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LIMIT THEOREMS FOR GENERAL MARKOV CHAINS
D. A. Korshunov UDC 519.214

§ 1. Introduction

Let S be a measurable space with a o-algebra Z(S) of measurable sets. Let P,(x,B), z € 5,
B € #(S), be some transition probability on S; in this article, the parameter n, time, ranges in the
set ZT = {0,1,2,...} of nonnegative integers. The transition probability is not assumed homogeneous
in time n. Consider the Markov chain X = {X,,, n € Z"} with values in S and transition probability
Pn('ﬂ ‘); Le.,
P{X,+1 € B| X,, =z} = P,(x, B).

In § 2 we find out conditions under which f(X,)/n converges almost surely to some limit, where f : S — %
is a function with values in a separable Banach space . We consider the so-called p-smooth Banach
space. In § 3 we study the behavior in time of the characteristic functional of a Markov chain with values
in an arbitrary separable Banach space. In §4, for a Markov chain with values in a finite-dimensional
Euclidean space, we state conditions under which X, satisfies the central limit theorem. In §5 we
derive an upper estimate for the probability to belong to a compact set for an R%valued Markov chain
asymptotically homogeneous in time and space (in some direction). In §6 we prove a local central limit
theorem for an asymptotically homogeneous Markov chain with values in the integral lattice Z¢, and
in §7 we prove an analog of this theorem for a nonlattice Markov chain with values in R9.

Although in the conditions of the theorems we do not indicate explicitly whether the Markov chain
{X,} is positive recurrent, null recurrent, or transient, our results are most meaningful for nonrecurrent
chains. Moreover, in some theorems we suppose explicitly that the value of the chain X,, “goes to infinity
in some direction.”

From the viewpoint of the strong law of large numbers and the central limit theorem, most pub-
lications are devoted to positive Harris recurrent (ergodic) time homogeneous Markov chains (see, for
instance, [1, §17]). Some results relating to the central limit theorem for time nonhomogeneous ergodic
Markov chains can be found in [2,3]. Observe that, unlike transient chains (that are the main subject
of study in the present article), the most natural problem for ergodic chains is that of the asymptotic
behavior of the distribution of sums of the values of a function f : S — R of a Markov chain, i.e., the
distribution of f(X1)+---+ f(X,). In this case, employment of the cyclic structure of an ergodic chain
(cycles of return to an atom) eventually reduces the problem to the familiar limit theorems for sums of
independent random variables.

§ 2. Assertions of the Type of the Strong Law of
Large Numbers for a Function of a Markov Chain

2.1. The strong law of large numbers for martingales in Banach spaces. Given p € [1,2],
say that a Banach space ¢ with a norm || - || is p-smooth if there is a constant D < oo such that the
following inequality holds for arbitrary vectors z,y € # with ||z|| =1 and [Jy|| < 1:

lz+yll +llz —yll <2+ Dlyll”. (1)
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By this definition, a p-smooth Banach space ¢ is p;-smooth for every p; € [1, p).
Every Banach space is 1-smooth for D = 2 (the triangle inequality). A Banach space % is 2-smooth
if and only if there is a constant D < oo such that

lz + yl* + |z — yll* < 2[|=]* + Dlly[* (2)

(see [4]). If # is a Hilbert space then ¢ is automatically 2-smooth, since (2) transforms into equality
with D = 2 (the parallelogram identity).

The following strong law of large numbers [5, Theorem 2.2; 6] is known for martingales in separable
Banach spaces (separability is needed for the addition of random elements with values in this space to
be a measurable operation).

Theorem 1. Suppose that a sequence Z,, n = 1,2,..., of random elements with values in a sepa-
rable Banach space % constitutes a martingale with respect to some filtration on the main probability
space. If, for some p € [1,2], the Banach space % is p-smooth and the series

e}

S E[[Xn41 — Xnl|?
npb
n=1
converges then X, /n — 0 almost surely as n — oo.
2.2. A function of a Markov chain. Let % be a separable Banach space whose norm is | - || and

let B(%) be the Borel o-algebra. Denote by Zim,, .« yn the set of limit points of a sequence {y,}, i.e.,
the set of all y € % such that y,, — vy for some subsequence with subscripts n; — co. The set of limit
points is closed by necessity.

Let f be a measurable function from S into #'. Denote by n,(z), = € S, the random vector
corresponding to the jump of the process Y, = f(X,), i.e., the vector such that

P{nn(x) € B} = P{f(Xn—H) - f(Xn) €B ’ Xn = x}

for every B € B(%). Put m;\ (z) = En,(z). Here and in the sequel, by expectation we mean the Bochner
integral.

Introduce the partial order relation <g on the set of random variables: given two random variables
n and 1, write m <g m2 if P{n > x} < P{ny > z} for every x € R.

