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a b s t r a c t 

The Capacitated Vehicle Routing Problem (CVRP) is a classic combinatorial optimization problem for which 

many heuristics, relaxations and exact algorithms have been proposed. Since the CVRP is N P -hard in 

the strong sense, a natural research topic is relaxations that can be solved in pseudo-polynomial time. We 

consider several old and new relaxations of this kind, all of which are based on column generation. We 

also analyze the effect of adding some known inequalities. Computational experiments demonstrate that 

the best of our new relaxations yields extremely tight lower bounds. 
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1. Introduction 

Vehicle routing problems form a much-studied family of combi-

natorial optimization problems, due to their many important prac-

tical applications (see, e.g., Golden, Raghavan, & Wasil, 2008; La-

porte, 2009; Toth, 2014 for surveys). This paper is concerned with

the capacitated vehicle routing problem (CVRP), which Dantzig and

Ramser (1959) defined as follows. A fleet of identical vehicles, each

with a known (positive integer) capacity Q , is located at a depot.

There are n customers that require service. For i = 1 , . . . , n, cus-

tomer i has a known integer demand q i with 0 < q i ≤ Q . The (pos-

itive) cost of travel between any pair of customers, or between

any customer and the depot, is also known. The task is to find a

minimum-cost collection of vehicle routes, each starting and end-

ing at the depot, such that each customer is visited by exactly one

vehicle, and no vehicle visits a set of customers whose total de-

mand exceeds Q . 

Several different integer programming formulations have

been proposed for the CVRP. These include so-called two-index

and three-index vehicle-flow formulations, single-commodity , two-

commodity and multi-commodity flow formulations, and set par-

titioning formulations (see, e.g., ( Laporte, 1992, 2009; Letch-

ford & Salazar-González, 2006, 2015; Semet et al., 2014 )

for surveys). At present, the most successful exact algo-

rithms for the CVRP are based on set partitioning formu-

lations augmented with various families of cutting planes
∗ Corresponding author. 
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see, e.g., ( Baldacci, Christofides, & Mingozzi, 2008; Fukasawa et al.,

006; Pecin, Pessoa, Poggi, & Uchoa, 2017 ; Poggi and Uchoa, 2014 ).

The CVRP is N P -hard in the strong sense, since it contains the

ell-known Travelling Salesman and Bin Packing problems as spe-

ial cases. This leads us to ask the following question: what is the

trongest linear programming relaxation of the CVRP that can be

olved in pseudo-polynomial time (i.e., in time bounded by a poly-

omial in n and Q )? After surveying the known relaxations with

his property, we propose several new ones, and prove that the

est one dominates all of the others. Computational experiments

how that, in practice, this best relaxation yields remarkably tight

ower bounds. 

The structure of the paper is as follows. The literature is re-

iewed in Section 2 . The new formulations and relaxations are

resented in Section 3 . Theoretical results, concerned with the

trength of the new relaxations and their solvability in pseudo-

olynomial time, are given in Section 4 . Computational results are

iven in Section 5 , and concluding remarks are made in Section 6 . 

Throughout the paper, we assume that the travel costs are

symmetric and the fleet is unlimited. Our approach can easily be

dapted to the cases with symmetric costs and/or with a limited

umber of vehicles. We also use the following notation. We have a

omplete directed graph G with node set V = { 0 , 1 , . . . , n } and arc

et A . We write V c for V �{0}, the set of customer nodes, and A c 

or the arcs ( i , j ) ∈ A with i , j ∈ V c . For any i , j ∈ V c with i � = j, we ex-

lude ( i , j ) and ( j , i ) from A if q i + q j > Q . Node 0 represents the de-

ot, and nodes 1 , . . . , n represent customers. By convention, q 0 = 0 .

or any S ⊂ V , we use δ+ (S) (respectively, δ−(S) ) to denote the set

f arcs ( i , j ) with i ∈ S and j ∈ V �S (respectively, with i ∈ V �S and

 ∈ S ). If S = { i } , we just write δ+ (i ) and δ−(i ) . Also, for any set of

https://doi.org/10.1016/j.ejor.2018.06.002
http://www.ScienceDirect.com
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mailto:a.n.letchford@lancaster.ac.uk
mailto:jjsalaza@ull.es
https://doi.org/10.1016/j.ejor.2018.06.002


A.N. Letchford, J.-J. Salazar-González / European Journal of Operational Research 272 (2019) 24–31 25 

c  

j  

w

2

 

F  

a  

m

2

 

t  

v  

t

m

s

x

x

 

N  

i  

f  

c  

(

 

 

 

t  

L  

s

 

 

 

 

 

i  

T  

p  

t

2

 

(  

a  

i  

i  

r  

t

m

s

z

 

n  

f  

s  

(  

m  

o  

c  

e  

a

 

“  

i  

l  

x  

w  

v  

r  

a  

a

 

p  

i  

o  

i  

t

2

 

a  

b  

c  

b  

t  

k  

(  

f

ustomers S ⊂ V c , let q (S) = 

∑ 

i ∈ S q i . The cost of traversing arc ( i ,

 ) ∈ A is c ij . Finally, given a vector x ∈ [0, 1] | A | and a set A 

′ ⊂ A , we

rite x ( A 

′ ) for 
∑ 

a ∈ A ′ x a . 

. Literature review 

Now we review some of the existing formulations for the CVRP.

or brevity, we cover only two-index vehicle flow , set partitioning

nd multi-commodity flow formulations. For details on other for-

ulations, see the surveys mentioned in the introduction. 

