee finding a minimal solution. On the other hand, the following result holds.

Theorem 3. If there exists a maximally violated mdatut for somek nonprime, a max-
imally violated modé cut exists also for ever§which is a prime factor of.

Proof. First of all, observe thaQy = d (modk) implies Qy = d (mod ¢) for each
prime factor¢ of k. Hence, given a solutiofu, 6) of (2)—(5) withé = k — 1, the vector
(e, 6) mod¢ yields a totally tight mod* cut, as¥ mod¢ = k— 1 mod¢ # 0. The claim
then follows from Theorem 2.

O

It is then natural to concentrate on the separation of maximally violatedkneats for
somek prime.

For several important problems, maximally violated moduts associated with
minimal solutions contain families of inequalities defining facetd?gfas shown in
Sects. 4 and 5 for the TSP.

Moreover, fork prime one can find, again i@(mnmin{m, n}) time, the minimum
thresholdT > 0 such that system (2)—(5) has a solutiowith nj = 0 foralls* > T.
This is achieved by first considering the subsystem defined by the varjgldash that
§* = 0 (with 6 fixed w.l.o.g. tok — 1), and then by iteratively introducing the other
variablesuj according to increasing’, stopping as soon as the current subsystem has
a solution. This may be a useful heuristic for the separation of kmds which are not
necessarily maximally violated.

3. Separation of maximally violated modk cuts for the TSP

In this section we discuss the separation of maximally violated knodts for the
symmetric and asymmetric TSP.
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The Symmetric TSHSTSP) polytope is defined as the convex hull of the char-
acteristic vectors of all the Hamiltonian cycles of a given complete undirected graph
G = (V, E). For anyS C V, let §(S) denote the set of the edges with exactly one end
node inS, andE(S) denote the set of the edges with both end nod&s Moreover, for
any A, B € V we write E(A : B) for §(A) N §(B). As is customary, for singleton node
sets we writev instead of{v}. For any real functiox : E — Rand for anyQ < E, let
X(Q) := ZQEQ Xe.

A widely-used STSP formulation is based on the following constraints, cdéed
gree equationssubtour elimination constraints (SEC'sjndnonnegativity constraints
respectively:

X(8(v)) =2, forallveV (6)
X(E(S) < |9 —1, forallScV,|§ > 2 (7
—Xe <0, forallee E. (8)

We next address the separation of maximally violated taats that can be obtained
from (6)—(8). Given a poink* € RE satisfying (6)—(8), we callight any node seB
with x*(E(S)) = |S — 1. Itis well known that onlyO(]V |2) tight sets exist, which can
be represented by aB(|V|)-sized data structure call@dctus treg13]. A cactus tree
associated withx* can be found efficiently irO(|E*||V|log(|V|2/|E*|)) time, where
E* := {e € E : x{ > 0} is the support ok*; see [18] and also [24]. Moreover, we
next show that onlyD(|V]) tight sets need be considered explicitly in the separation of
maximally violated modk cuts.

Applegate, Bixby, Chvatal and Cook [1] and Fleischer and Tardos [19] showed that
tight sets can be arrangedriacklacesA necklace of sizg > 3 is a partition ofV into
acyclic sequence of tight sefB, . .. , By calledbeadssee Fig. 1 for anillustration. To
simplify notation, the subscripts iy, . .. , Bq are intended modulg, i.e.,Bj = Bjnq
for all integerh. Beads in a necklace satisfy:

() BiUBi+1U...UBjytisatightsetforall =1,...,gandt=0,...,q— 2,
(i) x*(E(Bj : Bj))isequalto1ifj € {i +1,i — 1}, and O otherwise.

Fig. 1. A fractional pointx* and one of its necklaces
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A pair (B;, Bj+1) of consecutive beads in a necklace is calletbeina We allow for
degenerate necklaces with= 2 beads, in whickx*(E(B1 : B2)) = 2. Degenerate
necklaces have no dominoes.

Givenx* satisfying (6)—(8), one can find in tim@(| E*||V|log(|V|?/|E*|)) a fam-
ily F(x*) of O(|V|) necklaces with the property that every tight set is the union of
consecutive beads in a necklace of the family. The next theorem shows that the columns
in the congruence system (2)—(4) corresponding to tight SEC's are linearly dependent,
in GF(k), on a set of columns associated with degree equations, tight nonnegativity
constraints, and tight SEC’s corresponding to beads and dominggin.

Theorem 4. If any STSP mod#cutis maximally violated by*, then there exists a maxi-
mally violated modk cut whose Chvatal-Gomory derivation uses SEC’s associated with
beads and dominoes (only) of necklace&ox*).

