ŔŃŐŠŊŐŚŠĲ Ĺ ŊĚŔŘĚŘŻĆŊŐŚŠĲ ŚĚŇĚĽŚŠĆĂ ĹŊĆĂŘĹĂŊŠŊŻŢ ŇĚŘ ŰĚŔĚĽ ŇĂŘŁŐĆĂ, ĞĂĆĹŚ§ŹĹŢ ŐŠ ŔĂŘĂŇĚŠŘĂ

Łőàèãŋőć Ď.

Ĺŋáâĺâãâ ňăâěňăâĺłĺ ŚŐ ŘĂŊ, Ŋőćőáĺąĺàáł

Řăááňăâàĺćăěâáï áěňěľáâćő æěŕěľ Ňăàłőćă á ďĺáłàěâŋëň ćàěňěŋěň, ŕàĺŋĺňăîéĺå ğŋăçěŋĺï ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě; ŕěàěåőďŋëě ćěàőïâŋőáâĺ íâĺå æěŕěľ ğăćĺáïâ őâ ŋěłőâőàőčő ŕăàăňěâàă. Ć ŕàěďŕőńőęěŋĺĺ, çâő łăęďăï æěŕì ĺňěěâ ŕő łàăľŋěľ ňěàě őďŋã ĺŋćăàĺăŋâŋãî ňěàã, ĺğãçăîâáï ćőŕàőáë ŕńőâŋőáâĺ ĺ ŋěŕàěàëćŋőáâĺ áěňěľáâćă íâĺå ĺŋćăàĺăŋâŋëå ňěà. Ćëćőďïâáï łàĺâěàĺĺ ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ć âěàňĺŋăå ãáńőćĺľ ŋă (a) ŕàőąŋëě äãŋłæĺĺ ĺ (b) áàěďŋĺě áŋőáë æěŕěľ.

x 1. Ććěďěŋĺě

Ŕãáâì S — ňěâàĺçěáłőě ŕàőáâàăŋáâćő á ňěâàĺłőľ ρ ĺ σ-ăńčěąàőľ ąőàěńěćáłĺå ňŋőęěáâć B(S). Řăááňăâàĺćăěâáï áěňěľáâćő (őâŋőáĺâěńìŋő ŕăàăňěâàă δ, δ ∈ R) æěŕěľ Ňăàłőćă {X^{(δ)}n }^∞_{n=0}, őďŋőàőďŋëå ŕő ćàěňěŋĺ n ĺ áő ğŋăçěŋĺïňĺ ć S. Őąőğŋăçĺň çěàěğ P^{(δ)}(x, B) ŕěàěåőďŋãî ćěàőïâŋőáâì æěŕĺ {X^{(δ)}n }, â. ě. P^{(δ)}(x, B) ≡ P{X^{(δ)}_{n+1} ∈ B|X^{(δ)}_n = x}, x ∈ S, B ∈ B(S). Ŕàěďŕőńăčăěň, çâő łăęďăï ĺğ æěŕěľ {X^{(δ)}n } ĺňěěâ ŕàĺ δ ≠ 0 åőâï ąë őďŋő ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π^{(δ)}, â. ě. àăáŕàěďěńěŋĺě, ãďőćńěâćőàïîéěě ãàăćŋěŋĺî

π^{(δ)}(·) = ∫ S P^{(δ)}(x, ·)π^{(δ)}(dx), π^{(δ)}(S) = 1.

Łàőňě âőčő, ŕàěďŕőńăčăěň, çâő æěŕì {X^{(0)}n } ĺňěěâ ŋě ąőńěě őďŋőčő ĺŋćăàĺăŋâŋőčő àăáŕàěďěńěŋĺï. Ćěáìňă èĺàőłĺě ãáńőćĺï áãéěáâćőćăŋĺï ĺŋćăàĺăŋâŋőľ ňěàë ňőęŋő ŋăľâĺ ć [1]. Őâňěâĺň âăłęě, çâő ňë ŋě ŕàěďŕőńăčăěň ŋěàăğńőęĺňőáâì æěŕěľ {X^{(δ)}n }.