.1. The two-index vehicle flow formulation 

Laporte and Nobert (1983) presented what is now called the

wo-index vehicle flow formulation. For all ( i , j ) ∈ A , define a binary

ariable x ij , taking the value 1 if and only if some vehicle traverses

he arc ( i , j ). Then the formulation is: 

in 

∑ 

(i, j) ∈ A 
c i j x i j (1) 

.t. x (δ+ (i )) = x (δ−(i )) = 1 (i ∈ V c ) (2) 

 (δ+ (S)) ≥ 	 q (S) /Q
 (S ⊆ V c ) . (3) 

 i j ∈ { 0 , 1 } ((i, j) ∈ A ) (4) 

Constraints (3) are called rounded capacity (RC) inequalities

addef and Rinaldi (2002) . The complexity of separation for them

s unknown, but effective heuristics are available Lysgaard, Letch-

ord, and Eglese (2004) . Moreover, separation can be solved effi-

iently for the following weaker inequalities Naddef and Rinaldi

2002) : 

• The fractional capacity (FC) inequalities: 

x (δ+ (S)) ≥ q (S) 

Q 

(S ⊆ V c ) . (5)

• The subtour elimination (SE) inequalities: 

x (δ+ (S)) ≥ 1 (S ⊆ V c ) . (6)

Many other families of inequalities have been developed for

he 2-index formulation (see Letchford & Salazar-González, 2006;

ysgaard et al., 2004; Naddef & Rinaldi, 2002; Semet et al., 2014 for

urveys). Of interest to us are: 

• The generalized large multistar (GLM) inequalities (see Gouveia,

1995 ): 

x (δ+ (S)) ≥ 1 

Q 

∑ 

i ∈ S 

(
q i + 

∑ 

j∈ V c \ S 
q j (x i j + x ji ) 

)
(S ⊆ V c ) . (7)

• The knapsack large multistar (KLM) inequalities (see Letchford,

Eglese, & Lysgaard, 2002 ): 

x (δ+ (S)) ≥ 1 

β

∑ 

i ∈ S 

(
αi + 

∑ 

j∈ V c \ S 
α j (x i j + x ji ) 

)
(S ⊆ V c ) , (8)

where α ∈ R 

n 
+ and β ∈ R + are such that the inequality αT y ≤β

is valid for the following 0–1 knapsack polytope: 

conv 

{ 

y ∈ { 0 , 1 } n : ∑ 

i ∈ V c 
q i y i ≤ Q 

} 

. (9) 

The GLM inequalities dominate the FC inequalities, and the KLM

nequalities include the GLM and SE inequalities as special cases.

he separation problem for the GLM inequalities can be solved in

olynomial time Lysgaard et al. (2004) . The complexity of separa-

ion for the KLM inequalities is unknown. 
.2. Set partitioning formulations 

The set partitioning formulation is due to Balinski and Quandt

1964) . Let � denote the set of possible routes for a single vehicle,

nd let z r for each r ∈ � be a binary variable taking the value 1

f and only if that route is used. Define the constant a ir for each

 ∈ V c and r ∈ �, taking the value 1 if customer i is served in route

 , and 0 otherwise. Finally let c r denote the cost of route r . Then

he formulation is: 

in 

∑ 

r∈ �
c r z r (10) 

.t. 
∑ 

r∈ �
a ir z r = 1 (i ∈ V c ) (11) 

 r ∈ { 0 , 1 } (r ∈ �) . (12) 

Since | �| can be exponential in n , a column-generation tech-

ique is necessary to efficiently solve the LP relaxation of this

ormulation. The column generation requires solving a pricing

ubproblem which is itself strongly N P -hard. Foster and Ryan

1976) noted that pricing becomes easier if one enlarges � by per-

itting routes in which vehicles may visit customers more than

nce (now called non-elementary routes). The pricing subproblem

an then be solved in O ( n 2 Q ) time by dynamic programming. See,

.g., Fukasawa et al. (2006) , Pecin et al. (2017) , Martinelli, Pecin,

nd Poggi (2014) for details. 

We will call the formulation with only elementary routes

SPE ”, and the one with non-elementary routes “nSP ”. As noted

n Fukasawa et al. (2006) , the x variables of the two-index formu-

ation can be linked to the z variables of nSP via the equations

 i j = 

∑ 

r∈ �
b i jr z r 

(
(i, j) ∈ A 

)
, (13)

here the constant b ijr counts the number of times arc ( i , j ) is tra-

ersed on route r . (Note that b ijr can be larger than 1 when route

 is non-elementary.) This enables one to strengthen the LP relax-

tion of nSP by adding valid inequalities that involve the x vari-

bles. 

In Letchford and Salazar-González (2006) , we proved that the

rojection of the LP relaxation of SPE into x -space satisfies all KLM

nequalities, whereas the projection for nSP satisfies only a subset

f them that includes the GLM inequalities but not the SE inequal-

ties. This means that it is worth adding RC, SE or KLM inequalities

o nSP , but not FC or GLM inequalities. 