Proof. Let S be any tight set whose SEC is used in the Chvéatal-Gomory derivation
of some maximally violated mok-cut. By the properties af (x*), Sis the union of
consecutive beads, ... , By ofacertainnecklacBy, ... , Bgin F(x*),1 <t <qgq-1.

If t < 2, thenSis either a bead or a domino, and there is nothing to prove. Assume then
t > 3, asin Fig. 2, and add together:

the SEComB1UByU ... U Bi_2,

the SEC orB;_1 multiplied byk — 1,

the SEC orBt,

the degree equations on everyg B;_1,

the nonnegativity inequalitiesxe < O for everye € E(Bi—1: Bi+1U... U By),
the nonnegativity inequalitiesxe < 0 multiplied byk — 1 for everye € E(B :
B1U...UBi_2).

This gives the following inequality:

a X := X(E(S)) + KX(E(Bt-1)) — KX(E(Bt : ByU... U Bt_2))
<ao:= | +KkB-1] -k-1

All the inequalities used in the combination are tightatMoreover, all the coefficients
in " x < ag are identical, modulg, to the coefficients of the SERE(S)) < |S — 1.
So we can use the inequalities in the derivatiomdk < «p in place of the original
SEC to obtain a (different) maximally violated méd:zut. Applying this procedure
recursively yields the result.

O

As an immediate consequence, one has

Theorem 5. For any giverk, maximally violated mod-cuts for the STSP can be found
in O(|E*||V|?) time, i.e., inO(]V|%) time in the worst case.

Proof. Theorem 1 gives a®(mnmin{m, n})-time separation algorithm, whemeis the
number of tight constraints (6)—(7), and= |E*| = O(|V|?) is the number of fractional
components irx*. By virtue of Theorem 4, onO(|V|) tight sets need be considered
explicitly, hencem = O(|V]) and the claim follows.

]
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B2

Fig. 2. lllustration for the proof of Theorem 4

The practical efficiency of the moklseparation algorithm can be improved even
further, as it turns out that one can always disregard all dominoes except one (arbitrarily
chosen) in each necklace.

Theorem 6. Let B contain, for each necklace i (x*), all beads and a single (arbi-
trary) domino. If any STSP mddeut is maximally violated by*, then there exists

a maximally violated mo#-cut whose Chvatal-Gomory derivation uses SEC'’s associ-
ated with setsSS € B only.

Proof. Let S be a tight set whose SEC is used in the derivation of some maximally
violated modk cut. If Sis not a bead of some necklace, then from Theorem 4 one
can assume w.l.o.g. th&is the union of two consecutive beads, #yandB; 1, of

a certain necklac®y, ... , Bg with g > 3. Let By U B, be the chosen domino in the
necklace. For =1, ..., q, let7; be the set consisting of the degree equations, the tight
nonnegativity constraints, the SEC’s associated with the beads in the given necklace,
and the SEC associated wiBy U Bj;1. As in the proof of Theorem 4, we show that
the SEC associated witB; U Bj11, 1 < i < q, has the same coefficients, modllo

as an inequality defined by a combination of element$;inlf i = 1, this is clearly
true. Assume by induction that it is true foe= 1, ... ,r — 1. We show that the SEC
associated witls = B; U B;+1 has the same coefficients, modi#loas an inequality
defined by a combination of elementsjfn_;. Adding together:

the SEC’s orB;_1 andB; 41,

the SEC orB,_1 U By, multiplied byk — 1,

the degree equations on every nade B,

the nonnegativity inequality-xe < 0 for everye € E(By : Bry2 U ... U Bgyr—2),
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leads to

X := X(E(S)) + kX(E(By)) + kX(E(Br_1)) + kX(E(Br_1 : By))
< a0 =[S +KIB|+KkIBr-1] —

Therefore, by the inductive hypothesis, we can replace the SEC associat&d wyithB,
with another inequality that has the same coefficients (mokland is defined by
a combination of elements ify.