Theorem 2. Suppose that a Banach space % is p-smooth for some p € (1,2] and let a set Be B(Y)
be such that _
P{f(X,) € B foralln >N} —1 (3)

as N — oo. Suppose also that the following inclusion is valid for some time N and a closed convex set M
in B(Y):
{mff(:z:): n>N, f(z) € B} C M. (4)

Moreover, suppose that the family {||n,(z)||, n > N, f(z) € B} of random variables possesses an inte-
grable majorant, i.e., a random variable  with a finite mean such that

ln(z)|| <st n forallm>N and f(z)€ B. (5)

Then almost surely

ZLim 1(Xn) C M.

n—00 n

PROOF resembles in some details the arguments in the proof of Lemma 1 of [7]. Without loss of
generality we may assume that N = 0. To begin, we additionally suppose that the random variable
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1 is a majorant not only for the family {[|n.(z)ll,n > 0, f(z) € E} but also for the whole family
{lnn()ll, n >0, z € S}; ie.,

()|l <stm foralln>0 and xe€S. (6)
First of all, observe that, in view of (3) and (4), the following inclusion holds almost surely:

LimE{f(Xpp1) — f(Xn) | X} = Lim mX (X,,) C M. (7)

n—oo n—oo

Given a number ¢ > 0 and a point x € .S, put
B ={ueS:|f(u) - f@)] <c}.
Define the transition probability pl (z, B) and the random vector 17[ ]( ) by

P, (z,Bn BY) if v ¢ B,

Pl(z,B) = ‘o . _
P.(z, BN B + P (2, {S\ BY}) ifzeB,

and

" M) i ()] <.
(=) = { 0 if ()] e

[c]

By construction, the distribution of the random vector 7" (x) coincides with that of the difference f(Z)—
f(z), where Z has distribution pY (x,-).
Assume that A > 0. Consider the Markov chain Y;,, Yy = Xg, with transition probabilities P,[LA"](‘, ).

We can define the chains Y;, and X, on a common probability space so that the probability of discrepancy
between the trajectories of Y,, and X,, be at most

P{Y, # X, for some n} < 3" P{|f(Xusr)—f(X,)[| > An} < 3 Pfn> An} < 5L (8)
n=0 n=1
Consequently,

P{m o b ) <5 ©
Put mY (Yn) = B{f (Y1) —f(Ya) | Yo} = Eni " (2)],_,, and A, = f(Yay1) — f(Ya) = mY (¥y), s0

that - -

V) = f(Yo) =) mi (i) + > Ar = Z) + Z,,
k=0 k=0

By condition (6) on the jumps 7, (x), we have the estimate

|m (Vi) — miy (Ya)|| < E{m;n > Ak}.

Therefore,
ZO 1 —1 - X 1 n—
*—nzm Z [m, (Ye) mk(Yk)HSEZE{ngAk}'
k=0 k:: k=
Since En is finite,
1 n—1
—> E{nin> Ak} — 0
n
k=0
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as n — 00, and consequently

ZO 1 n—1 <
_Zy .
ZLim = =Zm 1;—0 mi; (Yi) (10)

on all elementary events. From (8) we obtain the estimate

n—1 n—1
1 1 En
P {;?_?O”g - kz:omi((ykz) #Zim ;Omi((Xk)} S0 (11)

Since M is closed and convex, (7) implies that the following inclusion holds almost surely:

n—1

1 Z X
k=0
Relations (10)—(12) imply the estimate
z E
P{.i”z’m ”gM}z1—". (13)

Since the sequence Y,, is a Markov chain, by the definition of A, we have
E{A, | Yy,..., Y.} =E{A, | Y,} =0.

Therefore, the process Z! constitutes a martingale with respect to the filtration o(Yp,...,Y,_1). Prove
that the increments of this martingale satisfy

oo

P
ZM < 0. (14)
np

n=1
By the construction of A,,, the inequality ||a 4 b||P < 2P||a|[P + 2P||b||?, and (6), for every = we have

E{| AP | Y = 2} = E|n}*") (2)~En; " (2) "
< 2B (u)||” + 27| Eng " (w)[|P < 27 E{n" < An}.

