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Abstract In this paper, the asymptotic behaviour of the
distribution tail of the stationary waiting time W in the
GI/GI/2 FCFS queue is studied. Under subexponential-type
assumptions on the service time distribution, bounds and
sharp asymptotics are given for the probability P{W > x}.
We also get asymptotics for the distribution tail of a stationary
two-dimensional workload vector and of a stationary queue
length. These asymptotics depend heavily on the traffic load.
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Subexponential distribution
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1. Introduction

It is well known (see, for example, [1,15,18]) that in the
stable single server first-come-first-served queue GI/GI/1
with typical interarrival time 7 and typical service time o the
tail of stationary waiting time W is related to the service time
distribution tail B(x) = P{o > x} via the equivalence

1 oo _
P{W > _X} ~ m/ B(y)dy asx — oo, (1)
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provided the subexponentiality of the integrated tail distri-
bution B; defined by its tail

B;(x) = min <1, /‘00 B(y)dy), x > 0.

Asusual we say that a distribution G on R is subexponential
(belongs to the class %) if G * G(x) ~ 2G(x) as x — o0.
The converse assertion is also true, that is, the equivalence
(1) implies the subexponentiality of B;, see [15, Theorem 1]
for the case of Poisson arrival stream and [14, Theorem 1]
for the general case.

In this paper we consider the GI/GI/s FCFS queue which
goes back to Kiefer and Wolfowitz [13]. We have s iden-
tical servers, i.i.d. interarrival times {z,} with finite mean
a = Ety, and i.i.d. service times {0, } with finite mean b =
Eo;. The sequences {t,} and {o,} are mutually indepen-
dent. The system is assumed to be stable, i.e., p =b/a €
(0, s). We are interested in the asymptotic tail behaviour
of the stationary waiting time distribution P{W > x} as
X — 00.

It was realized recently (see, for example, existence results
for moments in [16,17]; an asymptotic hypothesis in [19];
asymptotic results for fluid queues fed by heavy-tailed on-off
flows in [5]) that the heaviness of the stationary waiting time
tail depends substantially on the load p in the system. More
precisely, it depends on p via the value of k € {0, 1,...,s —
1} for which k < p < k + 1. In particular, Whitt conjectured
that

s—k
P{W>x}~y</ B’(y)dy) asx — 00,
n

X
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“where y and n are positive constants (as functions of x)”
[sic, [19]]. In the present paper we show that, in general, the
tail behaviour of W is more complicated.

Let R(w) = (Ry(w), ..., Ry(w)) be the operator on R’
which orders the coordinates of w € R* in ascending order,
i.e., Ri(w) < --- < Ry(w). Then the residual work vector
W, = (Wy1, ..., W,,) which the nth customer observes just
upon its arrival satisfies the celebrated Kiefer-Wolfowitz re-
cursion: W; =i -0,

Wn+l = R((Wnl +on — Tn+1)+» (W2 — Tn+l)+7
Q) (Wns - Tn+l)+)
= R(Wn +e0, — ifn+l)+’

here e =(1,0,...,0),i=(,...,1) and w'=
(max(0, wy), ..., max(0, wy)). The value of W, is the
delay which customer n experiences. In particular, the
stationary waiting time W is a weak limit for W,;.

The process W, is a Markov chain in R¥®. It is well known
that, for general multi-dimensional Markov chains, large de-
viation problems are very difficult to solve even for stationary
distributions. Usually they can be solved in low dimensions
only, 2 or 3 at most, see [4,12]. Almost all known results
are derived for so-called Cramér case which corresponds
to light-tailed distributions of jumps. In the heavy-tailed
case almost nothing is known for general multi-dimensional
Markov chains.

The process W,, presents a particular but very important
example of a Markov chain in R®, even if we are interested
in the first component W,,;. As follows from our analysis, the
case s = 2 can be treated in detail. The stability condition
for this particular case is b < 2a. One of the following cases
can occur:

(i) the maximal stability case when b < a;
(ii) the intermediate case when b = a;
(iii) the minimal stability case when b € (a, 2a).

We find the exact asymptotics for P{W > x} in the maxi-
mal and minimal cases. We also describe the most probable
way for the occurrence of large deviations. In the interme-
diate case, we only provide upper and lower bounds. Then
we study the asymptotics for the tail of the distribution of a
stationary two-dimensional workload vector and give com-
ments on the tail asymptotics of the stationary queue length.

For s > 2, the stability condition is b < sa. We hope that,
for s > 2, direct modifications of our arguments may lead to
exact asymptotics in two particular cases when either b < a
(the maximal stability) or b € ((s — 1) a, sa) (the minimal
stability). However, one has to overcome many extra tech-
nicalities for that. Insofar as the case b € [a, (s — 1)a] is
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concerned, we are extremely sceptical on the possibility to
get any sharp tail asymptotics in explicit form.

For the two-server queue, in the maximal stability case,
we prove the following:

Theorem 1. Lets = 2and b < a. When the integrated tail
distribution B; is subexponential, the tail of the stationary
waiting time satisfies the asymptotic relation, as x — oo,

P(W > x} ~ (B (x))?

1
a(a — b)

+b/ B/(x +ya)B(x + y(a — b))dy].
0

The proof follows by combining the lower bound given in
Theorem 3 (Section 3) and the upper bound given in Theorem
4 (Section 4). Simpler lower and upper bounds for P{W > x}
are given in the following

Corollary 1. Under the conditions of Theorem 1,

2a +b o P{W > x} . P{W > x}
—— < liminf ——= < limsup ——
2a’(2a — b) ~ x—oo (Bj(x))? x—>o00 (By(x))?

1
< —.
~ 2a(a — b)

In our opinion, in Theorem 1 it is possible to obtain a
compact expression for the tail asymptotics of P(W > x)
only in the regularly varying case. A distribution G (or its tail
G) is regularly varying at infinity with index y > 0 (belongs
to the class A7), if G(x) > 0 for all x and, for any fixed
¢>0,G(cx)/G(x) > ¢V asx — oo.

Corollary2. Leth < a and the tail distribution B of service
time be regularly varying with index y > 1. Then

P{W > x} ~ '(B;(x)),

where

/ ! 1+ b
CcC =
a(2a — b) y —1

p—
o (I+zay—'1+z(a—-b)r |

Recall definitions of a number of classes of heavy-tailed
distributions. A distribution G is long-tailed (belongs to the
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class £) if G(x) > 0 for all x and, for any fixed ¢,

Gx +1)
——F— —> 1 asx — oo.

G(x)
A distribution G belongs to the class Y& 7 of intermediate
regularly varying distributions if G(x) > 0 for all x and

Jim lim inf 2 —
cll x—00 G(x)

1.

Clearly, RV C IRV
In the minimal stability case, we prove the following

Theorem 2. Lets =2anda <b <2a,B € & and B; €
IRV Then

P{W > x} ~

1 _ b
B, X as x — oo.
2a — b b—a

The proof is given in Section 7 and is based on the lower
and upper bounds stated in Theorems 5 and 6 respectively.