]

We next address thiesymmetric TSIPATSP) polytope, defined as the convex hull
of the characteristic vectors of all the Hamiltonian circuits of a given complete digraph
G = (V, A). ForanyS C V, let §7(S) ands™ (S) denote the set of the arcs leaving
and enterinds, respectively, and leA(S) denote the set of the arcs with both end nodes
in S. When no confusion arises, for singleton sets we writestead of{v}. For any
B, C € V we write A(B : C) for §(B) N 6~ (C). For any real functiox : A — Rand
foranyQ € A, 1etx(Q) := > i jyeo Xij -

A widely-used ATSP formulation is based on the following constraints, calle
andin-degree equationSEC’s andnonnegativity constrainisespectively:

x(@t(w) =1, forallveV 9)

X6 (v)) =1, forallveV (120)
X(A(S) <9 -1, forallScV,|§>2 (12)
—Xjj <0, forall @, j) € A (12)

An inequalitya " x < «g for the ATSP is calledymmetriovhenevew; = «ji for all
(i, ) €A

Given a pointx* satisfying (9)—(12) with suppoA* := {(i, j) € A: Xj > 0}, we
call tight a node seSif the corresponding SEC is satisfied at equality. As SEC's are
symmetric, one can always replace the given pdion G by a pointy* on the undirected
counterpart of5, whose entrieyy; ;, are obtained azq + X% . By construction, a given
setSis tight forx* if and only if it is tight fory*. Hence asinthe STSP, one can definein
O(|A*||V] Iog(|V|2/|A*|)) time a family 7 (y*) of O(|V|) necklaces with the property
that every tight set is the union of consecutive beads of some necklgag/tn.

Theorem 7. If any ATSP modkcut is maximally violated by*, then there exists a max-
imally violated modk cut whose Chvéatal-Gomory derivation uses SEC’s associated with
beads and dominoes (only) of necklace&¢y*).

Proof. Same as the proof of Theorem 4, by replacing the degree equations on each node
by the corresponding ATSP in- and out-degree equations.
i

As an immediate consequence, one has

Theorem 8. For any giverk, maximally violated mod-cuts for the ATSP can be found
in O(|A*||V|2) time, i.e., inO(|V|*) time in the worst case.
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Proof. Analogous to that of Theorem 5.

As in the STSP, one obtains

Theorem 9. Let3 contain, for each necklace ifi(y*), allbeads and a single (arbitrary)
domino. If any ATSP mokl-cut is maximally violated by*, then there exists a maxi-
mally violated modk cut whose Chvatal-Gomory derivation uses SEC's associated with
setsS e B only.

Proof. Analogous to that of Theorem 6, by replacing STSP degree equations by ATSP
in- and out-degree equations.
i

4. modk cuts for the symmetric TSP

In this section we analyze facet-defining mioduts for the symmetric TSP.

We first address mod-2 cuts that can be obtained from (6)—(8). A well known class
of such cuts is that afombinequalities, as introduced by Edmonds [14] in the context
of matching theory, and extended by Chvatal [10] and by Grétschel and Padberg [20,
21] for the TSP. Comb inequalities are defined as follows; see Fig. 3 for an illustration.
We are given &andlesetH C V andt > 3,t odd,toothsetsTy, ... , Tt C V such that
TiNH #£¢@¥andT; \ H # ¢ hold foranyi =1, ... ,t. The comb inequality associated
with H, Tq, ..., T; reads:

t t
t+1
X(E(H))-F;X(E(Ti)) < |H|+;(|Ti|—l)—7. (13)
The simplest case of comb inequalities arisegTor= 2 fori = 1, ... ,t, leading to

the Edmonds2-matching constraintdt is well known that comb inequalities define
facets of the TSP polytope [22]. Also well known is that comb inequalities are mod-2

.
..

T1

0] O O
H
ainarm
To T3 Ta Ts

Fig. 3. A comb witht = 5 teeth
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cuts obtained by weighing by/2 and combining the following constraints:

X(6(v)) =2, forallve H
X(E(T) = Til =1, fori=1,...,t
X(E(TTNH) <|TiNnH| =1 fori =1,... ,tsuchthalT, N H| > 2
X(E(TI\ H)) < [Ti\H| -1, fori =1,... ,tsuchtha{T \ H| > 2
t
—Xe <0, for alle e 5(H) \ ) E(T).
i=1

As already mentioned, no polynomial-time exact separation algorithm for comb
inequalities is known at present. A heuristic scheme for maximally violated comb
inequalities has been recently proposed by Applegate, Bixby, Chvatal and Cook [1],
and elaborated by Fleischer and Tardos [19] to give a polynomial-time exact method
for the case ok* with planar support. Here, comb separation is viewed as the problem
of “building-up” a comb structure starting with a given set of dominoes. The interested
reader is referred to [1] and [19] for a detailed description of the method.