Therefore,
L E||A,|P E{np";n< A
Z A ng {nP;n n}.
np np
n=1 n=1
The last series converges for every value of A, since
— E{p7in < An} N AP ,
Z_Il - Z_:l S E{/A)";n/A <n}
< iﬁ PP (k1 < /A < k) — Apik:pP{k—l < /A < k}ii < 5
a n=1 e k=1 ; k=1 - n=k np

by the equivalence > 2, 1/nP ~ k/kP (for p > 1) and the existence of En.
Thus, the martingale Z; satisfies (14) and we can use Theorem 1 by which Z} /n — 0 almost surely
as n — 0o. Consequently, the following equality holds almost surely:
Vo) —f (Y Z3+7Z) zy
ZLim Fn) =1 (%) = Zim Intln _ Lim —.

n—oo n n—00 n n—oo N
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Now, under the additional condition (6), the assertion of the theorem ensues from (13) by the arbitrariness
of A.
Now, we remove condition (6). Fix € > 0. By (3), there is a time N; > 1 such that

P{f(X,) € Bforalln> N} >1—e¢. (15)

Consider an auxiliary time nonhomogeneous Markov chain X,, whose transition probabilities ]Bn(:v, )
coincide with P, (z, ) for f(z) € B and are equal to I{z € -} for f(z) ¢ B. In particular, 7j,(z) = 1, (z) for
f(z) € B and 7, (z) = 0 for f(z) ¢ B. Therefore, by (5) the increments 7, (z) satisfy (6). Consequently,
by Theorem 2 the following inclusion is valid almost surely:

ZLim f(X,)/n C M.

n—oo

Moreover, if we consider not all values of the Markov chain )~(n but only {)N(m n > N1} and suppose that
the distribution of Xy, coincides with that of Xy, then from (15) we conclude that the trajectories of
the chains X, and X,, coincide for n > N; with a probability at least 1 — . Therefore,

P{Zim f(X,)/n C M} >1—c¢.
n—oo
Since € > 0 was chosen arbitrarily, we arrive at the conclusion of the theorem.

2.3. The strong law of large numbers for a one-dimensional Markov chain with asymp-
totically homogeneous drift. In this section, we consider a Markov chain {X,} with values on the
real axis R. Denote by &,(x) the random variable whose distribution corresponds to the distribution of
the jump of the chain {X,} from a state x at time n; i.e., P{x + &,(z) € B} = P,(x, B), B € Z(R).

We say that the chain X,, with values in R is a chain with asymptotically homogeneous drift (in time
and space) if E¢,(z) converges to some number pu € R as n,z — oo (here we do not presume existence
of E,(z) for all values of n and x).

Theorem 3. Suppose that the Markov chain X, has asymptotically homogeneous mean drift (in
time and space) 1 > 0 and
X, — 00 asn— o (16)

almost surely. Suppose that, for some space level U and some time N, the family {|&,(u)|, n > N, u > U}
of random variables possesses an integrable majorant; i.e., there is a random variable £ with finite mean
such that |&,(u)| <g § for arbitrary n > N and u > U. Then X,,/n — p almost surely as n — oc.

REMARK 1. The simplest examples of Markov chains satisfying the conditions of the theorem are:
(a) the usual partial sum process X,, = & + --- + &, of independent identically distributed random
variables £1,&s, ... with a positive mean and (b) a random walk X, 11 = max(0, X, + &,) with delay at
Z€ero.

REMARK 2. For an irreducible countable Markov chain with values in Z™, condition (16) is equivalent
to transience of the chain.

PROOF OF THEOREM 3. Fix € > 0. Since E¢,(z) — p, there exist N > N and U > U such that
Et,(z) € [u—e, p+e] forn>Nand z > U.

In view of (16),
Zim P{X, > U for every n > N1} — 1.

N1—o0

Thus, the chain X,, satisfies the conditions of Theorem 2 for S = % = R, f(x) = =z, B = [(7, o0), and
M = [u—e, u+e]. Consequently, the following inclusion is valid almost surely:

ZLim X, /n C [u—e, p+el.
n—oo

Since € > 0 is arbitrary, the theorem is proven.
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§ 3. Time Behavior of the Characteristic Functional of a Markov Chain

The characteristic functional of the sum of independent variables equals the product of the charac-
teristic functionals of the summands. In this section we clarify the extent to which this assertion remains
valid for a Markov chain with values in a separable Banach space %'.

3.1. A proximity estimate for the value of the characteristic functional of a chain and
the product of the characteristic functionals of jumps.

Lemma 1. Suppose that A : % — R is a linear functional. The following inequality is valid for all
n > 1 and k < n and a complex number ¢ € C, || <1 (here i is the imaginary unity):

n—1
‘EGM(X”) - (pnkaei)\(Xk” < Zéj|90|n7j717
=k
where
§; = sup [EeM& @) o). (17)

TeW

PRrROOF. Take j € [k + 1,n]. Since A is linear and {X,,} is a Markov chain, we have

Ec?X) = BE{E{eM X~ Xi-0)A X x0 11y

= / (EcAE1 @) A@PpIX,  edr).