Ć § 2 ňë ŕàĺćőďĺň ãáńőćĺï, ŕàĺ łőâőàëå ĺŋćăàĺăŋâŋăï ňěàă π^{(δ)} ŋěŕàěàëćŋő ğăćĺáĺâ őâ ŕăàăňěâàă δ → 0 (ć áňëáńě áńăąőľ áåőďĺňőáâĺ). İâă ğăďăçă àěèăńăáì ć àăğŋőľ áâěŕěŋĺ őąéŋőáâĺ ć [2, 3], [4, čń. 8, § 3] (áň. âăłęě áŕĺáłĺ ńĺâěàăâãàë ć ŋĺå). Ć § 2 ŕőłăğăŋő, łăł ĺŋőčďă ňőęŋő áćěáâĺ ğăďăçã ő ŋěŕàěàëćŋőľ ğăćĺáĺňőáâĺ ĺŋćăàĺăŋâŋőľ ňěàë őâ ŕăàăňěâàă ł ğăďăçě ő ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà. Ŕőíâőňã ć áńěďãîéĺå ŕăàăčàăäăå 3–6 ćëïáŋïîâáï ãáńőćĺï ŕńőâŋőáâĺ áěňěľáâćă {π^{(δ)}}, â. ě. ãáńőćĺï, łőčďă ďńï ńîąőčő ŕőńőęĺâěńìŋőčő ε áãéěáâćãěâ łőňŕăłâ K ⊂ S âăłőľ, çâő π^{(δ)}(K) ≥ 1 − ε ďńï ńîąőčő δ.

Őďŋĺň ĺğ ŋăĺąőńěě ãďőąŋëå (á ŋăèěľ âőçłĺ ğàěŋĺï) ňěâőďőć ďőłăğăâěńìáâćă ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà æěŕěľ Ňăàłőćă ïćńïěâáï ňěâőď ŕàőąŋëå äãŋłæĺľ (äãŋłæĺľ Ńïŕãŋőćă). Ć áćïğĺ á íâĺň áďěńăěň ŋěáłőńìłő ğăňěçăŋĺľ ő ŕàőąŋëå äãŋłæĺïå.

Řăááňőâàĺň æěŕì Ňăàłőćă {Xn} áő ğŋăçěŋĺïňĺ ć R^+. Őąőğŋăçĺň çěàěğ ξx áńãçăľŋãî ćěńĺçĺŋã, àăáŕàěďěńěŋĺě łőâőàőľ áőőâćěâáâćãěâ àăáŕàěďěńěŋĺî áłăçłă æěŕĺ {Xn} ĺğ áőáâőïŋĺï x, â. ě. P{x+ξx ∈ B} = P (x, B), B ∈ B(R^+). Őąëçŋő (ŋăŕàĺňěà, ŕàĺ ćëïáŋěŋĺĺ ãáńőćĺľ íàčőďĺçŋőáâĺ æěŕĺ) ňë åőâĺň ŋăľâĺ ŋěłőâőàãî ŋěőâàĺæăâěńìŋãî äãŋłæĺî V : R^+ → R^+ âăłãî, çâő ďńï ŋěłőâőàëå N > 0 ĺ ε > 0 ćëŕőńŋěŋő m(x) ≡ E{V (x + ξ_x) − V (x)} ≤ −ε < 0, (1.1) ěáńĺ x ≥ N ĺ

sup_{x≥0} m(x) < ∞. (1.2)

Ććěďěň őąőğŋăçěŋĺï ďńï ŕőćâőàŋëå ńőčăàĺäňőć

ln^{(0)} x ≡ 1, ln^{(1)} x ≡ ln x, ln^{(k+1)} x ≡ ln(ln^{(k)} x), k ≥ 1, (1.3)

ĺ ĺå ŕàőĺğćěďěŋĺľ

L^{(k)}(x) ≡ k∏ i=0 ln^{(i)} x, k ≥ 0. (1.4)

Őłăğëćăěâáï (áň., ŋăŕàĺňěà, [5, 6, 7]; ŋěłőâőàëě ŋăćőďïéĺě áőőąàăęěŋĺï ňőęŋő ŋăľâĺ âăłęě ć [8]), çâő ŕàĺ ĺááńěďőćăŋĺĺ ãáńőćĺľ íàčőďĺçŋőáâĺ æěŕěľ Ňăàłőćă ŋăĺąőńěě ĺŋâěàěáŋëňĺ ŕàőąŋëňĺ äãŋłæĺïňĺ ïćńïîâáï äãŋłæĺĺ, àăáâãéĺě ŋě ąëáâàěě, çěň x^2L^{(k)}(x) ďńï łăłőčőńĺąő k ≥ 0. Ŕőïáŋĺň íâő ŕőďàőąŋěě ŋă áńěďãîéěň ŕàĺňěàě.