Theorem 5 puts comb separation in a different light, in that it allows for efficient exact
separation of maximally violated members of the family of mod-2 cuts which contains,
among others, comb inequalities. One may wonder whether comb inequalities are the
only TSP facet-defining mod-2 cuts with respect to formulation (6)—(8). This is not the
case. In particular, we will show that the facet-definexgended commequalities of
Naddef and Rinaldi [26] are facet-defining mod-2 cuts. We refer the reader to [23],
Sect. 5.5, for a survey of known STSP facets, and in particular to pages 281-283,
where extended comb inequalities (therein referred to-geg@lar PWBinequalities)
are described.

The basic (called simple) extended comb inequalities are as follows; see Fig. 4 for
an illustration. LetH c V be thehandleof the comb, and leTy, To, ... , Tt, where
t > 3 odd, be disjointooth sets such thatAi| = |Bj| > 1 fori = 1,...,t, where
A := TiNnH andB; := T;\ H. The simple extended comb inequality, writterdifiorm,

o ]

G Al

T T2 T3
(@) (b)

Fig. 4. (a) The support graph of a simple extended comb inequality; all the drawn edges, as well as the edges
in E(H), have coefficient 1.1) A mod-2 derivation, obtained by combining the degree equations on the black
nodes and the SEC'’s on the sets drawn in continuous line (the nonnegativity inequalities used in the derivation
are not indicated)
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reads

! T t+1
X(E(H) + Y x(ECA: B < [HI+ ) -1 (14)
i=1 i=1

This inequality is a mod-2 cut obtained by combining the following constraints weighed
by 1/2 and rounding down the right-hand side:

X(8(v)) = 2, forallve H
X(E(Ti)) < |Tj|—1, fori=1,...,t

t t
—Xe <0, foralle e (S(H) \ U E(Ti)> U <U E(A)U E(Bi)) )

i=1 i=1

Requirement Aj| = |B;j| expresses a necessary condition to obtain a facet-defining
mod-2 cut. Indeed, it is well known that the replacementioby V \ H yields an
equivalent inequality. Hence, suppose w.l.o4.| > |B;j| for a certaini, i.e., |Bj| <
(ITi|—1)/2. Then, in the above mod-2 derivation one could replace thex@EC;)) <
|Ti| — 1 and the nonnegativity constraints fere E(A;) U E(Bj) U E(B; : H \ A)
by the degree equations on the node®&irand the nonnegativity constraints fere
E(B; : V \ H) so as to obtain a mod-2 cut with left-hand side coefficients increased for
the edgesirE(Bj) U E(B; : H \ A)) and unchanged for the remaining edges, and with
a right-hand side value before rounding decreased/B¢{T;| — 1 — 2| B;|) > 0.

Nonsimple extended comb inequalities are obtained by replacing everyrinde
a nonempty node s&p, and by setting the coefficient of adle E(Q,) to 8,, where
By =2ifve HNT, forsomei; g, =0if v g HUTHU...UT; B, = 1
otherwise. The right-hand side is increasedBy £,(1Q,| — 1). Let H := {J,cyy Qu
andT; := UveTi Qyforalli =1, ... ,t. Theresulting inequality turns out to be a mod-2
cut, obtained by weighing by/2 and combining

X(8(v)) = 2, forallve H
x(ET) <ITil-1, fori=1,...,t
t
X(E(Qy) <|Qy| —1, forallve UT; such thatQ,| > 2
i=1
and the nonnegativity constraintsxe < 0 for a convenient set of edges. The above
discussion is summarized in the following theorem.

Theorem 10. Extended comb inequalities are STSP mod-2 cuts.

Extended comb inequalities can be derived from 2-matching constraints by means of
two general lifting operations, calleztige-cloningand0-node lifting These operations
have been studied by Naddef and Rinaldi [27] who proved that, under mild assumptions,
they preserve the facet-defining property of the original inequality. Interestingly, at least
for the case of extended comb inequalities both operations do not increase the Chvétal
rank [29] of the starting inequality, and also preserve the property of being a mod-2
cut. One may wonder whether this property is true in general. A partial answer to this
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guestion will be given in Sect. 5, where we study the two operations in the more general
context of the asymmetric TSP.

A family NV of setsS, ..., S € V is callednested(or laminay) if, for all i, j,
SNS #Pimplies§ € S or § € §. The node sets associated with SEC’s with
nonzero multipliers in the Chvéatal-Gomory derivation of an extended comb inequality
define a nested familyy” with nesting degree not greater than 2, in the senseXhat
does not contain 3 subsefs C S, C S;. Actually, it is easy to show that any mod-

k cut can be derived by only using SEC’s associated with subsets defining a nested
family. Interestingly, there are mod-2 facet-defining STSP cuts whose Chvatal-Gomory
derivation involves SEC’s with nesting level greater than 2. Here is an example. Consider
the fractional poink™* of Fig. 5(a). It is not hard to check by complete enumeration that
x* maximally violates no extended comb inequality. Howexé&rmaximally violates

the mod-2 cutr"x < g whose derivation is illustrated in Fig. 5(b). We have verified
through a computer program that x < ag is facet defining for the STSP and ATSP
polytopes forV| > 12.