2

Consequently,

BN _ pReNX-)| ’ / (BeN&-1) _ ) ed@p{x, eda}| <5 4
y

in view of (17). Hence, we derive the inequality

|E€i)\(Xn) - S077,7141;1)6@')\(X;€)’
n . . . . n .
< Z " TEeAN ) — U EAX 1| < Z 1],
Jj=k+1 Jj=k+1

completing the proof of the lemma.

3.2. A proximity estimate in terms of high probability sets. We defined 6; in (17) as the
maximal deviation of the value of the characteristic functional of a jump of a chain from some complex
number ¢ € C over all phase space. In the lemma below, we define J; as the maximal deviation of the
value of the characteristic functional of a jump of the chain from ¢ on some set rather than the whole
phase space. In applications of this lemma in the next sections the corresponding sets have probability
close to 1.

Suppose that By, By, ... are some sets in %¢'. Given k < n, consider the event

By, = {X, € Bj for every j € [k,n]}.
The events By, constitute a nonincreasing sequence in n.
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Lemma 2. Suppose that A : % — R is a linear functional. The following inequality is valid for all
n > 1 and k < n and a complex number ¢ € C, |¢| < 1:

n—1
B Xn) — o FEMNNR | <N 610" 4 2(1 — P{Bypn_1}),
j=k

where

d; = sup IEcM&G (@) — ). (18)
z€B;

PrOOF. Without loss of generality we may assume that k£ = 0. Given n, take an arbitrary point z,
in By,. Define the auxiliary chain X,, with jumps &,(z), by putting &,(x) = &,(z) for z € B, and
&n(z) = &n(zy) for x ¢ B,,. By construction and in view of (18), for the chain X,, we have

d; = sup \Ee“‘(gj(m)) — |
zeEY

Therefore, from Lemma 1 we obtain the estimate
- . n—1
’Eei)\(Xn) . gOnEei>\(Xo)| < Z(Sj’80|n_j_1-
j=0
Put )~(0 = Xg. Then, due to the Markov property and coincidence of the jumps of two chains on the
event By ,—1, the values of X,, and )Ni'n coincide with probability at least P{By,—1}. Hence,

|Eei’\(X”) — Eez)\()?n” < 2(1 — P{BO,n—l})u

which completes the proof of the estimate of the lemma.

§4. A Central Limit Theorem for a Markov
Chain with Values in Euclidean Space

In this section we study a Markov chain in the Euclidean space R?. The inner product of two row
vectors ¢ and n € R? is denoted by (£,7). By a column vector €7 we mean a transposed row vector €.

4.1. A central limit theorem. In the following theorem we find out sufficient conditions under
which a Markov chain with values in R? satisfies the central limit theorem.

Theorem 4. Suppose that a nonincreasing sequence By O By D ... of sets in R? is such that
P{X, € B, for everyn > N} — 1 (19)

as N — co. Suppose that, for some time N, the family {||&,(z)||?, n > N, = € By} is integrable
uniformly in n and x. If the relations

sup |[Bu(a) — p] = o1/ V). (20)
sup [[Cov(n(a). (@) — o = 0 (21)

as n — oo hold for some vector ;1 € R? and a nonnegative definite symmetric (d x d)-matrix o2 then
the distribution of the random vector n~*/ 2(X,, — nu) converges weakly as n — oo to the d-dimensional
normal law with mean zero and covariance matrix o>.

PROOF. We use the method of characteristic functions. Henceforth A € R%. In view of the condition
of uniform integrability of the family of the squares of the jumps, we have the expansion

BeMS () = 14§00 Bé (2) —p) — 3AB(E 2) )T ()T + oA
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as A — 0 uniformly in j > N and z € By. Recalling (20) and (21), we obtain the relation
BN = 1 = Aa?AT /2 4+ g5\ ) (IAIl/ V5 + A1),

where £;(\,z) — 0 as A — 0 and j — oo uniformly in = € B;. Fix arbitrary A € R? and ¢ > 0. By the
last relation and (19), there is k¥ > N such that for every j > k

|Ee M Vrgi@=m (1 — Ag?AT /2n)| < e/+/nj

uniformly in x € B,,, and
P{X; € Bj for every j >k} >1—¢.

Applying Lemma 2 with ¢ = 1 — Ao?AT/2n to the chain X’:/_ﬁ”“ , we now obtain the estimate

1
<3 o<

Vi Vi

—k _
’Eem,xnﬁ"% _ <1 ~ NT;AT)" )
n

Since for every fixed k

. X —k
E€Z< > k\/ﬁu>

and

<1 . )\U2>\T>n_k R 67)‘02AT/2
2n

as n — 0o, we derive the estimate

(AT

lim sup ]Eei Vo e*)“’Q)‘T/Q\ < 3e.

n—oo
Since € > 0 is arbitrary, the theorem is proven.