One can provide simple sufficient conditions for B € %
and B; € YRV Let & be the class of all distributions G
on R* such that G(x) > O for all x and liminf,_, ., G(2x)/
G(x) > 0. Then the following are known: (i) A7 C
IRV C(L( D) C & (i) if B€  has a finite first
moment, then B; € SR 7 (see e.g. [6]). Therefore, if B €
£ () & and has a finite first moment, then B satisfies the
conditions of Theorem 2. Note that the converse is not true,
in general: there exists a distribution B € % with a finite first
moment such that B; € YR % but B ¢ /() Z (see Exam-
ple 2 in [9, Section 6]).

The paper is organized as follows. Section 2 contains some
auxiliary results. In Section 3, we formulate and prove a re-
sult concerning a lower bound for P{W > x} in the maximal
stability case. The corresponding upper bound is given in
Section 4. Sections 5, 6, and 7 deal, respectively, with lower
bounds, upper bounds, and asymptotics for P{W > x} in the
minimal stability case. In Section 8, we prove further re-
sults related to the joint distribution of a stationary workload
vector. Comments on the asymptotics for a stationary queue
length distribution may be found in Section 9.

A number of upper and lower bounds for P{W > x} in
s-server queue are proposed in Remarks 2, 3, 4, and 5.

2. Preliminaries

2.1. Reduction to deterministic input stream case in
assertions associated with upper bounds

Consider a general GI/GI/s queue. Take any a’ € (b/s, a).
Consider an auxiliary D/GI/s system with the same service

times {o,,} and deterministic interarrival times 7, = a":W| =
0 and

W, = R(W, + ej0, —id)".

¥

Let W’ be a stationary waiting time in this auxiliary
system.

Lemmal. IfP{W’ > x} < G(x) for some long-tailed dis-
tribution G, then

P(W > x} _

lim sup o) =
X

X—>00

Proof. Denote &, = a’ — t,,. Put My = 0 and, forn > 1,

M, :max{ov%—m‘gn'}'%_nfl,'--v$n+"'+%—1}
= max(O, sn + Mnfl) = (Sn + Mn71)+~

First, we use induction to prove the inequality
W, <W,+iM, as. 2)

Indeed, forn = 1 wehave O < 0 + i M. Assume the inequal-
ity is proved for some n; we prove it for n + 1. Indeed,
Wn+l = R(Wn +ej0n — iTn+l)+

= R(Wy; +iM, + ej0, — i‘L'nJrl)Jr

= R(W,; + e10, — ia’ +i(M, + ‘i:n+1))+~

Since (u +v)" <ut +v™T,

Wn+l = R(Wr/l + e10, — ia/)+ + l(Mn + g:n+1)+
= VV,;_H + iMn-H,
and the proof of (2) is complete.
Let M be the weak limit for M,, which exists due to E&; =
a’ — a < 0and Strong Law of Large Numbers. The following
stochastic equality holds:

M =g max{0,§1, 61 +&,....6+ -+ &, ...}

Since the random variable &; is bounded from above (by
a’), there exists 8 > 0 such that Eef% = 1. Then by Cramér
estimate (see, for example, [8, Section 5]), for any x,

P(M > x} < e P, 3

The inequality (2) implies that W <y W’ + M, where W' and
M are independent. Let a random variable 7 have distribution
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G and be independent of M. Since n >4 W', we have W <
n + M. Therefore, for any 4 > 0,

x—h
P{W > x} < / P{M > x — y}P{n € dy}
0
+P{n > x — h}

x—h
< [ e Gy + 6 -,
0

by (3). Integrating by parts yields

x—h x—h
/ e PODGdy) = —ePEDG(y)
0

0

x—h
+8 / G(y)e P Vdy
0

<e P4 ,Bf G(x — y)e Pay.
h

The distribution G is long-tailed, thus, for any ¢ > 0 there
exists x(¢&) such that

G(x —y) < G(x)e’
for any x > x(¢). Hence, there exists c(g) < oo such that
G(x —y) < c(e)G(x)e™

for any x > x(¢). Take ¢ = B/2. Then

/ Gx —y)e Pdy < c(s)G(x)/ e P 2dy
h h

_ ©

~ —Bh/2
=80 G(x)e .

Hence,
P(W > x} < e P +2c(e)G(x)e P> + G(x — h).

Taking into account also that G(x — k) ~ G(x) for any fixed
h > 0, we obtain

P{W > x}

= <2 —BhI2 41,
Gy = c(e)e +

lim sup
X—>00

Letting h — oo yields the conclusion of the Lemma.
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2.2. Reduction to deterministic input stream case in
assertions associated with lower bounds

Take any @’ > a. As in the previous subsection, consider an
auxiliary D/GI/s system with the same service times {0, } and
deterministic interarrival time 7, = a’. Let W’ be a stationary
waiting time in this auxiliary system.

Lemma?2. If P{(W’ > x} > G(x) for some long-tailed dis-
tribution G, then

P(W
liminf TV > X
X—>00 G(x)

Proof. Put&é, =1, —d', My =0and

M, = max{O, é:na Ens +%—n71s v
= (Mn—l + gn)+~

En At 81

For any n > 1, the following inequality holds:
W, > W, —iM,. C))
Indeed, by induction arguments,

Wit1 = R(W,, + ej0, — ifn+1)+
> R(Wr/l - an +e10, — itn+l)+
= R(erl +ej0, — ia — i(M, +En+1))+-

+ +

Since (u — v)* > ut — v,

Wn-H = R(W,/l +ejo, — ia/)+ - l(Mn + $n+l)+

=W

n+1 — iMn+l,

and the proof of (4) is complete.

Let M be the weak limit for M, which exists due to
E& =a —da’ < 0 and the Strong Law of Large Numbers.
The inequality (4) implies that W >y W' — M where W’
and M are independent. Therefore, for any 7 > 0,

P{W > x} > P{W > x + h\P{M < h}
> G(x +h)P{M < h}.

The distribution G is long-tailed, thus G(x + h) ~ G(x) for
any fixed & > 0 and

iminf 2 = poas < .
G(x)

X—>00

Letting i — oo, we obtain the desired estimate from below.



Queueing Systems (2006) 52: 31-48

35

2.3. Adapted versions of the Law of Large Numbers

It is well known that obtaining lower bounds for systems un-
der assumptions of heavy tails usually requires some variant
of the Law of Large Numbers. Here we provide such a tool
for the two-server queue.