.3. Multi-commodity flow formulations 

As mentioned above, several commodity-flow formulations are

nalysed in Letchford and Salazar-González (2006, 2015) . For

revity, we focus on just one multi-commodity flow formulation,

alled MCF2b in Letchford and Salazar-González (2015) . It involves

inary variables f k 
i j 

and g k 
i j 
, indicating whether a vehicle traverses

he arc ( i , j ) on the way to customer k or after visiting customer

 , respectively. It has the objective (1) and the constraints (2),

4) from the two-index vehicle-flow formulation, together with the

ollowing constraints: 

f k (δ+ (0)) = f k (δ−(k )) = g k (δ+ (k )) = g k (δ−(0)) = 1 (k ∈ V c ) 

(14) 

f k (δ−(0)) = f k (δ+ (k )) = g k (δ−(k )) = g k (δ+ (0)) = 0 (k ∈ V c ) 

(15) 

f k (δ−(l)) = f k (δ+ (l)) = g l (δ−(k )) = g l (δ+ (k )) (k, l ∈ V c : l � = k ) 

(16) 
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q 
(

f k + g k 
)

≤ (Q − q − q ) x ((i, j) ∈ A ) (17) 
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k i j i j i j i j 

f k i j + g k i j ≤ x i j (k ∈ V c , (i, j) ∈ A ) (18)

f k i j , g 
k 
i j ∈ { 0 , 1 } (k ∈ V c , (i, j) ∈ A ) . (19)

It is shown in Letchford and Salazar-González (2015) that

the LP relaxation of MCF2b dominates the LP relaxation of all

other known polynomial-sized commodity-flow formulations for

the CVRP with general demands. (See Godinho, Gouveia, & Mag-

nanti, 2008 for alternative formulations for the CVRP with unit

demands.) It is also shown in Letchford and Salazar-González

(2015) that the LP relaxation of MCF2b satisfies all of the SE and

GLM inequalities. 

One big drawback however is that MCF2b has O ( n 3 ) variables

and constraints, which makes even solving the LP relaxation time-

consuming. 

MCF2b was strengthened in Letchford and Salazar-González

(2015) by adding exponentially many variables, as follows. Let �

be the set of all possible loading patterns of a single vehicle. That

is, each member of � is a subset of V c whose total demand does

not exceed Q . Observe that each member of � corresponds to an

extreme point of the knapsack polytope (9) . For each ( i , j ) ∈ A and

each P ∈ �, let σ P 
i j 

be a binary variable indicating whether a ve-

hicle departs from the depot with loading pattern P and traverses

the arc ( i , j ) at some point. (This implies that i ∈ P when i � = 0, and

that j ∈ P when j � = 0.) Then we add the following constraints to

MCF2b : 

x i j = 

∑ 

P∈ �: i, j∈ P 
σ P 

i j ((i, j) ∈ A c ) (20)

f k i j + g k i j = 

∑ 

P∈ �: i, j,k ∈ P 
σ P 

i j ((i, j) ∈ A c , k ∈ V c \ { i, j} ) . (21)

Accordingly, we called the strengthened formulation “MCF2K ”. It is

shown in Letchford and Salazar-González (2015) that one can price

the σ variables in O ( n 3 Q ) time, by reduction to a series of knap-

sack problems. It was also shown that the LP relaxation of MCF2K
satisfies the KLM inequalities (8) , which is not true for MCF2b in

general. Unfortunately, solving the LP relaxation of MCF2K is even

more time-consuming than solving that of MCF2b . 
Finally, we mention that a different way of strengthening

MCF2b , using additional linear ordering variables, can be found in

a recent paper by Leggieri and Haouari (2017) . 

3. New formulations and relaxations of the CVRP 

In this section, we present new formulations and relaxations of

the CVRP. Our starting point, in Section 3.1 , is a new formulation of

the CVRP that we call the arc-packing formulation. Some equivalent

formulations are discussed in Section 3.2 . Then, in Section 3.3 , we

present two additional formulations. 

3.1. The arc-packing formulation 

Before presenting our new formulation, we will need the fol-

lowing lemma: 

Lemma 1. The LP relaxation of MCF2b is unchanged if we replace

Eq. (14) with the equations: 

x i j = f j 
i j 

( j ∈ V c , i ∈ V \ { j} ) (22)

x i j = g i i j (i ∈ V c , j ∈ V \ { i } ) . (23)

We can also remove constraints (15) by eliminating all f and g vari-

ables involved. 
roof. For a given k ∈ V c , the n + 1 flow-conservation equations in-

olving the f k variables are linearly dependent. In particular, any

ne of them is implied by the other n . This allows us to remove

he equations involving the depot in (14) from systems (14) –(16) .

ow, it is shown in Section 3.2 of Letchford and Salazar-González

2015) that Eqs. (22) and (23) are satisfied by all solutions to the

P relaxation. So, we can add them. Once they are added, the re-

aining equations in (14) are equivalent to Eq. (2) . So, they can be

eleted. �

Now, from Lemma 1 , we can write MCF2b with the con-

traints (2), (4), (15) –(19), (22) and (23) . Now, note that con-

traints (4), (17) –(19), (22) and (23) decompose into n (n + 1) in-

ependent blocks, one for each arc ( i , j ) ∈ A . Thus, it is natural

o apply Dantzig–Wolfe decomposition Dantzig and Wolfe (1960) ,

utting those constraints into the subproblems and leaving con-

traints (2) and (16) in the master problem. 

Now consider the constraint block for a fixed arc ( i , j ). Note

hat the variables involved in the block are x ij and the f k 
i j 

and g k 
i j 

.

oreover, in any feasible solution to the block, the set of indices k

uch that f k 
i j 

+ g k 
i j 

= 1 must correspond to a feasible loading of the

ehicle. 

