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Overview

© Linear regression.
e Assumptions.
e Least squares.
e Diagnostic checks.

@ Logistic regression.
e Assumptions.
e Maximum Likelihood estimation.
e Binning with binary outcomes.
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Linear model

e Y, = response variable (random variable).

e y; = response variable (observations).
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Linear model

e Y, = response variable (random variable).
e y; = response variable (observations).

e d, = explanatory variables (or covariates).

Linear model

Y; = B1 + Pod; + Zi, Zi ~ N(0,0%) iid.

Question
Which of these models is linear?

@ Y; = fid?e?
) logY; = B1 + Bed; + Z;
© Y, =1+ B2logd,;
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Least squares

How to estimate 3; and 3,?

Peter Diggle & Emanuele Giorgi Linear and logistic regression models 3/10



Least squares

How to estimate 3; and 3,?




Least squares

How to estimate 3; and 3,?
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Least squares

How to estimate (5, and (3,?




Least squares

How to estimate (5, and (3,?
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Multiple regression

p
Yi=dB+Zi=)_ Bidy+ Z.

j=1
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Multiple regression

p
Y;=d/ B+ 7Z; = Zﬁjdij-i—zi-
j=1
° B = (DTD)_lDTy.
o 62 =30 (y; —d] B)*/(n —p)
o B~ N(B,6*(DTD)™)
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Multiple regression

p
Yi=dB+Zi=)_ Bidy+ Z.

Jj=1

« B=(D'D)'Dy.

o 62 =" (i —di 3)%/(n —p)
o B~ N(B,0*(DTD)™)
B =1
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Multiple regression

p
Yi=dB+Zi=)_ Bidy+ Z.

Jj=1

e f=(D"D)"'D"y.

o 2= (yi —d] B)*/(n —p)
« B~ N(B,0*(D" D))
RSS,
e R?=1- RSS:"
o Y, = Z Bidij + > i_, Bedix + Zi. How to test 5, = 0 against
Br # 0 f ork:—l C,q?
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Multiple regression

p

Jj=1

e« 3=(D"D)"'DTy.

o 2 =" (i — d]B)*/(n—p)
« B~ N(8,0*D'D)™)
RSS,
o B?=1- 755
o V= Z? Bjdi; + Zk 1 Bedir, + Z;. How to test 8, = 0 against
Br # 0 for k:—l ., q?

(RSS, = RSSy1)/a
RSSpyq/(n—p—q)

Linear and logistic regression models 5/10

Peter Diggle & Emanuele Giorgi



Diagnostic checks

o &=y —dif3.
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Diagnostic checks

o &=y —dif3.

Normal Q-Q Plot
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Logistic regression (1)

e Y, €{0,...,m} (e.g. number of 6 in m rolls of a die).
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Logistic regression (1)

e Y, €{0,...,m} (e.g. number of 6 in m rolls of a die).
o P(Y;=n)= (:;L) (3)" (2)™" (balanced die)
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Logistic regression (1)

e Y, €{0,...,m} (e.g. number of 6 in m rolls of a die).
o P(Y;=n)= (:;L) (3)" (2)™" (balanced die)

e P(Y;=n)= (Z) p*(1 —p)™ ", p # 1/6 (unbalanced die).

Peter Diggle & Emanuele Giorgi Linear and logistic regression models 7/10



Logistic regression (1)

e Y, €{0,...,m} (e.g. number of 6 in m rolls of a die).
o P(Y;=n)= (Z) (3)" (2)™" (balanced die)

e P(Y;=n)= (Z) p*(1 —p)™ ", p # 1/6 (unbalanced die).

e d; = ‘number of blue sides on the die"".
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Logistic regression (1)

e Y, €{0,...,m} (e.g. number of 6 in m rolls of a die).
o P(Y;=n)= (Z) (3)" (2)™" (balanced die)

[ ]
=
<

I
=

I

(7:) p"(1 —p)™ " p # 1/6 (unbalanced die).

d; = “*‘number of blue sides on the die"".
Let’s roll 200 dice.

d
1 2 3 4 5 6
0 27 23 16 156 8 9
1 9 8 22 19 20 24

Y
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Logistic regression (2)

d
1 2 3 4 5 6
0 0750 0.742 0421 0441 0286 0273
1 0280 0258 0579 0559 0714 0.727
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Logistic regression (2)

d
1 2 3 4 5 6
0 0750 0.742 0421 0441 0286 0.273
1 0250 0258 0579 0559 0.714 0.727
o Logit-link:

logpi/(1 —pi) = B + Pod;

Peter Diggle & Emanuele Giorgi Linear and logistic regression models 8/10



Logistic regression (2)

d
1 2 3 4 5 6
0 0750 0.742 0421 0441 0286 0.273
1 0250 0258 0579 0559 0.714 0.727
o Logit-link:

logpi/(1 —pi) = B + Pod;

e Balanced die: 31 = —log 5, 52 = 0.
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Logistic regression (2)

d
1 2 3 4 5 6
0 0750 0.742 0421 0441 0286 0.273
1 0250 0258 0579 0559 0.714 0.727
o Logit-link:

logpi/(1 —pi) = B + Pod;

e Balanced die: 31 = —log 5, 52 = 0.

e likelihood: 200

L(p1, B2) = HPZZ i) )
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Logistic regression (2)

d
1 2 3 4 5 6
0 0750 0.742 0421 0441 0286 0.273
1 0250 0258 0579 0559 0.714 0.727
o Logit-link:

logpi/(1 —pi) = B + Pod;

e Balanced die: 31 = —log 5, 52 = 0.

e likelihood: 200

L(p1, B2) = HPZZ i) )

o MLE: (B, 32) = (—1.523,0.458)

« B~ N@BIB)T
e se(3y) = 0.094 — p-value = 1.2 x 1076
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Binning with binary outcome
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Binning with binary outcome
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Binning with binary outcome
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Binning with binary outcome
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Hypothesis testing and and odds ratio

o log{pi/(1 = pi)} = 325, diyB; + 32311 dinBr. How to test B, = 0
against 3, # 07?

Peter Diggle & Emanuele Giorgi Linear and logistic regression models 10/10



Hypothesis testing and and odds ratio

o log{p;/(1—pi)} = >0_1 dijB; + >} L1 dix Sy How to test B = 0
against By # 0?

2{log L(BzH—q) — log L(Bp)} ~ Xz-
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Hypothesis testing and and odds ratio

o log{pi/(1 —pi)} = > 7_, dijB; + S PF diy, Bk How fo test B, = 0
against By # 0?

2{log L(Bprq) — log L(B,)} ~ X2

 How to interpret exp{3;}?
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Hypothesis testing and and odds ratio

o log{pi/(1 —pi)} = > 7_, dijB; + S PF diy, Bk How fo test B, = 0
against By # 0?

2{log L(Bprq) — log L(B,)} ~ X2

 How to interpret exp{3;}?

e Confidence intervals of level « for r; = exp{; } based on the
profile-likelihood:

{r; : 2[log L(7) —log L(rj, 7—;(r;))] < Xi_an}
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