Lemma3. Let(&,,n,),n =1,2,...,beindependentiden-
tically distributed pairs of random variables. Let the two-
dimensional Markov chain V,, = (V,;1, Vip),n =1,2,...,be
defined in the following way: V| has an arbitrary distribution
and

Vn + (sn’ nf’l)v
Vn + (nna én)7

if an = Vn2»

Va1 =
- { if an > VnZ-

If E;; < E&|, then the following convergence in probability
holds:

V, (E§1 +En E& + En
- -

, as n — oo.
2 2 )

n

Proof. Since Vn+1,1 +Viri2=Vu+Vo+§& + T}n,by the
Law of Large Numbers

an + VnZ

— E& +En; asn — oo. 5)

Define a Markov chain U, = V,, — V,,;. If U, > 0, then
U1 — U, =n, — &, while if U, <0, then U, ; — U, =
& — ny = —(n — &), so, Uy, is the oscillating random walk.
Since E&| > Enj, the mean drift of the chain U, is negative
on the positive half-line and is positive on the negative half-
line. Therefore, for any sufficiently large A, the set [—A, A]
is positive recurrent for this Markov chain. In particular, the
distributions of U, are tight. Hence, U, /n — 0 in probability
asn — oo. Together with (5), it implies the desired assertion
of Lemma. [l

The classical Law of Large Numbers and Lemma 3 imply
the following

Corollary 3. LetEn; < E£; < 0Oand & > 0. Then
P{Vi,i>0,Vi2>0| Vi =(v,0)} —> 1
as N — oo uniformly in n > N and in (v, v;) on the set

{vi,v2 > n([E&§ | + &), vi +v2 > n(|E& | + [Eni| + &)}

Corollary 4. LetEn; < E& < O0and e > 0. Then
P{Vii >0,Via>0] Vi =(vi,0)} >0

as N — oo uniformly in n > N and in (v, v;) on the
complementary set

{vi > n(|E& | — €), va > n(|E&1| — €), vi +v2 > n(|E&| + [Eni| — &)}
Corollary 5. Let En; <0,E& > 0,En; + E& <0 and
& > 0. Then

PVii>x,Vio>x|Vi=@,v)}—>1

as x, N — oo uniformly in n > N and in (v}, v,) on the set

{vi > x —nEE —¢), v, > 2x +n(EE + En| + )} .

3. The maximal stability case: A lower bound

Theorem 3. Assume b € (0, a). Let the integrated service
time distribution B; be long-tailed. Then the tail of the sta-
tionary waiting time W admits the following estimate from
below: as x — 00,

1 1 _ oo _
pw > o) = 2D (B2 4 b | By
a(a — b) 0
x B(x + y(a — b)) dy:|. (6)
Remark I.  From (6), one can get the lower bound in Corol-

lary 1. Namely, replace B(x + y (@ — b)) by a smaller term
B(x + ya) in the integral in the RHS of (6). Then the new in-
tegral is equal to b (B;(x))?/2a, and the lower bound follows
since

1 b 2a + b
— (1+2) =212
a(2a — b) 2a 2a%(2a — b)

Remark2. By use of Strong Law of Large Numbers, one can
get the following result for s-server queue, s > 2. If b < a,
then there exists a constant K = K (a, b, s) such that

P{W > x} > (K 4 o(1))(B;(x))’.

We start with some auxiliary results. The proof of the theorem
is given in Section 3.4.
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3.1. An integral equality

Lemmad4. Let f(y)be an integrable function. Put f;(y) =
/" f(2)dz. Then, for any positive « and 8, & > 8,

E/O /0 flay + B2) f(By +az)dydz

IO
-

28 oo
52 /O Ji(ow) f(Bu)du.

Proof. Putu = ay + Bz and v = By + az. Then

1 00 au/B
J = m/{; f(l/l)du\//;u/a f(U)dU
1 o0
-7z /0 @) fi(Bujo) du
1 o0
- m/o Sf@) fr(au/B)du

- /0 f o) f1(Bu) du

Integration by parts yields

/ Ji(Bu) f (o) du

0 2
f’( Y _E / fi(au) f(Bu) du.

By substituting this equality into the previous one, we arrive
at the conclusion of the Lemma.
3.2. Some calculations with two big service times

Fixe > Oandputd’ = b —e.Forkand [, k <[ < n, define
the events A,y and C,y; by the equalities

Apw={oxk>x+U—-kla+@n—Da->b),
o1 >x+m—0D(a->),
or+o0;>2x+ (I —ka+n—10Q2a—->b"))}

and

Cot = ﬂ {oj <x+(n— j)a—b)).

J#kl
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Note that the events A, N Cpyy are disjoint for different pairs
(k,1). Due to the existence of Eo, uniformly in n > 1 and
k<lIl<n,

o0
P{Cou} < ZP{UI >x+jla—b)—0 asx — oo.
=0

(7

Lemma 5. Assume b € (0, a). Let the integrated tail dis-
tribution B; be long-tailed. Then, for any fixed N > 1 and
for any ¢ > 0, as x — o0,

lim Z PlAuw) ~ 25—

k<l

X [(Bz(x))2 + b’/ Bi(x + ya)B(x + y(a — b)) dY}
0

Proof. Put

Ay ={oi>x+ka+la—-Db),oo>x+Ila—-"b),01+0,
> 2x+ka+1Qa — b)),

so that P{A,y} = P{A;_, ,_;} and

n—N n—1n—I—1
lim Z P(Au) = lim > PlAL)
nee Kl CIZN =1

=Y > P{Ay). ®)

I=N k=

Consider also the events

A(y,2) ={o1 > x +ya+z(a—Db), 0o >x +z(a—Db),

o1+ 02 > 2x + ya + z(2a — b')},

which satisfy A(k, I) = A},. Since the probability P{A(y, 2)}
is non-increasing in y and z, we have the inequalities

I,E/ / P{A(y. )} dydz < Y > P{A})
N 1 I=N k=1
< / / P{A(y, D} dydz = L. ©)
0 0
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The values of integrals /_ and I, are close to each other in
the following sense:

N oo
I —1 5/ / P{A(y, 2)}dydz

o Jo
00 1

+/ / P{A(y, 2)}dydz
o Jo

< NP{o» >x}/ooP{ol > x + yal}dy
0

+Ploy > x}/ P{o > x +z(a — b))} dz.
0

Recall that the distribution B;(x) is long tailed, which is
equivalent to B(x) = o(B;(x)). Therefore, as x — oo,

+1

b/

I—1_< B(x)B;(x) = o((B;(x))*).