To explain this more precisely, we will need a little more no-

ation. For a given arc ( i , j ) ∈ A and a given pair ( S , T ) with S , T ⊆
 c , let us say that ( S , T ) is compatible with ( i , j ) if it satisfies the

ollowing conditions: 

• S , T ⊆V c , S ∩ T = ∅ , S ∪ T � = ∅ ; 
• q (S) + q (T ) ≤ Q; 
• if j = 0 then T = ∅ , otherwise j ∈ T ; 
• if i = 0 then S = ∅ , otherwise i ∈ S . 

Note that, if j = 0 then i ∈ S ∈ �. Similarly, if i = 0 then j ∈ T ∈ �.

therwise, S ∪ T ∈ � with i ∈ S and j ∈ T . Let F i j denote the set of all

airs compatible with ( i , j ). 

The variables in the master problem are then obtained as fol-

ows. For all ( i , j ) ∈ A and all (S, T ) ∈ F i j , let �ST 
i j 

be a binary vari-

ble, taking the value 1 if and only if a vehicle traverses arc ( i , j )

aving already visited the customers in S (and no others) and be-

ng about to visit the customers in T (and no others). The objective

unction in the master problem is then: 

in 

∑ 

(i, j) ∈ A 
c i j 

∑ 

(S,T ) ∈F i j 

�ST 
i j . 

The master contains the following constraints, which come

rom Eq. (2) : ∑ 

j∈ V \{ i } 

∑ 

(S,T ) ∈F i j 

�ST 
i j = 

∑ 

j∈ V \{ i } 

∑ 

(S,T ) ∈F ji 
�ST 

ji = 1 (i ∈ V c ) . 

t also has the following constraints, which come from Eq. (16) : ∑ 

j∈ V \{ l} 

∑ 

(S,T ) ∈F jl : k ∈ T 
�ST 

jl = 

∑ 

j∈ V c \{ l} 

∑ 

(S,T ) ∈F l j : k ∈ T 
�ST 

l j = 

∑ 

j∈ V c \{ k } 

∑ 

(S,T ) ∈F jk : l∈ S 

�ST 
jk = 

∑ 

j∈ V \{ k } 

∑ 

(S,T ) ∈F k j : l∈ S 
�ST 

k j (k, l ∈ V c : l � = k ) . 

(24)

inally, it also has the binary conditions: 

ST 
i j ∈ { 0 , 1 } ((i, j) ∈ A, (S, T ) ∈ F i j ) . (25)

Since the � variables are concerned with the “packing” of the

ehicle on each arc traversed, we call this new formulation an arc-

acking formulation and denote it by “AP ”. Note that AP has O ( n 2 )

onstraints. By definition, the LP relaxation of AP dominates that

f MCF2b . We will show in the next section that it dominates that

f MCF2K as well. 
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.2. Alternative representations of the arc-packing formulation 

A concept that will simplify the proofs in the following section

s that of an explicit master (see Poggi & Uchoa, 2003 ). An explicit

aster is a formulation that contains both the original variables

nd those obtained by Dantzig–Wolfe decomposition. In our case,

he explicit master of AP can be obtained simply by taking MCF2b
nd adding the constraints (25) , along with the following linking

onstraints: 

 i j = 

∑ 

(S,T ) ∈F i j 

�ST 
i j ((i, j) ∈ A ) (26) 

f k i j = 

∑ 

(S,T ) ∈F i j : k ∈ T 
�ST 

i j ((i, j) ∈ A, k ∈ V c \ { i, j} ) (27) 

 

k 
i j = 

∑ 

(S,T ) ∈F i j : k ∈ S 
�ST 

i j ((i, j) ∈ A, k ∈ V c \ { i, j} ) . (28) 

t follows from the main result in Poggi and Uchoa (2003) that the

P relaxation of the explicit master is of equal strength to that of

he standard master. 

It is also possible to construct an ‘intermediate’ formulation,

hich has x and � variables but no f and g variables. This formu-

ation consists of the objective function (1) and the constraints (2),

24), (25) and (26) . We will call this third formulation the semi-

xplicit master problem of AP . Using exactly the same argument

hat was used in Poggi and Uchoa (2003) , one can show that the

P relaxation of the semi-explicit master is of equal strength to

hose of the other two formulations. 

.3. Other formulations 

Now, recall the definition of the formulation nSP from

ection 2.2 . One can obtain a “hybrid” of nSP and AP simply

y taking the semi-explicit master of AP and adding constraints

12) and (13) . We call this formulation “nSP+AP ”. By definition,

he LP relaxation of nSP+AP is at least as strong as the LP relax-

tions of either nSP or AP . (Of course, this comes at the cost of

ncreasing the number of pricing problems that need to be solved.)

For the sake of completeness, we briefly mention one last for-

ulation. It is obtained by adding the SE inequalities to the explicit

aster of nSP . We call it “nSP+SE ”. Note that nSP+SE has an ex-

onential number of both variables and constraints. 

. Some theoretical results 

In this section, we prove some theoretical results concerned

ith the LP relaxations of the formulations presented in the previ-

us section. In Section 4.1 , we compare the new relaxations with

xisting relaxations in terms of strength. In Section 4.2 , we show

hat the relaxations of AP , nSP+AP and nSP+SE can be solved in

seudo-polynomial time. 