4.2. A central limit theorem for a one-dimensional Markov chain with asymptotically
homogeneous drift. In this section we specify the result of Theorem 4 for a Markov chain {X,,} with
values on the real axis R.

Theorem 5. Suppose that a chain X has asymptotically homogeneous mean drift (in time and
space) p > 0 and that (16) is satisfied. Suppose that the family {g,%(:n), n>N, v> U} of the squares
of the jumps is integrable uniformly in n and x for some time N and some space level U. If

Eéu(z) = p+o(1/vn+1/Va), (22)
Var &, (z) — 02 >0 (23)

as m, © — oo then the distribution of the random variable (X, — nu)/vVno? converges weakly to the
standard normal law as n — oo.
PROOF. Since the family {5%(90), n>N,z > ﬁ} of the squares of the jumps is uniformly integrable,

the family {|¢,(z)], n > N,z>U } of random variables possesses an integrable majorant and the
chain X, satisfies the conditions of Theorem 3. By Theorem 3, X,,/n — p as n — oco. Consequently, the
sets By, = [nu/2,00) satisfy the condition

P{X, € B, foreveryn > N} — 1

as N — oo. In view of (22) and (23), relations (20) and (23) are valid for the sets B,. Application of
Theorem 4 completes the proof.
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§5. A Local Estimate for the Distribution
of a Markov Chain with Values in Euclidean Space

5.1. An upper estimate for the probability for a Markov chain to belong to a compact
set. Suppose that random variables &,, n = 1,2, ..., with values in R are independent and identically
distributed. The following estimate is well known for the concentration function of the distribution of the
sum S, = &1 + - - + &, (see, for instance, Theorem 9 of [8, Chapter III]): there is a constant ¢ depending
only on the distribution of &; such that, for arbitrary x € R and n > 1,

P{S, € [z,z+ 1)} < c/V/n.

In the theorem below, we generalize this assertion to Markov chains with values in the Euclidean space R,
As above, &,(x) stands for the jumps of the chain at time n from a state x. Denote the characteristic
function of the jump &,(z) by @n(X z), A € R%.

Let ¢()\) be the characteristic function of some random vector ¢ € R? with nondegenerate distribu-
tion. Nondegeneracy means that the distribution of £ is concentrated in none hyperplane; in other words,
the (nonnegative definite symmetric) covariance matrix of the distribution F,., F,.(B) = {{ € B| ||¢]| < r},
is nondegenerate for at least one value r > 0 (and hence for all sufficiently large r).

Lemma 3. For every random vector & with nondegenerate distribution, there is a positive number
§ > 0 such that |Ee’™8)| < e—SINIP for I < 0.

PROOF. Suppose that r is such that the covariance matrix o2 of the distribution F} is nondegenerate.
Then there is d; > 0 such that (A2, \) > 61]|\||? for every A € R% Denote by u the mean of the
distribution F,.. Since

[E{ OO €l <} = B9 | i€l < r} =1 (Aa?, A) /2 + o(|AlIP)
as A — 0, there exists § > 0 such that for ||A]| < ¢
[E{er ™ gl <} < 1= 8Nl
Consequently, the following inequality is valid for ||A|| < d:
B8] = [B{ M| [l¢)) < ryP{lIE]l < r} + E{ D¢l = ryP{IE] =
< [B{ME]l < rHPIEl < v} + PLIEN = v} < 1= SIAPP{E] < r).

Now, the assertion of the lemma ensues from the inequality 1 + h < e which is valid for every real h.
Denote the unit cube with the “left lower” vertex z = (z1,...,z4) € R? by O(x):

O(x) ={y = (y1,...,%q) : yj € [xj,xzj+1] forevery j=1,...,d}.

Theorem 6. Suppose that the following relations hold for some nonincreasing sequence By O By D
. and a number £ > 0:

P{X} ¢ By for some k > n} = O(n~%?) (24)
as n — oo and
sup (A, 2) — @(A)] = O(0n), (25)
TEBn,||\|I<e
where
n1 ford =1,
6n =< (nlogn)™t ford=2, (26)
n=4/2 for d > 3.
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Then there is a constant ¢, such that the inequality
P{X, € O(z)} < eyn~Y?

holds uniformly in n and z € R%.
REMARK 3. Conditions sufficient for validity of (24) with d = 1 for sets B,, = [na,>), a € R, are
given in the end of the current section.