Now it follows from (9) that, as x — oo,

> D Play) = / f P{A(y, 2)}dy dz
[=N k=1 0 0
+0((B1(x))). (10)
Further,
P{A(y, 2)}

= B(x +ya + za)B(x + z(a — b))
+P{x +ya+z(a—b) <o <x+ya+za,
0, >x+z(a—0b),01+0y >2x
+ya +z(2a — b')}
= B(x + ya + za)B(x + z(a — b))
+P{x+ya+z(a—>)<o <x+ya+za,
o1+ 03 > 2x + ya + z(2a — b')}
= B(x + ya +za)B(x +z(a — b)) + Q(y, 2),

since the event {07 < x + ya + za, o1 + 02 > 2x + ya +
z(2a — b")} implies the event {0, > x + z(a’ — b)}. Conse-
quently integrating over y and z, we obtain

/ / B(x 4+ ya + za)B(x 4+ z(a — b)) dy dz
o Jo

= é / Bi(x + za)B(x + z(a — V")) dz.
0

By the total probability formula,

zb’
0y, 2) = / Ploy € x + ya + 2(a — b) + di)
0

x P{o; > x +za —t}
b
= / B(x +za — t)B(x + ya + z(a — b') + dt).
0

The integration against y leads to the equalities

00 1 b’ _
/ Q(y,z)dY=—/ B(x +za—1)
0 0

a

X Bj(x +z(a — b') + dt)

a

1 zb’_
:—/ B(x +za —1)
0
x B(x +z(a = b)) + t)dt
b
:—/ B(x +za —tb)
a Jo
X B(x + z(a — b') +tb) dt.

Integrating against z, we obtain:

/fQ(y,Z)dde=b—/ /“B(X-l-za—tb/)
0 0 a Jo 0

X B(x +z(a — b') + tb)dtdz

b/ o0 o0 _
=—/ / B(x +za —tb)
a Jo t

X B(x +z(a — b') +tb')dzdt
b/ o0 [o¢] _

=—/ / B(x+za+ta—">b"))
a Jo Jo
x B(x 4+ z(a — b') + ta) dz dt.

By Lemma4 with f(y) = B(x + y),a@ =a,andf =a — b/,
the latter integral is equal to

2(a —b')

L 2a-b)
G

v
aQa —1b)
x / Bix + ya)B(x + y(a — b)) dy.

0

Putting everything together into (10), we obtain the following
equivalence, as x — oo:

o0 o0 , N ; _ )

[:Zl ]; P{AL) ~ o (Bit)
b/ o0 _ _

e /O Bi(x + ya)B(x + y(a — b)) dy.,

which due to (8) completes the proof of the Lemma.
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3.3. Proof of Theorem 3
If B;(x)is long-tailed, then the function in x

(By(r) + b / Bi(x + ya)B(x + y(a — b)) dy
0

is long-tailed as well. Indeed, for any fixed 7, we have, as
X — 00,

/ BiGe+1 4 ya)B(x +1 + y(a — b)) dy
0

~ / Bi(x + ya)B(x +1 + y(a — b)) dy.
0

Integrating by parts we get the equality for RHS integral

[e¢]

1 . _
—mB[(X + ya)B;(x —+t+ y(a — b))

0

—[ B(x 4+ ya)B;(x +1t + y(a — b)) dy
0
1 _ o _ _
~ ——(Bj(x))* — / B(x + ya)B;(x + y(a — b)) dy
a—>b 0

= / B;(x 4+ ya)B(x + y(a — b)) dy.
0

So, we can apply Lemma 2, and it is sufficient to prove the
lower bound of Theorem 3 for the queueing system D/GI /2
with deterministic input stream. Let the interarrival times T,
be deterministic, i.e., 7, = a. Then the event A, implies the
event

{(Wipio>x+(—ka+®n—10a—-0b)—a,
Wi >x+m—D@—>b)—a, W1+ Wi 2
> 2% +( —Ka+ @ —DQa—b)—2al,

which implies

Wis12, Wisi1 > x+(n—I)a—-"b)—a,
Wisi1 + Wi > 2x + (n — )(2a — b') — 2a}.

Thus, by Corollary 3 (with § = o — 7, and n = —7) there
exists N such that

P{W, > x| Awm}=1-¢ (1)
foranyn > Nandk </ <n— N.
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Taking into account that the events A,;; N Cyyy are disjoint
for distinct pairs (k, /), we obtain the following estimates:

n—N n—N

P(W, >x} > )" > P(W, > x, A, Coia}
k=1 I=k+1

n—N n—N

> Z P{Wn > X, Ankl}
k=1 I=k+1

n—N n—N

- Y > PlAw, Cuad-

k=1 I=k+1

Since the events A, and C,; are independent,

T
=
T
=

P{Wn > x} = P{Wn > X, Ankl}

=~
I

1 =k

x

n—N n—N

- ssz{anl} Z Z P{Au}

k=1 I=k+1

=
3
=

=

= P{W, > x | A }P{Au}
1 1%

»
I
I

x

n—N n—N

—o(1) Y > PlAw)

k=1 I=k+1

as x — oo uniformly in n, by (7). Together with (11) it im-
plies that, for sufficiently large x and n > N,

n—N n—N

P{W, >x} > (1-20) ) > P{Au).

k=1 I=k+1

Letting now n — 00, we derive from Lemma 5 the following
lower bound, for all sufficiently large x:

— 3¢

P{W > x} > a7(2a Y

o0
{(B,(xnz Y / Bi(x + ya)
0
X B(x + y(a — b)) dy:|.
Note that, for any ' < b < a,

/ Bi(x + ya)B(x + y(a — b)) dy
0

a—>b
>
Ta-—-"b

f Bi(x + ya)B(x + y(a — b)) dy.
0

We complete the proof of the Theorem by letting ¢ | 0.
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4. The maximal stability case: An upper bound

Theorem 4. Assume b € (0, a). Suppose that the distribu-
tion By is subexponential. Then, as x — oo,

1+ o(1)

P{W > x} <
aa — b)

[(Bmc))2 +b / Bi(x + ya)
0

X B(x + y(a — b))dy:|.

By Lemma 1, it is sufficient to prove this upper bound
for the queueing system D/GI/2 with deterministic input
stream. So, let the interarrival times 7,, be deterministic, i.e.,
1, = a.LetoVando?, n > 1, beindependent random vari-
ables with common distribution B. In this Section, define the
service times o, recursively. For that, we have to associate
workloads with servers. Put U; = (U, 1, U1 2) = (0, 0) and
introduce the recursion
Uppi = (Uy + eq,00 —ia)" (12)
where o, = 1if U, <Uypand o, =21f U, > Upp. If
U,.1 = U, »,thenw, takes values 1 and 2 with equal probabil-
ities independently of everything else. Note that W,, = R(U,,)
as.foranyn=1,2,....

Now we can define o, by induction. Indeed, ¢ is chosen at
random from the set {1, 2}. Putoy = o(gao). Then U is defined
by recursion (12) with n = 0. Assume that U, is defined for
some n > 0. Then «, is defined, too. Put o, = U,E"‘") and
determine U, by (12).

Due to the symmetry, for any n,

Plo, = 1} = Pla, = 2} = 1/2. (13)

Consider two auxiliary D/GI/1 queueing systems which
work in parallel: at any time instant 7,, = na,n = 1,2, ...,
one customer arrives in the first queue and one in the sec-
ond. Service times in queue i = 1, 2 are equal to o"). Denote
by W, i = 1,2, the waiting times in the ith queue and put
W = W@ = 0. Since b < a, both queues are stable. Let
W@ be a stationary waiting time in the ith queue. By mono-

tonicity, with probability 1,
W, < min(W", W) (14)
for any n > 1. Hence,

W < min{w®, w®}. (15)

Lemma 6. The waiting times {W("} and {W®} are inde-
pendent.