Řăááňőâàĺň ŕàőąŋãî äãŋłæĺî V (x) = x^3. Ŕãáâì áłăçłĺ æěŕĺ {Xn} ăáĺňŕâőâĺçěáłĺ ŋě ćëàőęďěŋë; ąőńěě âőçŋő, ŕãáâì lim infx→∞ E(ξx)^2 = b > 0. Ŕàěďŕőńőęĺň, çâő áàěďŋĺľ áŋőá ŕàőąŋőľ äãŋłæĺĺ V ĺğ áőáâőïŋĺï x őâàĺæăâěńěŋ ŕàĺ ďőáâăâőçŋő ąőńìèĺå x

E{V (x + ξ_x) − V (x)} = 3x^2Eξ_x + 3xE(ξ_x)^2 + E(ξ_x)^3 < 0, x > N.

Ŕőáłőńìłã ξx ≥ −x, âő E(ξx)^3 ≥ −xE(ξx)^2 ĺ, áńěďőćăâěńìŋő, ŕàĺ x > N

3x^2Eξ_x + 2xE(ξ_x)^2 ≤ 0.

Őâáîďă

2xEξ_x + E(ξ_x)^2 ≤ −E(ξ_x)^2/3,

ĺ ććĺďã ŕàěďŕőńőęěŋĺï lim infx→∞ E(ξx)^2 = b > 0 ŕàĺ ďőáâăâőçŋő ąőńìèĺå x ćëŕőńŋïěâáï

E{(x + ξ_x)^2 − x^2} = 2xEξ_x + E(ξ_x)^2 ≤ ≤ −b/6 < 0. Šăłĺň őąàăğőň, áàěďŋĺľ áŋőá ŕàőąŋőľ äãŋłæĺĺ x^2 âăłęě áâàőčő őâàĺæăâěńěŋ ŕàĺ ďőáâăâőçŋő ąőńìèĺå x.

Řăááňőâàěŋŋëľ ŕàĺňěà áćĺďěâěńìáâćãěâ ő âőň, çâő, čàãąő čőćőàï, ŋěâ ŋěőąåőďĺňőáâĺ àăááňăâàĺćăâì ŕàőąŋãî äãŋłæĺî x^3, ă ňőęŋő ĺğãçăâì ąőńěě ňěďńěŋŋő àăáâãéãî ŕàőąŋãî äãŋłæĺî x^2. Ŕőåőęĺě àăááãęďěŋĺï ňőčãâ ąëâì ŕőćâőàěŋë ďńï ńîąőľ ĺğ äãŋłæĺľ âĺŕă

x^2L^{(k)}(x)(ln^{(k+1)} x)^2. İâő ďăěâ ŋăň őáŋőćăŋĺě őčàăŋĺçĺâìáï ĺğãçěŋĺěň ŕàőąŋëå äãŋłæĺľ,

àăáâãéĺå ŋě ąëáâàěě, çěň äãŋłæĺï x^2L^{(k)}(x) ďńï łăłőčő-ńĺąő k ≥ 0.

Ŕãáâì (1.1) ĺ (1.2) ćëŕőńŋěŋë ďńï łăęďőľ ĺğ æěŕěľ {X^{(δ)}n }. Ŋăá ĺŋâěàěáãěâ, łăłőě ďőŕőńŋĺâěńìŋőě ãáńőćĺě áńěďãěâ ŋăńőęĺâì, çâőąë áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}} ąëńő ŕńőâŋëň? Ć àăąőâăå [3], [4, čń. 8, § 4] ŕàěďŕőńăčăěâáï, ć çăáâŋőáâĺ, çâő ďńï ŋěłőâőàőčő ŕőńőęĺâěńìŋőčő γ sup x≥0,δ∈R E|V (x + ξ^{(δ)}_x ) − V (x)|^{1+γ} < ∞. (1.5)