We next address a simple case of facet-defining mod-3 cut, arising ffet 8 and
obtained by combining the following inequalities:

1/3times  x(8(v)) = 2, forv=26,7

2/3times  x(8(v)) = 2, forv=3,4

1/3times X(E(S)) < |§ —1, forS={2,6},{3,7},{3,4,7,8}

2/3times x(E(S)) < |9 —1,forS=1{4,8},{2,3,4,6,7,8},{2,3,4,5,6,7, 8}

plus 1/3 or 2/3 times the nonnegativity constrairtge < 0 for a convenientset of edges.
The resulting inequality reads' x < «g, with «g = 13 andx as in Fig. 6(a), where
we report a matrix whose entryj, i < j, gives the coefficient of edgé, j) € E. By
multiplyinge " x < ag by —2 and adding 24, 4, 1, 3, 3, 3 times the degree equations on
nodes 23, ..., 8, one obtains the equivalent fopfx > Bo, wheregg = 40—2uag = 14
andg is as in Fig. 6(b). This latter inequality coincides with the one called NEW1 in
Christof, Junger and Reinelt [9]. A generalization of this inequality will be presented in

the next section.

(@) (b)

Fig. 5. (a) A fractional pointx* which violates maximally no extended comb inequalib). The derivation
of a mod-2 cut which is maximally violated by
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—-0000O00O — 2441333
-—-—220211 - —223133
-—--31232 ---23313
- —-——-——-1223 - —-—--3331
————— 110 - ———-=-221
—————— 21 ———=——-=-214
7777777 2 -——————-=-2
(a) ax <13 (b) px=14

Fig. 6. Equivalent forms of inequality NEW1

5. mod+ cuts for the asymmetric TSP

In this section we address classes of facet-defining knaats for the asymmetric TSP.

It is well known that every symmetric ATSP inequali®/ x < «g has an obvious
counterparb‘eTy < ap for the STSP, obtained by definiag; j; := «ij (= «ji) for all
undirected edg€s, j] of the STSP undirected graph. Moreover, it is easy to show [16]
thata'y < ag is facet defining for the STSP polytopeif x < g is facet defining for

the ATSP polytope, while the converse does not hold. In view of this correspondence,
most of the properties of ATSP mddeuts we will analyze in this section extend to
STSP. This is true whenever, for each node, the Chvatal-Gomory multipliers for the
associated in- and out-degree equations coincide.

We first study two known ATSP lifting operations, and their interpretation in the
context of modk cuts. When applied to symmetric inequalities, both operations produce
a symmetric inequality, hence our analysis in the ATSP context extends immediately to
the STSP case.

Suppose we are given a valid ATSP inequadifyx < «g with integer coefficients.

For eachv € V we define thdoop coefficient

Oyy = maX{Olw +auj_alj :ivj GV,|{i,j,U}|=3} (15)

(note however thatv, v) ¢ A). A basic ATSP lifting operation islique-lifting (also
callednode cloning, as defined in Balas and Fischetti [6]. This operation is the ATSP
counterpart of th®-node liftingoperation for the STSP, as introduced by Naddef and
Rinaldi [27]. LetG’ = (V’, A') be the complete digraph whose node\éeis obtained
from V by replacing eachh € V by a nonempty node s&,. For all (i, j) € A,
let Bij := andh(j), Where Qngy and Qnjy denote the node sets containingnd j,
respectively. The inequality” x’ < Bo, wherefo := ag + Y vev @(1Qy| — 1), is said
to be obtained frona" x < ag through clique-lifting. An inequality which cannot be
obtained through clique lifting is callgarimitive. It is shown in [6] that the validity of
o' x < ag for the ATSP polytope ofs, sayP(G), implies the validity of8" x’ < B for
the ATSP polytope o&’, say P(G'). Moreover, ifa' x < «g defines a facet oP(G),
thengTx’ < Bo also defines a facet ¥(G').