Proof follows from the observation that the input (deter-
ministic) stream and service times in the first queue do not
depend on the input (also deterministic) stream and service
times in the second one.

Provided B; is a subexponential distribution,

. 1 =
P{WD > x} ~ bB,(x) asx — oo. (16)
u_

Then Lemma 6 together with (15) implies the following sim-
ple upper bound:

P{W>x}< 1

WS =B 0r = @ br

X—>00

a7

Remark 3. For a GI/GI/s queue with a < b and subex-
ponential distribution B;, similar arguments lead to

P{W > x} - 1
(Bi(x) ~ (a—by’

lim sup
X—>00

Introduce the events, for k < n,

AR = o > x +(n — k) a - b)),
AD =0 > x + (n —k)a - b)}.

Lemma 7. (See also [3, Theorem 5]). Provided the distri-
bution By is subexponential, for any fixed N,

n
n—00

n—N____
limsupP{W“) > X, ﬂ Aillk)} = o(B;(x)) asx — 00.
k=1

Proof. For any § > 0, consider the disjoint events

c) = !{a,f” > x+(n —k)a—b+95)}
mﬂ o) <x+@m—j)a —b)}}.
Due to the Law of Large Numbers, there exists M > N

such that

P{WD > x| Cc)=1-3
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for any n>M and k<n—M and, by the limit
at (7),

P{C,)} = 1= &P{oy” > x +(n — k)@ — b+ ).

The events C,(l}(), k < n — M, are disjoint, hence,

k=1

n—M n—M
Piwl > (Gl =D PW > x C)
k=1 =

n—1

> (1 —8)? Z P{cr,fl) > X
k=M

+k(a — b+ ).

The latter implies the following lower bound:

n—M

1inrggfpiw,§“ > x| Cf,}j}
k=1

(1-8)

—_ 200_ — ~ R
> (1 8>;B<x+k>(a b+ 8) ~ s Bi)

as x — 00. Since Ailk) ) Cfdl{) and since M > N and § > 0
can be chosen arbitrarily,

n—00 -

n—N
1 1) -
limian{W,El) > X, U Aflllf} > ;70;)31()5)
k=1 o

Together with (16), it implies the assertion of the Lemma.
Proof of Theorem 4 continued. Estimate (14) and Lemma
6 imply

n—NT n—NW
P{Wn >x. [ Ay U () Ay }
k=1 =1

n—N n—N
< P{W;” >x, WP >, (AU Afff}
k=1 =1

IA

n—N____
P{W,g” > X, Afll,f}P{W;” > x}
k=1

n—N ___
+P{w" > x}P{erz) > X, m 5;21)}
I=1

4\ Springer

Applying now Lemma 7 and relation (16), we conclude that,
as x — 0o,

n—N n—N

o ) ol _ 5 2
lim inf Py W, > x, D} AYU D AD Y = o((B1(x))).
Since
T I = e R = T Mvey

nk U ﬂ Anl - ﬂ (Ank UAnl)
k=1 =1 k=1

n—N

we obtain the equivalent relation, as x — 0o,

n—N
limianiWn > x, U (AW N AD) b = o((Br(x)*). (18)

n—00
k,l=1

Fixe >0and put ¥’ =b+e¢. Forany nand k <[ < n,
define

DY =0 > x + @ —Da—b)),

D = {0" + 07 > 2x + (I — k)a + (n — D)2a — b')}.
For any n and ! < k < n, define

DY = (0" > x + (n — k)@ — b))},

DY ={0? > x+(k —Da+ (n—k)a — b))},

D = 0" + 07 > 2x + (k — Da + (n — k)2a — b)}.
Denote
Foq = Di}() N D,(j) N Dy

‘We can derive an upper bound on the probability of the event
{W,, > x} as follows:

n—N
P{W, > x} < P{Wn > X, U Fnkl}
k,l=1

n—N n—N
+P{W,, > X, U Fokt, U (A,(q?ﬂAfl))}

k=1 k,I=1

n—N
+p{wn U avn Afl))}
k,l=1

Pn1+Pn2+Pn3- (19)
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Here the first term is not greater than

n—1 n—1
Pnl = P{Wn > X, U Fnkl} +P!Wn > X, U Fnkl}

k,l=1 k=1
k<l k=1
n—1
+P=Wn > X, U Fnkk}
k=1
= Py + Puiz + Pas. (20)

The third probability is negligible in the sense that

n—1 n—1
P = P{ Uoon D;?)} S o0

k=1 k=1

IA
[oo]}

()Y B(x +k(a—b—¢)
k=1

< B()Bi(x)/(a — b — &) = o((B/(x))) ey

as x — oo, since B (x) = o(B;(x)). The first probability in
(20) admits the following upper bound:

n—1 n—1

2

P <) P{W,, >x. D=1, (D,ﬁ,)mDn,d)}
k=1 I=k+1

n—1 n—1
+ ZP:W,, >x, DY e =2, | ) (DN anl)}
k=1 I=k+1

=X+ X).

For X, we have the following inequality and equalities:

|
—_

n

i< Y P{DY, o =1,D, Dy

nk nl
1

~
A

1

l

= " Plox = JP{D}. D). Dot}
k,l=1
k<l

=

1 n—1
=5 k; P{Fu), (22)

k<l

by independence of the event {o; = 1} from D,(,}C), ij) and
D,y and by the symmetry (13). The sum X, is not greater
than

=

¥ <

[

P{WN > X, D'

n

O =2

>~
—_

= P{DYIPIW, > x, a0 =2}
k=

=

—_

n—1
<P(W, >x} > P{D}/}.
k=1

Hence, ¥, = o(P{W,, > x})asx — oouniformlyinn. Com-
bining the latter fact with estimate (22) for X, we get

1 n—1

Pui < 5 Y P{Fw) + o(P{W, > x}). (23)
2 k=1
k<l

Taking into account the equality P,;; = P12, we obtain from

(20), (21) and (23) the following estimate:

n—1
Pu < ) P{Fu} + o((Bi(x))*)

k=1

k<l
as x — oo uniformly in n. Now applying the calculations
of Section 3.3 we can write down the following estimate, as
X — 00:

1+o0(1)

limsup Py < —— L
o M= a2a — b

n—oo

[(B,(x))2 + b / Bi(x + ya')
0
x B(x + y(a — b)) dy]. (24)

It is proved in (18) that, uniformly in n,
P =o0((B;(x))* asx — oo. (25)

We have

n—

n—N n—N N
U Fua N U (A NAY) < (AR N AR N Fog).

k=1 k=1 k=1
Thus,
(= e 2
= 1
Ppp < P{Wn > x| A;k)’ A;z)v Fnkl}P{Aizk) n Aiz)}'

Il
-

K
(26)

Conditioning on W, and W,; yields, for any w > 0;

P{W, > x[A}), AL, Fua)

nl

<P{W, > x|Wu <w, Wp < w, A, A Foa)

nl >

+P{Wi1 > w} +P{Wp > w}.