İâő ãáńőćĺě ćěáìňă ěáâěáâćěŋŋő, ěáńĺ äãŋłæĺï V (x) ãďőćńěâćőàïěâ ãáńőćĺî Ńĺŕèĺæă, â. ě. ěáńĺ sup_{x,y>0} |V (x + y) − V (x)| y < ∞. Őďŋăłő ŕőáńěďŋěě ãáńőćĺě ćěáìňă çăáâő ŋăàãèěŋő. Ŋăŕàĺňěà, őŋő ŋě ćëŕőńŋěŋő ďńï äãŋłæĺľ x^{1+γ} , γ > 0. Ďńï âăłőčő àőďă äãŋłæĺľ áěňěľáâćő (1.5), łăł ŕàăćĺńő, ŋě ïćńïěâáï àăćŋőňěàŋő ĺŋâěčàĺàãěňëň. Ŋăŕàĺňěà, ěáńĺ ŕàőąŋăï äãŋłæĺï V (x) àăćŋă x^2,

V (x + ξ_x) − V (x) = 2xξ_x + (ξ_x)^2 ≈ 2xξ_x

ŕàĺ ąőńìèĺå x. §áŋő, çâő áěňěľáâćő áńãçăľŋëå ćěńĺçĺŋ {xξx, x ≥ 0} őąëçŋő ŋě ïćńïěâáï àăćŋőňěàŋő ĺŋâěčàĺàãěňëň.

Ć áćïğĺ áő áłăğăŋŋëň ąőńěě ěáâěáâćěŋŋő ŕàěďŕőńăčăâì àăćŋőňěàŋãî ĺŋâěčàĺàãěňőáâì áěňěľáâćă {V (|ξ^{(δ)}x |), x ≥ 0, δ ∈ R}, ă ŋě ãáńőćĺě (1.5). Ĺňěŋŋő íâőâ ŕőďåőď ĺáŕőńìğãěâáï ć

§§ 3–6.

x 2. Şáńőćĺě ŋěŕàěàëćŋőáâĺ ĺŋćăàĺăŋâŋëå àăáŕàěďěńě-

ŋĺľ ďńï æěŕěľ Ňăàłőćă ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě

Ŕãáâì {X^{(δ)}n }^∞_{n=0} — æěŕì Ňăàłőćă áő ğŋăçěŋĺïňĺ ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě (S, ρ), ŕěàěåőďŋëě ćěàőïâŋőáâĺ łőâőàőľ ğăćĺáïâ őâ ŕăàăňěâàă δ ∈ R. Ňë ŋě ŕàěďŕőńăčăěň áěŕăàăąěńìŋőáâì ĺ ŕőńŋőâã ŕàőáâàăŋáâćă S. Ŕàěďŕőńăčăěň, çâő æěŕì {X^{(δ)}n } ĺňěěâ ŕàĺ δ ≠ 0 åőâï ąë őďŋő ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π^{(δ)}, ă æěŕì {X^{(0)}n } ňőęěâ ĺňěâì ŋě ąőńěě őďŋőčő ĺŋćăàĺăŋâŋőčő àăáŕàěďěńěŋĺï. Śŕàăćěďńĺć áńěďãîéĺľ łàĺâěàĺľ ŋěŕàěàëćŋőľ ğăćĺáĺňőáâĺ (ć áňëáńě áńăąőľ áåőďĺňőáâĺ) àăáŕàěďěńěŋĺï π^{(δ)} őâ ŕăàăňěâàă δ, δ → 0.

Šěőàěňă 1. Ŕãáâì ŕěàěåőďŋëě ćěàőïâŋőáâĺ P^{(δ)}(x, ·) ŋěŕàěàëćŋő ğăćĺáïâ őâ ŕăàăňěâàőć x ĺ δ, δ → 0, â. ě. ďńï ńîąőčő x ∈ S ĺňěěâ ňěáâő áńăąăï áåőďĺňőáâì

P^{(δ)}(y, ·) ⇒ P^{(0)}(x, ·) ŕàĺ y → x ĺ δ → 0. (2.1)

Ŕãáâì áěňěľáâćő ňěà {π^{(δ)}, δ ≠ 0} ć S ŕńőâŋő. Šőčďă áãéěáâćãěâ ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π^{(0)} æěŕĺ {X^{(0)}n } ĺ ĺňěěâ ňěáâő áńăąăï áåőďĺňőáâì π^{(δ)} ⇒ π^{(0)} ŕàĺ δ → 0.