ProoF. Without loss of generality we may assume that the number § > 0 of Lemma 3 equals €. By
this lemma, the following estimate holds for every j > 1:

. . 2 om\ V2
/ lp(A)7 dX < /ej€|)‘|| d\ = <]€> : (27)
Rd

[_E’E]d

Estimate the value of the characteristic function Ee* %) in a neighborhood of zero. Apply Lemma 2

to the chain X,, for ¢ = p(A\) and k = n/2. Using (24) and (25), we conclude that there exists co < oo
such that the following estimate holds uniformly in [|A]] < e:

n/2
[Ee" )| < JoW)["2 + 26, Y Je(WF +O0(n="?). (28)
j=1
Consider the random vector n = (11, ...,n4) with independent coordinates each of which has a com-

mon distribution with the density (see [9, Chapter XVI, §3])
p(z) = (1 —cosz)/m2%, z€R, (29)
and the characteristic function, A\; € R,

1— A if M) <1,

30

o =Eem =

We suppose that 7 is independent of X,,. The characteristic function of the sum X, + n/e equals
EeMXnd()/e), where 1h(\) = (A1) ... 1h(Ag), A = (A1,...,Aq). Since the characteristic function |i(\)]
is integrable, the sum X, + n/e has the bounded continuous density px, 1,/(z) which is reconstructed
by means of the following inversion formula (see, for instance, [9; Chapter XV §3, §7]):

1 —i(\,z 7
DXt/ (2) = @) /e MAESA Xy (N e)dN, 2z € R
Ra
Consequently,
1 . 1 )
< 0 Xn) < / 10X )
P nfe2) € o [ B a < g [ By
R4 [—e,e]d

in view of the definition of ¢)(A). Using (28) and (27), we arrive at the inequalities

1\ 42
() +ow

The sum in the second summand on the right-hand side of the inequality is O(y/n) for d = 1, O(logn)
for d = 2, and O(1) for d > 3. Therefore, there is c3 such that

n/2

9\ /2
prme) < () +edd
7=1

PX,4n/e (Z) < an—d/Z’
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and
P{X, +7n € Oy(z)} < e3(1 + 2u)in=9? (31)

for every u-neighborhood [0, (x) of the cube O(x). Take u > 0 so that P{||n/e|| < u} > 1/2. Then the
following inequalities are valid in view of independence of X,, and 7:

P{Xn+n/e € Ou(2)} =2 P{X,, € O(x), [[n/el < u}

= P{Xy, € O(2)}P{|In/ell < u} = P{X,, € O(x)}/2.
The last inequality together with (31) yields the estimate of the lemma.

5.2. Sufficient conditions for validity of (24) in the one-dimensional case. Suppose that
d =1, the left tail of the initial distribution of the chain satisfies the condition

P{Xo < —z}=0(1/yx) asz— oo,
and there is a random variable n with mean m = a+ 4, § > 0, and finite variance such that the inequality
Enlz) 25t 1
holds for all values of n and x. Then
P{X}, < na for some k > n} = O(1/y/n)

as n — oo.

Indeed, let 7,,, n € Z™, be independent copies of i, and put S, = n9 + - -+ + 7,—1. Define the chain
X and n,, n € Z*, on the same probability space so that &,(x) > n, almost surely for all n and x. Then
we have Xy > Sp — kd/2 on the event Xy > —nd/2 for every k > n. Therefore,

P{X} < ka for some k > n}
<P{Xy < —nd/2} + P{Sy — kd/2 < ka for some k > n}
= O(1/+v/n) + P{(Sx — km)/k < —&/2 for some k > n}.

The sequence (S — km)/k, k = 1,2,..., constitutes a reverse martingale and from Kolmogorov’s in-
equality for martingales we obtain

P{Sk_km < —g for some k > n}

k
|Sk —km| _ 0 4E(S, — nm)?
< _ — < — - 7 = =
_P{zgg . >35S 552 O(1/n) = O(1/y/n),

as required.

§6. A Local Central Limit Theorem in the Lattice Case

Suppose that By D By D ... is some nonincreasing sequence of sets in the Euclidean space R%. In
this and next sections we consider a Markov chain with values in R? asymptotically homogeneous in time
and space (in the direction of By,), i.e., a chain X,, such that the distribution of the jump &, (z) converges
weakly to the distribution of some random variable £ as n — oo uniformly in x € B,,.

We suppose that the “limit jump” ¢ has finite mean p € R% and covariance matrix o2 > 0 of size d.
We assume that the distribution of ¢ is concentrated in none hyperplane; i.e., the nonnegative definite
symmetric matrix o2 is nondegenerate. Denote by @ the inverse matrix of o2.
Suppose that the independent identically distributed random variables &,, n = 1,2, ..., with values

in Z have finite mean g and variance o2 = Var¢;. Suppose that the greatest common divisor of the
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numbers in the set {k € Z : P{{; = k} > 0} is equal to one; this means that Z is a minimal lattice for
the distribution of &;. The well-known local theorem for the distribution of the sum S, =& + -+ &,
(see, for instance, Theorem 3 of [9, Chapter XV, §5]) claims that

1 2 2 1
V=~ —(k—nu)?/2no -
PiSn =H} 27rn026 * 0<\/ﬁ>

as n — oo uniformly in all k£ € Z. In the theorem stated below, we generalize this assertion to a Markov
chain X with values on the integer lattice Z¢.