Since b < 2a, the two-server queue is stable and, in par-
ticular, the sequence of distributions of random variables
(W1, W) is tight. It means that, for any fixed & > 0, there
exists w such that, for any k > O and [ > 0,

P{Wy >w} <e and P{Wp > w} <e.
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Also, from the stability and from Corollary 4, for any fixed
& >0, and w > 0, there exists N such that, for any n > N
andk,l <n— N,

P{W, > x | Wi <w, W <w, A, AD, Fy} <

nl °
Combining these estimates we obtain from (26),

n—N = 2
P <3e Y P{AYNADY} = 38(2 {AD) ) .

k=1

Hence,

2
0 3¢
P, <3¢ (kz B(x 4+ k(a — b/))> < W(BI(X))Z
27)

Since the choice of ¢ > 01is arbitrary, relations (19)—(25) and
(27) imply the conclusion of Theorem 4.

5. The minimal stability case: Lower bounds

Theorem 5. Let b € (a,2a) and the integrated tail dis-
tribution B; be long tailed. Then the tail of the stationary
waiting time satisfies the following inequality, for any fixed
§>0:

1 D- (b+6
P{W > x} > + o )Bl +
2a — b b—a

X) as x — OoQ.

Notice that if b € (a, 2a) then ﬁ > 2.

Remark 4. By use of similar arguments, one can get the
following result for an s-server queue, s > 2: if the integrated
distribution By is long tailed and b € ((s — 1)a, sa) then, for
any 6 > 0,

POW > x) > 1+o(l)B1((s—1)b—s(s—2)a+8>
sa—b — (s —Da

as x — OQ.

Theorem 5 implies the following

Corollary 6. Assume that B; € YA 7 Then, as x — 00,

1+o(1) - b
B] X ).
2a — b b—a

P{W > x} >

4\ Springer

In the case b € [a, 2a) one can also derive a lower bound
which is similar to (6). More precisely, assume b € [a, 2a).
Then introduce another two-server queue with the same
service times and with inter-arrival times 7, = ct,, where
¢ > b/a. For this queue, denote by W’ a stationary waiting
time of a typical customer. Due to monotonicity, P{W’ >
x} < P{W > x} for all x. Applying Theorem 3 and Remark
1, we get the following lower bound for the case b € [a, 2a):
if the integrated tail distribution B; is long-tailed, then, for
any ¢ > b/a,

2ca + b

P{W > x} > (1+ 0(1))m

(B1(x))*. (28)

Proof of Theorem 5. By Lemma 2, it is sufficient to prove
the lower bound for the queueing system D/GI /2 with de-
terministic input stream. Let the inter-arrival times 7, be de-
terministic, i.e., T, = a. For any § > 0, set ¢ = 3b=a) py¢

a+s
b=b—¢cand N = e N1 consider
the events

Ay = {or > 2x + 2a — b)(n — k)},

Cue = [ lo1 < 2x + 2a — b)(n — ).
=1
1k

Since Eo is finite,

P{Cu) < Zp{ol > 2x + (2a — b))} = O(B;(2x)) — 0
=1

(29)
as x — oo uniformly in n > 1 and k& < n. Since the events
Aur N Cr, k € [1, 1], are disjoint, we obtain

n—N
P{W, > x} > ) P{W, > x, Ay, Cu}
k=1

n—N n—N
> D P(W, > x, Au) — > P{Ay, Cul.
k=1 k=1
Since the events A, and C,; are independent, we get

n—N
P{W, > x} = D P(W, > x, Ay}
k=1

n—N
—supP(Cpu} D P{An)
k<n k=1

n—N

= Z P{W, > x | Au}P{Au}
k=1

n—N

—o(1) > P{Au) (30)

k=1
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asx — oouniformlyinn > 1,by (29). The event A, implies
the event

Wis12 > 2x + (a — b)Y(n — k) — a.
Thus, it follows from Corollary 5 that
PW,>x| Ay} —> 1

asx — oo uniformly innand k < n — N. Therefore, we can
derive from (30) the estimate

n—N
P{W > x} = lim P{W, > x} > (1 —¢) lim Y P{A,)
n—oo n—0oQ k:l

=(—¢) ) BQx+Qa—b)k)
k=N

which is valid for all sufficiently large x. Since the tail B;(v)
is long-tailed,

BQ2x + (2a — b)k) ~

B;2x + 2a — bYK)N)

M2

2a — b’

_ 1 B b _ 1 B b+46
T 2a-—V ! b’—ax T 2a-—-b ! b—ax

as x — 00. The proof is complete. O

»
Il
=

6. The minimal stability case: An upper bound

Theorem 6. Assume b € [a, 2a). Let both B and B; be
subexponential distributions. Then the tail of the stationary
waiting time satisfies the following inequality, as x — oo:

_ Lo,

P{W > x} 5 B;(2x).

Remark 5. By use of the same arguments, one can get the
following result for any s-server queue, s > 2:if B; € % and
b < sa, then

provided that either (i) o7 > (s — 1)a a.s., or (ii) B € &.

Remark 6. For an s-server queue, Foss and Chernova [10]
have proposed another way of obtaining upper bounds; it is
based on comparison with a queue with the so-called cyclic
service discipline.

Proof of Theorem 6. From Lemma 3, it is sufficient to
consider the case of constant interarrival times t, = a only.
Put M, o = 0 and

+
My i1 =My +0pyi —a)”.

Since b > a, My, — oo a.s.asn — oo and, due to the Law
of Large Numbers,

MO,n

n

—b—a as. 31

and in mean. Note that EM,, > n(b — a), since My, >
oo+ -+ 0,—1 —na. For any given ¢ > 0, choose an in-
teger L > 0 such that

EMO.L
- elb—a,b—a+e). (32)

Consider any initial workload vector W, =
Wo.1, Wo2)>0. Put Z, =W, 1+ W, Since the in-
crements of the minimal coordinate of the waiting time
vector is not greater than the increments of M, ,,

Win — Wio < My, foranyn.
Hence, provided W, » > a, we have the inequality

ZnJrl - Zn < MO,nJrl - MO,n —a.

If Zo > 2aL, then Wy, >aL and, for n=0,...,L —
1, W,2» > a(L — n) > a. Therefore, if Zy > 2aL, then

Zy <Zo+ My —alL.

Monotonicity implies, for any initial vector Wy,

Z; <max{2alL, Zo} + My —aL.