Suppose now a rank-1 Chvéatal-Gomory derivatioa bk < o is known, i.e., we
are given multipliersi, u;, andis > 0 associated with constraints (9), (10) and (11),



On the separation of maximally violated miduts 51

respectively, such that

oij = ui*+uj’+ Z rs |, forall (i, j) € A
ScV:i,jeS

and

ao=|Y U +uH)+ Y is

ieV ScV:|§|>2

Notice that Chvéatal-Gomory multipliers for the nonnegativity constraintg < O
are not given explicitly, as they can easily be defined as the fractional paf‘t of

u; + ZSCV:i,jeS)‘S' We aim at extending this derivation to the clique-lifted inequality
BTx' < Bo. To this end, for each € V we define

Ay = oy — uj +u; + Z As (16)
ScV:we§|§>2

wherew,, is computed as in (15).

Theorem 11. Leta"x < ag be an ATSP moé#-cut with multipliersu, u;, andis > 0
associated with constraints (9), (10) and (11), respectively, and for &llV define
Ly asin (16). Ifx, > Ofor all v € V, then every inequalitg™x' < Bo obtained from

o' x < ag through clique lifting is a modkcut.

Proof. We claim that8T x' < o can be obtained by combining:

ul times X' (6T (w)) = 1, forallw e Q,,veV
u, times X' (6~ (w)) = 1, forallw e Q,,veV
Astimes X' (A'(U,es Q) < 1UpesQul — 1, forallSc V, |5 > 2
Ay times X (A(Qy) < |Qy] — 1, forallv € V such thaiQ,| > 2

and then rounding down the resulting coefficients. This is clear for the left-hand side
coefficients. As to the right-hand side, its increase with respeep e given by the
integer quantity

D AQuI-D-fuf+uy+ > s+ | =) (1Qu] = Do,

veV ScV:weS§|S>2 veV

asrequired. Noting that, by definitiok,,, is integer for albv € V concludes the proof.
O

Corollary 1. Let aTy < ap be an STSP mok-cut with multipliersu, and s > 0
associated with constraints (6) and (7), respectively, and fov @lV definex, as in
(16), whereu := u; :=u, forallv e V.If 1, > Oforall v € V, then every inequality
BTy < Bo obtained fromxTy < &g through clique lifting is a modkcut.
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The application of Theorem 11 requires > 0 for all v € V, a condition that can
easily be checked once a mé&dierivation is given. This condition holds for all the
facet-defining TSP mo#-cuts we are aware of.

The second lifting operation we addres2isycle cloningas studied in [16]. This
operation is the ATSP counterpart of theége-cloningrrocedure introduced by Naddef
and Rinaldi [27] for the STSP. Given a valid ATSP inequadifyx < oo with integer
coefficients, leh andk be two distinct nodes such that

A(h, K) := (ahh + okk) — (athk + akn) > 0.

Define a new complete digraph’ = (V’, A') whereV’ is obtained fromV by in-
troducing two new nodes, sdy and k', and letg; := «jj for all (i,j) € A
Brj = anj, Bjn = ajh, Prj = akj, and B = ajk for all j € V \ {h Kk}
Bk = Brk = ank; Pk = Pih = akh; P = akh and Bk = ank; Phr =
Brrh := anh — A(h, K); and B 1= Bk = akk — A(h, k). The inequality8™x’ < Bo,
whereBo := ag+ anh+akk — A(h, K), is said to be obtained from" x < ag by cloning
the 2-cyclanduced byh, k.

The 2-cycle lifted inequalitg "x’ < o can be thought of as obtained frarhx < «g
by first applying clique-lifting to replace nodesindkby {h, h’'} and{k, k'}, respectively,
and then by adding the nonvalid inequalityx{,, + X/, + X4« + X, < —1 weighed
by A(h, k). As aresult3Tx’ < o is not guaranteed to be valid f&XG’). If BTx’ < o
is valid for P(G'), however, then it is facet defining whenewéx < «g defines a facet
of P(G), as proved in [16].

Application of 2-cycle cloning requires checking the validity of the resulting inequal-
ity, which is an NP-complete problem in general. The following theorem gives easily-
checkable sufficient conditions for validity in case a nmoderivation ofaTx < ag is
available.

Theorem 12. Leta x < ag be an ATSP mo#-cut with multipliersu;, u;, andis > 0
associated with constraints (9), (10) and (11), respectively, and far alV definex,
asin (16). Ifxn > 0, Ak > 0, Ap + Ak = 1, and A(h, k) = 1, then the 2-cycle cloned

inequality8Tx’ < B is a valid modk cut.