Denote ¢, (), z) = Ee!M @)= and p(\) = Ee“M—#) | In this section we suppose that ¢ is a lattice
distribution and Z¢ is a minimal lattice in the sense that for every & > 0

wp e < 1. (32)
Ae[—m,m]4\[—¢€,e]d

In the one-dimensional case d = 1 the last relation is equivalent to the fact that the lattice Z is minimal
for the distribution of &.

Theorem 7. Suppose that
(Xn — np)n~ Y2 = N(0,0?) (33)
as n — 00. Moreover, suppose that the following two relations hold:

P{X} ¢ By for some k > n} = o(n~%?) (34)

as n — oo and

z€Bnp, Ae[—m,m]?

where 6y, is defined by (26). Then the relation

Vdet @ e ((h=nu)Qk—np)/2n 4 (/2

P{X, =k} =5 an

holds uniformly in all k € Z°.
REMARK 4. Sufficient conditions for the weak convergence (3) are given in Theorem 5.

ProOOF. The following inversion formula is valid:

P{X, = k} — (zi)d IR B Xn) gy
[—m,m)
Consequently,
WP (X =k = (271T)d / =ik VRN EEEED g
ENGENOY
Recalling also that
éi‘;Tg (02 _ (271T)d / i~ N2 g (36)
e
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for every z € R?, we obtain the following equality and inequality for z = (k — nu)//n and every A > 0:

VAt @ _((k—npw)Qk—nu)/2n
(27T)d/2 €

n?P{X, =k} —

_ (271r)d e i)V (RN _ = 00N /2) g
[77r\/ﬁ»77\/ﬁ|d
B ok [0 )2 g A'
R\ [—7y/n,m/n]4
1 iNERREY 620 /2
Semr ) BT T oo ra
Y0
[—A,A]d
. Xn—n
i (271r)d BT

[—m/n,my/n]3\[—A,Ald
1
€_<>\02’>\)/2 d\ = Il —+ 12 —+ 13.

(2m)?
RA\[ A, A]d

+

. Xn—np
In view of the weak convergence (33) the characteristic function EN T

A% X/2 of the normal law as n — oo uniformly in A on every compact set. Therefore,
2 is strictly

converges to the charac-

teristic function e~
I; — 0 for every fixed A > 0 as n — oo. Moreover, I3 — 0 as A — o0, since the matrix o
positive definite. To prove the theorem, it therefore suffices to demonstrate that

Iy -0 asn,A— oc. (37)

Apply Lemma 2 to the chain X, for £ = n/2 and ¢ = ¢(\/\/n). By (34) and (35), we have the

estimate
n/2

BTV < oV M 4 0(82) 3 le (N V) + o(n=?) (38)
j=1

as n — oo uniformly in A € [~7y/n, my/n]%. By (32) and Lemma 3, there is a number § > 0 such that for
every \ € [—m, 7]?
(V)] < eI,

Consequently, the following estimate is valid for every j > 1:

/ lo(A/Vn)l dA < / LI
[7ﬂ\/ﬁzﬂ\/ﬁ]d\[*A,A]d Rd\[—A,A}d

n\"? =[xl
RA\[—A\/kS/n,A/ kS /n]?

Inserting this estimate in (38), we find that Iy does not exceed
n/2

1 2\ %2 e n \4?
W<(5> / eI dA+o(5n)Z;<ﬁ> >+o<1>.
RY\[~A/5/2,4./5/2) 7~

The last value vanishes as n, A — oo, since the sum in the second summand is O(n) for d = 1, O(nlogn)
for d = 2, and O(n%?) for d > 3. We have proven (37) and hence the theorem.
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§ 7. A Local Central Limit Theorem in the Nonlattice Case

As in the preceding section, here we consider a Markov chain X asymptotically homogeneous in time
and space (again in the direction of the sets B,,), but now the distribution of the limit random variable &
is supposed to be nonlattice. Moreover, the distribution of the inner product (A, &) is assumed to be
nonlattice for any A € R%. Therefore, for every 0 < ¢ < a we have the inequality

sup (M) < 1. (39)
AG[—a,a]d\[—e,e]d
Denote the parallelepiped with the “left lower” vertex z = (x1,...,24) € R? and side lengths 71, ...,7q
by O(z,71,...,7q) = O(x,r), r = (r1,...,7rq):

O(z,r) ={y = (y1,..-,Yd) : yj € [xj,xj +rj] for every j =1,...,d}.