.1. The strength of the new relaxations 

As mentioned at the end of Section 3.1 , the LP relaxation of

P is at least as strong as that of MCF2b , the strongest known

olynomial-sized multicommodity flow formulation. The following

roposition shows something stronger. 

roposition 1. The LP relaxation of AP is at least as strong as that

f MCF2K . 

roof. As mentioned above, the LP relaxation of the explicit mas-

er of AP is of equal strength to that of AP itself. The only dif-

erence between the LP relaxation of the explicit master and that

f MCF2K is that the former has constraints (26) –(28) (plus non-

egativity on the � variables), whereas the latter has constraints
20) and (21) (plus non-negativity on the σ variables). Note how-

ver that we have the following identities: 

P 
i j = 

∑ 

(S,T ) ∈F i j : S∪ T = P 
�ST 

i j ((i, j) ∈ A, P ∈ �) . 

nder this mapping, (i) (26) is equivalent to (20) , (ii) (27) and

28) imply (21) , and (iii) non-negativity on � implies non-

egativity on σ . �

Proposition 1 has the following corollary. 

orollary 1. The LP relaxation of AP satisfies all KLM inequalities

and therefore all FC, SE and GLM inequalities). 

roof. It was shown in Section 4 of Letchford and Salazar-

onzález (2015) that the LP relaxation of MCF2K satisfies all KLM

nequalities. �

We will see in Section 5 that, in fact, the LP relaxation of AP is
tronger than that of MCF2K on many instances. An informal ex-

lanation of this fact is that MCF2K is obtained by “convexifying”

ver 0–1 knapsack polytopes of the form: 

onv 

{ 

( f, g) ∈ { 0 , 1 } 2 n : ∑ 

k ∈ V c 
q k ( f k + g k ) ≤ Q 

} 

, 

hereas AP is obtained by “convexifying” over smaller polytopes

f the form 

onv 

{ 

( f, g) ∈ { 0 , 1 } 2 n : ∑ 

k ∈ V c 
q k ( f k + g k ) ≤ Q, f k + g k ≤ 1 (k ∈ V c ) 

} 

. 

hese latter polytopes can be viewed as 0–1 multiple-choice knap-

ack polytopes (see e.g. Kellerer, Pferschy, & Pisinger, 2004 ). 

We remark that, in the unit-demand case, the 0–1 multiple-

hoice knapsack polytopes have the “integrality property” in the

ense of Geoffrion (1974) . From this it can be shown that the LP

elaxations of MCF2b , MCF2K and AP have equal strength in the

nit-demand case. 

Now, recall the formulation nSP+AP from Section 3.3 . By defi-

ition, the lower bound associated with nSP+AP dominates those

btained from nSP and AP (and therefore also MCF2b and MCF2K ).
 natural question is how it compares with the lower bound asso-

iated with SPE . The following theorem settles this question: 

heorem 1. If z ∗ is a solution to the LP relaxation of SPE , then there

xists a solution ( x ∗, f ∗, g ∗, z ∗, �∗) to the LP relaxation of nSP+AP
hat has the same cost. 

roof. We showed in Theorem 5 of Letchford and Salazar-González

2015) how to construct the triple ( x ∗, f ∗, g ∗), so it suffices to show

ow to construct �∗. For any ( i , j ) ∈ A , r ∈ � and (S, T ) ∈ F i j , let t ST 
i jr 

e a binary constant which takes the value 1 if and only if a vehi-

le following the elementary route r departs from the depot, visits

he customers in S , traverses the arc ( i , j ), visits the customers in

 , and finally returns to the depot. The desired vector �∗ is then

reated by setting �ST 
i j 

to the value 
∑ 

r∈ � t ST 
i jr 

z ∗r for all ( i , j ) ∈ A and

(S, T ) ∈ F i j . �

Theorem 1 implies that the lower bound from nSP+AP is dom-

nated by the lower bound from SPE . We stress however that

he former bound can be computed in pseudo-polynomial time,

hereas the latter bound cannot (unless P = N P ). 

As for the formulation nSP+SE , the fact that AP satisfies all SE

nequalities implies that the bound from nSP+AP dominates the

ne from nSP+SE . 
To aid the reader, we display in Fig. 1 a hierarchy of formula-

ions. An arrow from one class to another means that the lower

ound from the latter is at least as strong as the one for the for-

er. By “RC ”, we mean the 2-index formulation (1) –(4) , which is
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FC FC+SE RC

GLM GLM+SE MCF2b MCF2K

nSP nSP+SE nSP+AP AP

eSP

Fig. 1. Hierarchy of CVRP formulations. 
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based on the RC inequalities (3) . By “FC ” and “GLM ”, we mean the

formulations obtained from the 2-index formulation by replacing

the RC inequalities with the FC inequalities (5) and GLM inequali-

ties (7) , respectively. Finally, “FC+SE ” and “GLM+SE ” indicate that

the SE inequalities (6) have been added. 

4.2. Solving the new relaxations 

Now we consider the time taken to solve the new LP relax-

ations. 

Theorem 2. The LP relaxation of AP can be solved in pseudo-

polynomial time. 

Proof. It suffices to show that the LP relaxation of the associ-

ated explicit master (see Section 3.2 ) can be solved in pseudo-

polynomial time. Due to the polynomial equivalence between sep-

aration and optimization Grötschel, Lovász, and Schrijver (1981) ,

along with LP duality, it follows that this can be done if and only

if the pricing problem for the � variables can be solved in pseudo-

polynomial time. 