Thus, the following inequalities are valid for any n:

Zy+nyr <max{2al,Z,.} + M, —aL. (33)

Consider a single-server queue with i.i.d. service times
6, = M, and constant inter-arrival times ¥, = La and
denote by W, a waiting time of nth customer. This queue
is stable since b = E6, < aL = 4. Put Wg = (0. Assuming
that Zy = 0, we can derive from (33) the following bounds:
foralln =0,1,...,

Zo <2aL + W, as. (34)
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Denote G(x) = P{6y > x}. We show that the integrated
tail distribution G is a subexponential one. We need to con-
sider only the case L > 1. Note first that

oo+ - -+o,_1—La<éy<op+---+or_1 as. (35
Since the distribution of 07, is assumed to be subexponential,

the asymptotics for the lower and upper bounds in the latter
inequalities are the same: as x — 00,

L-1 L—1
P{ Zai —La > x} ~Pi Zai > x} ~ LB(x). (36)
0 0

Therefore, the tail G(x) has the same asymptotics and G is
a subexponential distribution. Thus,

Gi(x) = / G dy ~ LBy(x), 37

and G is a subexponential distribution, too. Thus, by classic
result (1) for the single server queue, the steady state distribu-
tion of the waiting time Wn satisfies the following relations,
as x — 0o:

o ] L
nlLHOIOP{W,, > x} ~ Py BG/()C) < mGl(x)

€)
~ 1 38
m 1(x), (38)

by (32) and (37). Since Z, = W, | + W, 2 = 2W, |,

P{W > x} =P2W > 2x} < lim P{Z,; > 2x}.
n—oo

Now it follows from (34) and (38) that

P{W > x} < lim P{W, > 2x — 2aL}

1+ o(1)

— 7 B;(2x —2aL
Y R 1(2x —2al)

1 _
~ ———B;2
Y — 1(2x),

since B; is long-tailed. Letting ¢ | 0 concludes the proof.

7. The minimal stability case: Exact asymptotics

In this Section, we prove Theorem 2. First note that, as fol-
lows from (28), the tail P{W > x} may be heavier than that
in Theorem 2, in general. For instance, this happens if

B,( b x) = o(B}(x)) asx — oo. (39)
b—a

4\ Springer

Assume b € (a, 2a) and consider, for example, a service
time distribution with the Weibull integrated tail B;(x) =
e, B € (0, 1). Then (39) holds if (;2-)f > 2.

Proof of Theorem 2. Since B; € YR/ both the lower bound
in Theorem 5 and the upper bound in Theorem 6 are of the
same order,

Bi2x) = O(B,<b b ax)). (40)

We use the notation from the previous Section. In par-
ticular, we fix ¢ > 0 and choose L satisfying (32). For any
constant ¢ > 0, (35) implies

L—-1

U{UkL+i >x + La+ (L —i)c}
i=0

L—1
c [Zokm — La >X} C {61 > x}.

i=0

Therefore, from (35) and (36),

L-1
P{{@ >N\ (Jtorzss > x +La+ (L - i)c}}

i=0

= o(B(x)). 41
Take ¢ = (& — b)/L. By (34)

P{W > x} = lim P{W,; | > x}
n—o0

= lim P{W,, | > x, W, > 2x — 2aL}.
n— 00

Standard arguments concerning how large deviations in the
single server queue W, occur imply the relation

n—1

P{W > x} = lim > P{W,. > x,
k=0

n—oo

61 > 2x + (n — k)@ — b)} + o(B;(2x))
nL—1
= nll)rglo Zz(; P{W,L1>x,0, >2x +(n —i)c}

+0(B;(2x)),

by (41). Now it follows from (32) that

nL—1
P{W > x} = lim ) P{(W,. > x,

n—o0

k=0

0; >2x+(m—1)Q2a—b—¢)} + o(B;(2x))
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nL Note that if W,;,_;» <K, then W, <K+
= HIHEOZIP{WnL.l > X, M,1—j+1,j—1. Therefore,
j=

OuL_j > 2x + ja — b + &)} + £O(B;(2x))
_ N(l—¢) nlL
+0(B;(2x)) = lim ( Yo+ ) )
"N S j=N(-s)
+e0(B;(2x))
= nli)rgo(El + X)) + 80(51(2)5)),

where N = x /(b — a). The second term admits the following
estimate

o0
%< Y Plo>2x+jQa—b)
J=N(l1-¢)
1
~ B;2x + N(1 — &)(2a — b))
a—>b

1 _ b 2a — b
= By X —¢ x ).
2a — b b—a b—a

It follows from B; € A7 that, for any § > 0, there exists
& > 0 such that

1 _ b _
>, < B 8B;(2
R Y l(b—ax>+ 1(2x),

which coincides with the lower bound in Theorem 5.

Now consider the first term X;. Since the queue is stable,
one can choose K > 0 such that P{W, , < K} > 1 — ¢ for
all K. Then

N(l—¢)
Ti< ) PWujo> K. 0w > 2x+Qa—b+6)j)
j=l1
N(l—e¢)
+ P{Wor1>x,Wyr_jo <K,

Jj=1

OnL—j > 2}C+(261 —b+8)j}

= 21’1 —+ 21’2.
‘We have
N(1—¢)

i< Y P{Wajo > KIP{oy > 2x + (2a — b + &)}
Jj=1

e -
B;(2x).
_— 1(2x)

<&y Ploy>2x+Qa—b)j} <

j=1

2a

N(1—¢)
B2 < Y. Plow_j > 2x + (2a — b)),
j=1
K+ My—ji1j-1 > x}
N(l—e)
- Z Plo,r_j > 2x + (2a — b))
j=1

x P{K + My ;1 > x}.

Since the sequence My ; stochastically increases,

21'2 < P{K +M0,N(17€) > X}ZP{GI > 2x +(ZCZ —b)]}
=1

< P{MO,N(lfs) > X — K}Za — bB,(Zx)
Since
x—K b—a
— >b—a asx — 00,
N —¢) 1—¢
we have by (31)
MN(l—s) x—K
PiM _ —Kl=P 0
{Mo.va—o > x — K} {N(l—s) N(l—e)}_)

Thus, we have shown that the upper bound for P{W > x}
is not bigger than the lower bound in Theorem 5 plus a term
of order

(e+38)0(B(2x)) < (¢ + 5)0<Bl(bb_xa>)

due to (40). Since ¢ > 0 and § > 0 may be chosen as small
as we please, the proof of Theorem 2 is complete.

8. Tail asymptotics for the two-dimensional workload
vector

Denote by W% = (W}, WJ) a weak limit for the vectors W,

as n — oo. Clearly, W = W).

8.1. Maximal stability case

First, we obtain simple lower and upper bounds which are

equivalent up to some constant. Second, we give (without a
proof) a result related to the exact asymptotics.
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Theorem 7. Let b <a and B; € £ Then, as x,y —
Oov-x S y,

P{Wlo>x,W2o>y} > 1+a0( )5

B (x)B;(y).