Proof. Let Q, := {v} forallv € V \ {h,k}, Qn := {h, h"}, andQx := {k, k’}. One can
readily check thaB' x' < o can be obtained by combining and rounding the following
inequalities:

u times X' (6T (w)) = 1, forallwe Q,veV
u, times X' (w)) =1, forallwe Q,,veV
rstimes X' (A'(U,esQu) < 1UpesQul =1, forallScV,|§ > 2.

|

Corollary 2. Let aTy < ap be an STSP mok-cut with multipliersu, and s > 0
associated with constraints (6) and (7), respectively, and fov @lV definex, as in
(16), whereu;” := u; :=u, forall v € V. If An > 0, Ak > 0, An + Ak = 1, and
A(h, k) = 1, then the 2-cycle (or edge) cloned inequaifyy’ < o is a valid modk
cut.
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The conditions in Theorem 12 are satisfied by several choicksntlk for most TSP
facet-defining modk cuts, in their primitive (simple) form.

We next analyze specific classes of nlodudts for the ATSP. We start with mod-2
cuts, which include the following large class of facet-defining cuts introduced in Balas
and Fischetti [6], calle&D-inequalities The primitive members of this class are as
follows. Let H C V be thehandleof the SD-inequality, and I€Ty, ... , Ty bet > 1
disjointtoothsets such thafi "H| = |T; \ H| = 1. Moreover, leSandD be (possibly
empty) disjoint subsets &\ (HUT;U...UTy), called the set a§ourceanddestination
nodes, such thas + |D| + t is odd. The primitive SD-inequalities have the form:

t
X(A(SUH : DUH) + 3 x(AT) = K|+ DRI

i=1

and are facet defining for the ATSP polytope wheney8r— |D|| < max{t — 3, 0},
exceptin 3 pathological cases arising|\éi < 6; see [6]. Alarger class of facet-defining
cuts can be obtained by applying 0 or more times 2-cycle cloning on the (baks
with h € Ti \ H andk € Ty " H for a certairi, and then clique lifting. These inequalities
are calledextended SD-inequalitiedlotice that 2-cycle cloning can also be applied
to pairs(h, k) with h € Sandk € D, but the resulting inequality is still a primitive
SD-inequality. 2-cycle cloning cannot be applied to ottielk) pairs, instead; e.g., for
h € Sandk € T; \ H conditionA(h, k) = 1 is not satisfied.

Theorem 13. Extended SD-inequalities are ATSP nibduts.

17)

Proof. It is known that primitive SD-inequalities are mod-2 cuts associated with the
following nonzero multipliers:

e uf =1/2, foralve HUS
e U, =1/2, forallve HUD,
e Aw=1/2, forallWe{Tq1,...,Ti}.

Loop coefficients (15) are easily computedag: = 2forve HNTi (i =1,...,t);
Ay = 0forv e V\(SUDUH UU}:1 Ti), andw,, = 1 for all other nodes. According
to (16), one then has, = 1/2 for allv € SUD U [ J_; Ti andx, = O for all other
nodesv. The claim then follows from Theorems 11 and 12.

O

We next address ATSP mod-3 cuts, which include the follov@8gnequalities

X(AMWD) + X(AMWR)) + Y Xiyj + Xigiy + Xigiy + Xigi, < [Wa| + [Wo| = 1, (18)
jeW,

whereiy, i2 andiz are distinct nodes, an#d; and W, are disjoint node sets with
i1€ Wy, io € Wo,iz & Wy UWs, [Wy| > 2, and|Ws| > 2. Primitive C3-inequalities
arise whenW, = {i1, j1} andW, = {i», j2} for somejs, j2 € V. C3-inequalities have
been introduced by Grotschel and Padberg (see [22]), and proved to be facet defining
by Fischetti [15]. A larger class of facet-defining cuts can be obtained from primitive
C3-inequalities by applying 0 or more times 2-cycle cloning on the fairg:) and
(i2, j2), and then by using clique lifting. We call the resulting inequaligetended
C3-inequalities
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Theorem 14. Extended C3-inequalities are ATSP mdduts.

Proof. We first prove that primitive C3-inequalities are mod-3 cuts. To this end, it
suffices to consider the following nonzero Chvatal-Gomory multipliers:

e Ul =2/3, forv=iy,
e U =2/3, forv e {i1, 12},
° Uj‘ =1/3, forv e {ip, iz},
e U, =1/3, forv=jo,
e s =1/3, forSe {Wi, Wo}.
Loop coefficients (15) for a primitive C3-inequality are computedaas: = 2 for
v e {i1,i2}; ayy = 1 forv e {j1, jo,i3}; anday, = O for all other nodes. From (16)
one then obtainsi, = 2/3 forv € {j1,i2,i3}; Ay = 1/3 forv € {i1, j2}; andr, =0
for the remaining. The claim then follows from Theorems 11 and 12.