Theorem 8. Suppose that the conditions of Theorem 7 are satisfied. Then the following relation
holds uniformly in x € R? for every fixed collection of numbers 71 > 0,...,rq4 > 0:

d
VAet Q o np)Qo—nu)/2n —d/2
P{Xn € D(x,’r)} = W@ H H Erj —+ O(TL )
PRrROOF. The assertion of the theorem is equivalent to the following:

(21)d/2 / e~ =) Q=i /20 gy | o,=/2)
™
D(CL’,T)

P{X, € O(z,r)} =
as n — oo uniformly in z.

Consider the random vector n = (n1,...,7n4) with independent coordinates each of which has the
common distribution with density (29) and characteristic function (30). We suppose that 7 is independent
of X,,.

Fix ¢ > 0. The characteristic function of the sum X, + €2 equals Ee“MXn)qp(£2)), where 1()\) =
P(A1) ... (Ag), A = (M,..., ). Since the characteristic function |)(\)] is integrable in R?, the sum
X,, + €21 has the bounded continuous density p X, +e2,(2) Which can be reconstructed for every z € R
by means of the following inversion formula (see, for instance, [9; Chapter XV §3, §7]):

1 —1{\,z i
anJrEQn(Z) = (277)d/w(€2)\)e A2 ReihXn) 7).
R4

Hence,
. - Xn—n
(21)d / N COVAVD it DI O
s
R

From this equality and (36) we derive

nd/Qan +e2n (z) =
d

a/2 VA Q _(—nQ.z—nps)/2n

Ap=|n an-i-aQn(Z) - (27T)d/2

Xn—np

1 i _ Do
= ent / (20 /Vn)Ee N TV — e At N2) gy
Rd

Using compactness of the support of the function (), for every A > 0 we hence obtain the inequality

1 2 i(A, Xnonit ) —(AaZ\)/2
< - Ee'\Y T vm ;
Ay, @) / [(e"N/v/n)Ee e | dA
[—A,A)d
1 i(h, Fmont 1 —(Ac? ) /2
Ton - )
+(2 ) / |Ee \d)x—f—(Q ) / e dA.
[ \/ﬁ/az,\/ﬁ/az]d\[ ‘lv*”d Rd\[ AvA]d
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Arguing as in the proof of Theorem 7, we show that each of three summands on the right-hand
side of the last estimate vanishes as 17, A — oo uniformly in z € R? here we use (39) in place of the
property (32) of separateness of the module of the characteristic function from 1. Thus,

\/m e—((z—n,u)Q,z—nu)/Qn+0(n_d/2)

DX, te2n(2) = (2mn)i2 (40)

as n — oo uniformly in z € R,
Put
Of (z,r)={y= (y1,.--,9d) : y; € [xj—&,zj+7j+¢€]},
O (x,r) ={y = (y1,--.,ya) : yj € [xj+e, xj+rj—el}.
It follows from the definition of the density (29) that P{|n1| > ¢} < 1/t. Hence,

d
P{en ¢ [—€,]"} < ZP{EQW ¢ [—e.el} < de.

Since
P{X, + e € OF (1,1)} > P{X, € O(a, 1), €2 € [~,e]1}
= P{X, € O(z,7)}P{e € [¢,€]?} > P{X,, € O(z,7)}(1 — de)
in view of independence of X,, and 7, from (40) we obtain the estimate from above

P{X, +&?n e O (x,7)}
1—de
d

H (Tj + 26)
(vde;d% e (mQam =l o(n412)
2mn 1 —de

P{X, e O(z,m)} <

(41)

as n — oo uniformly in z € R%. Therefore (we can also use Theorem 6), there is a constant ¢ such that
for every z € R?
P{X, € O(z,7)} < en~ %2,

This estimate implies the inequality
P{Xn + 627] € D;(l’,?"), 6277 g [—575}‘1}
= / P{X, € O (z—u,r)}P{e?y € du} < ecn¥?P{e%) & [—¢,e]} < en~2de.
ug[—e.e]?
From here and the inequality
P{X, +&’ne O (z,r), e*n € [-¢,e]"} < P{X, € O(x,7)}

we obtain the following estimate from below:

P{X, e O(z,7)} > P{X, + 527] e (z,7m)} — en~ Y2 qe

vdet Q@ _o—p z—n, n - - -
= We <( “)Q’ 'u>/2 H(TJ — 28) + O(n d/2) —Ccn d/2d5 (42)
7j=1

by (40). Combining (41) and (42) and using the arbitrariness of € > 0, we complete the proof of the
theorem.
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