Now observe that the only constraints in the explicit master

that involve the � variables (apart from the binary conditions)

are Eqs. (26) –(28) . Let α, β and γ denote the dual prices of these

equations, respectively. (One can think of βk 
i j 

and γ k 
i j 

as represent-

ing estimates of the potential benefit of visiting customer k after

traversing the arc ( i , j ), or before traversing it, respectively.) The

reduced cost of a column �ST 
i j 

is 

−αi j −
∑ 

k ∈ T 
βk 

i j −
∑ 

k ∈ S 
γ k 

i j . 

For a fixed arc ( i , j ), the problem of finding sets S and T leading to

the minimum reduced cost can be modelled by introducing binary

variables u k and v k for all k ∈ V c �{ i , j }, with the meaning u k = 1 iff

k ∈ S and v k = 1 iff k ∈ T , respectively. We then have to solve: 

max 
∑ 

k ∈ V c \{ i, j} 
(βk 

i j v k + γ k 
i j u k ) 

s.t. 
∑ 

k ∈ V c \{ i, j} 
q k (u k + v k ) ≤ Q − q i − q j 

u k + v k ≤ 1 (k ∈ V c \ { i, j} ) 
u k , v k ∈ { 0 , 1 } (k ∈ V c \ { i, j} ) . 

This is a 0–1 multiple-choice knapsack problem and it aims at

determining S �{ i } and T �{ j }. It can be reduced to a standard 0–1

knapsack problem (KP) by setting the item set to V c �{ i , j }, the ca-

pacity of the knapsack to Q − q i − q j , the weight of item k to q k ,

and the profit of item k to the maximum of βk 
i j 

and γ k 
i j 

. This 0–1

KP can be solved in O ( nQ ) time via dynamic programming Bellman

(1957) . A column of negative cost exists, for the given arc ( i , j ), if

and only if the profit of the 0–1 KP solution plus αi j + β j 
i j 

+ γ i 
i j 

is

positive. �
We now make some remarks about Theorem 2 . 

• If one uses dynamic programming to price the � variables, it

takes O ( n 3 Q ) time, since a 0–1 KP must be solved for each arc.

By comparison, pricing the z variables in nSP takes O ( n 2 Q ) time

(see Section 2.2 ). 
• In practice, one can usually solve the 0–1 KPs much more

quickly using a branch-and-bound algorithm, such as the one

in Martello and Toth (1988) . 
• The LP relaxation of the semi-explicit master of AP can be

solved in a similar way. Let ( i , j ) ∈ A be given, let ( ρ , τ , σ ) be the

dual vectors for the three families of Eq. (24) , and let α be as

before. To price the � variables, it suffices to set 

βk 
i j = ρk j − ρki + τki 

γ k 
i j = σ jk − σik − τ jk , 

and then proceed as in the proof of Theorem 2 . 

Finally, we consider the other two formulations that were pre-

ented in Section 3.3 . 

roposition 2. The LP relaxation of nSP+AP can be solved in

seudo-polynomial time. 

roof. This follows from the fact that the pricing subproblems for

he z and � variables can be solved in O ( n 2 Q ) time and O ( n 3 Q )

ime, respectively. �

roposition 3. The LP relaxation of nSP+SE can be solved in

seudo-polynomial time. 

roof. Since the pricing subproblem for nSP can be solved in

seudo-polynomial time, we can separate over the associated poly-

edron (in ( x , z )-space) in pseudo-polynomial time. Together with

he fact that the separation problem for the SE inequalities can be

olved in polynomial time, this implies that the separation prob-

em for the LP relaxation of nSP+SE can also be solved in pseudo-

olynomial time. This in turn implies the result. �

. Computational experiments 

In this section, we present the results of some computational

xperiments. We describe the test instances in Section 5.1 . In

ection 5.2 , we present results for five relaxations that can be

olved in pseudo-polynomial time. Then, in Section 5.3 , we exam-

ne what happens when certain cutting planes (RC inequalities) are

dded to the relaxations. 

All experiments were conducted on a Dell Precision T5400

esktop computer, with a 3.16 gigahertz Intel Xeon X5460 pro-

essor, running Windows 10 64-bit. Our code, which involves both

olumn and row generation, was written in Microsoft Visual C, us-

ng IBM ILOG Cplex 12.6 as LP solver. Primal and dual simplex were

sed to re-optimize after adding columns and rows, respectively. 

.1. Test instances 

We used similar instances to those used in Letchford and

alazar-González (2015) . These instances have n = 16 , which is

mall by today’s standards (see Poggi & Uchoa, Uchoa et al., 2017 ),

ut big enough to establish dominance relationships between the

arious bounds. There are two kinds of instances: asymmetric and

ymmetric. In the asymmetric instances, the costs c ij were random

ntegers uniformly distributed between l and 500. In the symmet-

ic instances, the costs were obtained by computing the Euclidean

istance between locations randomly distributed in a square of

idth 500, and then rounding to the nearest integer. (The depot

as located in the center of the square.) We created instances with
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Table 1 

Variables and constraints involved in the first five relax- 

ations. 

Relaxation Variables Constraints 

nSP x ij , z r (2), (11), (13) 

nSP + SE x ij , z r (2), (11), (13), (6) 

MFC2K x ij , f k 
i j 

, g k 
i j 
, σ P 

i j 
(2), (14) –(21) 

AP x ij , �
ST 
i j 

(2), (24), (26) 

nSP + AP x ij , z r , �
ST 
i j 

(2), (11), (13), (24), (26) 
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Table 2 

Average percentage ratios for five relaxations that can be solved in pseudo- 

polynomial time. 