]

Notice that switching the multipliers of the in- and out-degree equations in the Chvatal-
Gomory derivation of an extended C3-inequality provides a different (still facet-defining)
mod-3 cut.

Another example of an ATSP mod-3 cut is given by the asymmetric counterpart
of inequality NEW1 of Fig. 6. A larger class of cuts, which we cattended NEW1
inequalities can be obtained from inequality NEW1, in tkeform given in Fig. 6(a),
by applying O or more times 2-cycle cloning on the p&Rs6), (3, 7) and(4, 8), and
then by using clique lifting.

Theorem 15. Extended NEW1 inequalities are ATSP n&oalits.

Proof. We have shown in Sect. 4 that the NEW1 inequality is a mod-3 cut associated
with the following nonzero multipliers:

uf =u; =1/3, forv=6,7,
uJr =u; =2/3, forv=3,4,
s =1/3, forS= {26}, (3 7}, (3.4 7.8),
As =2/3, forS={4,8},{23,4,6,7,8},{23,4,5,6,7,8).

Loop coefficients are as followsi11 = 0; a2 = 2; a3z = waqa = 4; as5 = 1;
age = a77 = agg = 3. Hence one obtaing; = 0; A2 = Aq = A5 = A7 = 1/3;
A3 = Ae = Ag = 2/3. The claim then follows from Theorems 11 and 12.

O

We verified by enumeration that inequality NEW1 is facet defining for the ATSP,
and hence for the STSP. Therefore, extended NEW1 inequalities define facets of both
the ATSP and STSP polytopes.

We finally address ATSP mokleuts for arbitrarnk > 2. In particular, we consider
the followingD;’, ,-inequalities

k+1 k+1j-1

ZXU ij41 1 Xiggain + zlell + szljlt <k (19)

j=41t=3
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whereiy,io, ... ,iks1 are distinct nodes, and2 k < n — 2. D;;l—inequalities have
beenintroduced by Grétschel and Padberg (see [22]), and proved to be facet defining for
the ATSP polytope by Fischetti [15]. These authors also addrd3geginequalities
obtained fromDLl—inequalities by switching the coefficiendg; andwj for all i, j.

We call extendedjgjrl— and Dy ;-inequalitiesthe facet-defining cuts obtained from
D;“H— andD, ;-inequalities, respectively, by applying 0 or more times 2-cycle cloning

on the pair(i1, ik+1), and by using clique lifting on the resulting cuts.

Theorem 16. Extended 3, ;- and O, ;-inequalities are ATSP mokieuts.

Proof. Consider theD;:rl—inequaIities Dy 1-inequalities can be dealt with similarly).
It is known thatD}’, ;-inequalities are mod-cuts associated with the following non-
negative multipliers:

o uf;:(k—l)/k,
o U =k=j+2/k forj=3 ... k+1,

e s =1/k, forSe{Zy,..., Zx}, whereZj := {ij4+1,1j42, ... ikp1} U {iz}.
We havex,, = 2forv € {iz, i, ... ,ixr1} U{i1}; oy = 1 forv =ip; ande,, = O for
the remaining. HenceAi; = 1/K, Aj, = Aj; = ... = Ljj, = (K—1/k, andr, =0

for the remaining. The claim then follows from Theorems 11 and 12.
O

6. Conclusions

We have investigated the separation of nkamits, i.e., of Chvatal-Gomory cuts obtained
with multipliersin{0, 1/k, ..., (k—1)/k}. Evenfork = 2, this problemis NP-complete.
However, for any giverk, we have shown how to find efficiently maximally violated
mod-k cuts, i.e., modk cuts violated byk — 1) /k by the given poink* to be separated.
Separation of maximally violated mddeuts for the symmetric and asymmetric TSP
has been studied. We have proposedX/V || E*|)-time exact separation procedure,
where|V| and |E*| are the number of nodes and the number of edges in the support
graph ofx*. We have also investigated several families of facet-defining knads for

both the symmetric and asymmetric TSP.

Recent developments in cutting-plane algorithms, such as the work of Balas, Ceria
and Cornuéjols [2,3] and Balas, Ceria, Cornuéjols and Natraj [4] on lift-and-project
(disjunctive) cuts and Gomory cuts, put the emphasis on separation of large classes
of inequalities which are not given explicitly. The approach developed in this paper
provides still another tool for tackling hard problems.

Future theoretical research should be devoted to the study of the structure of un-
dominated (facet-defining) mddTSP cuts. One should also address rkaalits for
other combinatorial problems. Furthermore, the practical use of the separation methods
herein proposed should be investigated.
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