If, in addition, B; € %, then

2+ o0(1)

P{W) > x, W) > y} < WBI(X)BI()’)

Proof. Fix ¢ > 0 and put ¢’ =a +¢. For k,l <n,k #1,
define the events A, and C, by the equalities

Apr={ox >x+m—k)a',o, > y+(n—10a'}

and

Cui= () loj <x+ 0 —ja}.
j]#:kl,l

Note that the events A, N Cyy are disjoint for different pairs
(k,1) and

P{Wai > x, Wio >y} =D D" P{W, > x,
k=1 I=k+1

Wao > ¥, Apts Cria)-

Then the same calculations as in Section 3.3 imply the esti-
mate, as x, y — 00,

P{Wnl > X, WnZ > y}

> (I+o(1))Y > Bx+(n—ka)B(y+»n—0Dd)

k=1 I=k+1

n—1 n—k—1
= A+0(1))Y_ > B(x+kd)B(y+1d).

k=1 =1

Hence,

P{W) > x, W) >y} = (1+0(1) ) > Blx+ka)
k=1 =1
x B(y +1a') ~ B;(x)B;(y)/a"

and the lower bound is proved.

4\ Springer

Proceed to the upper bound. Due to construction of the
majorant (W, W) in Section 4, we have the inequality

PIWY = 5,0 > y) = Jim [PV > W > 3]

—l—P{erl) >y, W,Ez) > x}]
=2 lim P{W" > x}P{W® > y}.

n—oo

Together with (16) it implies the desired upper bound.
Theorem 7 is proved.

Turn now to the exact asymptotics. Below is the result. The

proof is rather complicated and will be presented in another
paper. Denote

R(x,y) = B;(x)B;(y) + b/ Bi(y + za)
0
x B(x + x(a — b)) dz.

Recall that Theorem 1 states that
R(x,x)/a(2a — b) given B; € &.

P{Wl0 > X}~
Theorem 8. Assume b <a and B; € &. Let x,y —
00, x < y. Then

P{Wlo > x, W) > y}
(R(x y)—

R(y,y) + R(y, y)).

.
aa — b)
8.2. Minimal stability case
We prove the following
Theorem 9. Assume a <b <2a,B e, and B; €

IRV . Letx,y, —> ooinsuchawaythat y/x — ¢ € [1, o0].
Then

0 0 s a
P{W1 >x, W, >y} ~ ;B; y 1+c(b—a)
n b—a B b
aa—b "\Ub=da)

Proof.  Start with the case ¢ = co. From Theorem 10 in [3],
one can get the following:

Corollary 7. Assume b € (a,2a). If B € & and B; € %,
then, as y — oo,

WS > 3} ~ LB+ gy (-2
2= a 1Y aCa — b) "\’p ’

—a
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It is clear that

P{Wl0 > x, Wy > y} < P{W20 > y}.
On the other hand, forany N = 1,2, ...,

P{W) > x, W) > y} = lim P{W, | > x, W,» > y}
n—oo

n—1
> lim P{WnN,z >y + Na, Z (oj — 1) > x}

n—00 .
j=n—N

N
= HILTCP{W”*N’Z >y 4 Na}P{ Z(Uj - 7)) > x}.

=

Fixe > 0.PutN = N(x) = x(1 + ¢)/(b — a). Thenby LLN

N
P[Z(O’j—fj)>x}21—8

j=1
for all sufficiently large x and, as n — oo,

P{W,_n2>y+ Na} - P{W20 >y +Na}.
Since B; € IRV

P{W20>y+Na}~P{W20>y} asy — oo.

By letting ¢ — 0, we get the result.

Now consider the case ¢ < 0o0. If ¢ = 1, then the re-
sult follows from Theorem 2. Let ¢ € (1, 0o0). We give here
only a sketch of the proof, by making links to the proof of
Theorem 2.

Since

P{Wlo > y} < P{Wl0 > X, W20 > y} fP{Wl0 > x}
and
P{W! > y} ~P{W} > cx} > (K + o(1)P{W} > x}

where K = inf, B;(ct)/B;(t) > 0, one can get from the
proof of Theorem 2 the following equivalences: for N, =
x/(b—a), Ny =y/(b—a),and fore € (0,1 — 1//¢),

P{Wl0 > x, Wy > y}

n—N,(l—g)
Z P{Wn,l>xv Wn.2>y»

i=1

0;>2x + (n —i)(2a — b)} + e O(B;(2x))

= lim
n—0oQ

n—Ny(1+¢) n—N,(1—¢) B
= lim < oo+ > ) + £0(B;(2x))
=00 i=1 i=n—N,(1+e)

= (Z1 + Do) + £ 0(B;(2x)).

Choose K > 0 such that P{W, » > K} < ¢ for all n. Then

n—N,(1—¢)

¥ = lim P(Wir, <K, W,1>x,W,2>Y,

n—o00
i=n—N,(l+¢)

0, > 2x + (n —i)2a — b)} + £ O(B;(2x)).

From Lemma 2 and its Corollaries,

Ny (1+¢)
Y =(1+o(l)) Z Plo) > y + ja} + £ O(B;(x))

J=N:(1—¢)
_ 1+ o(1) (Bz<y+ x(1 —s)a) B B}(y(b+8a))>
a b—a b—a
_I4ol) (2 a A vb
- 55)) -4 (52)

+eO0(B(x))
+ (¢ + 8)O(B,(x)),

due to B; € A7 From Lemma 3 and its Corollaries,
one can also conclude that, for i <n — Ny(1 +¢), if 0; <
2y +(m —i)2a — b —¢) and W;, < K, then, with proba-
bility close to one, both coordinates of the vector (W, 1, W, »)
take values less then y for all sufficiently large n. From the
otherside, ifo; > 2y + (n — i)(2a — b + ¢) then, with prob-
ability close to one, y < W, | < W, . Therefore,

o0

Zi=+o) Y Ploy>2y+jQa—b)
J=Ny(1+¢)

+e0(B(x))

I+o(l) - ( yb
= BI
2—b b—a

) +£0(B;(x)).

Summing up the terms and letting ¢ and § — 0 concludes
the proof.

9. Comments on stationary queue length

Let O, be a queue length viewed by an arriving customer
n, and Q its stationary version in discrete time (i.e. Palm-
stationary). Due to the distributional Little’s law,

P{Q > n) =P{W > T}

where W is the stationary waiting time, 7, = 71 + - - - + 1T,
and W, and T, do not depend on each other. When a dis-
tribution of W is long-tailed, the asymptotics for P{W >
T,}, n — o0, have been found in [2] and in [11]. If, in addi-
tion, 7, has a non-lattice distribution, there exists a stationary
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distribution G for a queue length in continuous time. Then,
from Lemma 1 in [11],

G(n) ~P{Q > n}

as n — oQ.
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