Type nSP nSP + SE MCF2K AP nSP + AP 

A-G-100 99.65 99.65 98.86 99.38 99.66 

A-G-150 97.84 97.94 96.23 96.45 98.27 

A-G-200 97.83 98.30 97.58 97.60 [98.37, 98.41] 

A-U-4 98.78 98.78 98.08 98.08 98.88 

A-U-6 98.12 98.40 97.69 97.69 98.61 

A-U-8 98.07 98.52 98.51 98.51 98.85 

S-G-100 95.16 97.30 95.10 97.87 97.87 

S-G-150 90.94 96.89 96.36 97.18 97.26 

S-G-200 88.46 96.86 97.12 97.41 97.48 

S-U-4 92.78 96.87 97.32 97.32 97.44 

S-U-6 88.79 96.98 97.15 97.15 97.26 

S-U-8 86.28 97.49 98.10 98.10 98.14 

Table 3 

Average times (in seconds) for five relaxations that can be solved in 

pseudo-polynomial time. 

Type nSP nSP + SE MCF2K AP nSP + AP 

A-G-100 0.02 0.02 4.45 4.99 14.61 

A-G-150 0.04 0.04 13.51 36.69 326.04 

A-G-200 0.07 0.07 85.54 121.04 T.L. 

A-U-4 0.02 0.01 6.45 22.05 88.74 

A-U-6 0.03 0.02 17.30 98.29 421.73 

A-U-8 0.05 0.04 269.75 412.26 T.L. 

S-G-100 0.01 0.02 4.37 3.91 8.49 

S-G-150 0.01 0.06 14.20 26.19 223.96 

S-G-200 0.02 0.05 62.95 69.19 554.45 

S-U-4 0.00 0.02 7.88 14.39 53.98 

S-U-6 0.00 0.03 25.80 49.06 258.71 

S-U-8 0.01 0.03 163.08 69.83 1281.69 
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eneral demands (random integers in the range [25, 33]) and in-

tances with only unit demands. For the instances with general

emands, we considered Q ∈ {100, 150, 200}. For the instances with

nit demands, we considered Q ∈ {4, 6, 8}. This led to twelve fami-

ies of instances, and for each family we generated 20 instances. 

These 240 instances are available in the VRP-REP repository. We

emark that the instances with Q = 100 are surprisingly hard to

olve for their size, due no doubt to the fact that the “bin packing”

spect of the CVRP plays a key role in such instances. 

.2. Results with five relaxations 

We began by considering five LP relaxations that can be solved

n pseudo-polynomial time. These are the relaxations of the fol-

owing formulations: 

• nSP : the set partitioning formulations (10) –(12) , with non-

elementary routes permitted. 
• nSP+SE : the same, but with SE inequalities (6) added (see

Section 3.3) 
• MCF2K : the best multi-commodity flow formulation from

Letchford and Salazar-González (2015) . 
• AP : the arc-packing formulation. 
• nSP+AP : the formulation combining both set partitioning and

arc-packing variables described in Section 3.3 . 

Table 1 shows the variables and constraints that are present

n these relaxations (where non-negativity on all variables is as-

umed). For ease of implementation, we include the x variables

n all relaxations (that is, we use explicit or semi-explicit mas-

er LPs). For the same reason, we include (2) in all relaxations,

ven if they are redundant in some cases. We also include in

ll relaxations the RC inequality on the set V c , i.e., the inequal-

ty x (δ+ (0)) ≥ 	 q (V c ) /Q
 . This inequality lower bounds the num-

er of vehicles leaving the depot. Although it was not included in

he relaxations analyzed in Letchford and Salazar-González (2015) ,

e found that it tends to slightly improve the lower bounds from

ll five relaxations. 

We used a time limit of 2 hours for each instance and each re-

axation. Table 2 displays, for each set of 20 instances and each of

he five relaxations, the average ratio between the resulting lower

ound and the optimum, expressed as a percentage. The letters ‘A’

nd ‘S’ in the first column indicate asymmetric and symmetric in-

tances, respectively. The letters ‘G’ and ‘U’ refer to general and

nit demands. (For one of the A-G-200 instances, we were unable

o solve the last relaxation within the time limit. For this reason,

e give an interval instead of a precise figure. (The lower and up-

er limits were obtained by computing near-optimal dual and pri-

al solutions, respectively, whenever the relaxation could not be

olved exactly within the 2 hours.) 

We see that all five relaxations are rather strong. Interestingly,

owever, AP gives a significantly stronger lower bound than nSP
or symmetri instances, but the reverse is true for asymmetric in-

tances (with the exception of A-U-8). We do not have an explana-

ion for this phenomenon. 
Table 3 displays, for the same set of instances, the average

mount of time taken (in seconds) to solve the five relaxations.

An entry of “T.L.” indicates that the given relaxation could not

e solved exactly for all 20 instances within the time limit.) We

ee that the last three relaxations took considerably longer to solve

han the first two. We tried some simple tricks to speed up the

omputation (such as pricing heuristics, dual stabilisation, and the

se of an interior-point LP solver), but they did not lead to a sig-

ificant improvement. An examination of detailed output from the

P solver indicated that the long computing times were almost en-

irely due to massive primal degeneracy in the master LP. (Indeed,

or most instances, over 95% of the pivots were degenerate.) Possi-

le ways of addressing this issue are discussed in the conclusions. 

.3. Results with cutting planes 

One can of course obtain stronger relaxations by adding cutting

lanes. Since the RC inequalities (3) are important cutting planes in

ractice (see Fukasawa et al., 2006; Lysgaard et al., 2004 ), we ex-

erimented with five relaxations: the LP relaxation of the 2-index

ormulations (1) –(4) , which we call “RC ”, and the relaxations ob-

ained by adding RC inequalities to nSP , MCF2K , AP and nSP+AP .
e call the latter four relaxations “nSP+RC ”, “MCF2K+RC ” and so

n. 

We remark that the separation problem for the RC inequalities

as recently been proved to be N P -hard, and is conjectured to be

 P -hard in the strong sense Diarrassouba (2017) . If that is correct,

hen the five relaxations mentioned cannot be solved in pseudo-

olynomial time. Fortunately, since our instances have n = 16 , we

ere able to solve the separation problem exactly, by brute-force

numeration. 

http://www.vrp-rep.org/datasets/item/2018-0003.html
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Table 4 

Average percentage ratios with exact separation of RC inequalities. 

Type RC nSP + RC MCF2K + RC AP + RC nSP + AP + RC 

A-G-100 92.61 99.79 99.06 99.46 99.79 

A-G-150 94.12 98.23 96.66 96.79 98.46 

A-G-200 98.05 98.91 98.58 98.59 98.99 

A-U-4 96.89 99.56 99.01 99.01 99.59 

A-U-6 98.75 99.32 99.15 99.15 99.44 

A-U-8 98.62 98.85 98.95 98.95 [99.05,99.07] 

S-G-100 98.70 99.39 99.08 99.59 99.59 

S-G-150 99.62 99.67 99.67 99.70 99.72 

S-G-200 99.64 99.70 99.70 99.72 99.72 

S-U-4 99.98 10 0.0 0 10 0.0 0 10 0.0 0 10 0.0 0 

S-U-6 99.95 99.95 99.96 99.96 99.96 

S-U-8 10 0.0 0 10 0.0 0 10 0.0 0 10 0.0 0 10 0.0 0 

Table 5 

Average times (in seconds) with exact separation of RC inequalities. 

Type RC nSP + RC MCF2K + RC AP + RC nSP + AP + RC 

A-G-100 0.00 0.20 39.76 6.65 13.75 

A-G-150 0.00 1.42 82.02 43.97 357.49 

A-G-200 0.00 0.47 53.48 109.90 T.L. 

A-U-4 0.00 0.18 23.27 26.61 79.55 

A-U-6 0.00 0.20 34.93 96.68 528.61 

A-U-8 0.00 0.37 106.40 227.22 T.L. 

S-G-100 0.01 0.37 46.75 10.46 22.46 

S-G-150 0.01 2.92 70.50 33.57 210.12 

S-G-200 0.00 1.34 50.60 66.79 445.19 

S-U-4 0.01 0.27 5.90 25.98 68.03 

S-U-6 0.01 0.30 25.75 61.45 237.61 

S-U-8 0.00 1.25 63.98 108.26 1078.48 
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Table 4 displays the average ratio between the lower bounds

and the optimum, again expressed as a percentage. (Again, for one

set of instances, this time A-U-8, one of the figures is given as an

interval.) We see that all five relaxations are very strong. As be-

fore, AP performs better than nSP for symmetric instances, but

worse for asymmetric instances. Also, a comparison of Table 4 with

Table 2 shows that nSP+AP consistently gives better bounds than

RC on symmetric instances, but worse bounds on asymmetric

ones. Again, we are not sure why. 

Finally, Table 5 displays the running times. One result that may

seem surprising is that nSP+AP+RC sometimes takes less time to

be solved than the weaker nSP+AP . The explanation is that, when

solving nSP+AP+RC , we gave cutting priority over pricing. In other

words, in each major iteration, pricing was invoked only when no

more violated RC inequalities could be found. This strategy seems

to have pushed the x variables to “promising” values early on, lead-

ing to a substantial decrease in the number of pricing calls. 

6. Conclusion 

In this paper, we have considered five CVRP relaxations that can

be solved in pseudo-polynomial time, two of which are completely

new. The strongest one yields remarkably tight lower bounds, es-

pecially in the case of symmetric CVRP instances. On the other

hand, the time taken to solve the new relaxations was excessive. 

We can think of several interesting topics for future research.

The most pressing one is whether the new relaxations can some-

how be solved more quickly, so that they can be used to compute

strong bounds for instances of larger size (such as those described

in Uchoa et al., 2017 ). Perhaps one of the recently-developed tech-

niques for alleviating primal degeneracy, surveyed in Gauthier,
esrosiers, and Lübbecke (2016) , could be useful. Alternatively, one

ould apply Lagrangian relaxation instead of Dantzig–Wolfe de-

omposition to MCF2b , and then solve the Lagrangian dual via a

ethod with proven fast convergence (see, e.g., Guignard, 2003;

emaréchal, 2007 ). 

Other interesting topics are the derivation of strong valid in-

qualities that involve the new arc packing variables, the derivation

f specialised branching rules that involve the new variables, and

xplaining why some formulations work better for symmetric in-

tances, whereas some work better for asymmetric ones. Finally, it

ay be that arc packing formulations can be useful for generalisa-

ions of the CVRP in which the cost of traversing each arc depends

n the commodities that the vehicle is carrying at the time. 
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