Ć ďăńìŋěľèěň ŋăň ąãďěâ ŕőńěğŋă áńěďãîéăï ńěňňă, ć łőâőàőľ ŕàĺćőďĺâáï ãáńőćĺě, íłćĺćăńěŋâŋőě ãáńőćĺî (2.1). Ůěàěğ C(S) őąőğŋăçăěň łńăáá ŋěŕàěàëćŋëå őčàăŋĺçěŋŋëå äãŋłæĺľ ŋă S áő ğŋăçěŋĺïňĺ ć R.

Ńěňňă 1. Şáńőćĺě (2.1) íłćĺćăńěŋâŋő áńěďãîéĺň ďćãň ãáńőćĺïň:

(a) ďńï ńîąëå äãŋłæĺĺ f ∈ C(S) ĺ łőňŕăłâă K ⊂ S ĺňěěâ ňěáâő áåőďĺňőáâì ∫ S f(z)P^{(δ)}(x, dz) → ∫ S f(z)P^{(0)}(x, dz) (2.2)

ŕàĺ δ → 0 àăćŋőňěàŋő ŕő x ∈ K;

(b) ŕěàěåőďŋăï ćěàőïâŋőáâì P^{(0)}(x, ·) ãďőćńěâćőàïěâ ãáńőćĺî Ťěńńěàă (áň., ŋăŕàĺňěà, [1]), â. ě. ďńï ńîąőčő x ∈ S

P^{(0)}(y, ·) ⇒ P^{(0)}(x, ·) ŕàĺ y → x. (2.3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő ŕàïňőľ çăáâĺ ńěňňë. Ŕàěďŕőńőęĺň, çâő, ŋăŕàőâĺć, (2.2) ŋě ćëŕőńŋïěâáï. Šőčďă áãéěáâćãîâ äãŋłæĺï f ∈ C(S), ŕőáńěďőćăâěńìŋőáâì ĺŋďěłáőć δk, δk → 0 ŕàĺ k → ∞, ĺ ŕőáńěďőćăâěńìŋőáâì âőçěł x^{(δk)} ∈ K âăłĺě, çâő ŕàĺ ńîąőň k F^{(δk)} ≡ ∫ S f(z) [ P^{(δk)}(x^{(δk)}, dz) − P^{(0)}(x^{(δk)}, dz) ] ≥ ε (2.4)

ŕàĺ ŋěłőâőàőň ε > 0. Ŕőáłőńìłã ňŋőęěáâćő K łőňŕăłâŋő, ňőęŋő ŋě őčàăŋĺçĺćăï őąéŋőáâĺ áçĺâăâì, çâő ŕőáńěďőćăâěńìŋőáâì âőçěł x^{(δk)} ĺňěěâ ŕàěďěń ć K: x^{(δk)} → x0, x0 ∈ K, δk → 0. Śŕàăćěďńĺćă őæěŋłă F^{(δk)} ≤ | | | | ∫ S f(z) [ P^{(δk)}(x^{(δk)}, dz) − P^{(0)}(x_0, dz) ]| | | + | | | | ∫ S f(z) [ P^{(0)}(x_0, dz) − P^{(0)}(x^{(δk )}, dz) ]| | | . Łăęďőě ĺğ áńăčăěňëå ć ŕàăćőľ çăáâĺ ŋěàăćěŋáâćă áâàěňĺâáï ł ŋãńî ŕàĺ δk → 0 ć áĺńã ãáńőćĺï (2.1). İâő ćáâãŕăěâ ć ŕàőâĺćőàěçĺě á (2.4). Śńěďőćăâěńìŋő, ŕàïňăï çăáâì ńěňňë ďőłăğăŋă.

Ďńï ďőłăğăâěńìáâćă őąàăâŋőľ çăáâĺ ńěňňë ŋăďő ŕőłăğăâì, çâő ďńï ńîąëå íńěňěŋâă x ∈ S ĺ ŕőáńěďőćăâěńìŋőáâĺ yn ∈ S, áåőďïéěľáï ł x:

ρ(y_n, x) → 0 ŕàĺ n → ∞ (2.5)

ĺňěěâ ňěáâő áńăąăï áåőďĺňőáâì

P^{(δ)}(y_n, ·) ⇒ P^{(0)}(x, ·) ŕàĺ n → ∞ ĺ δ → 0. (2.6)

Ŕãáâì f ∈ C(S). Ć áĺńã (2.5) ĺ ãáńőćĺï (2.3) áŕàăćěďńĺćă áåőďĺňőáâì ∫ S f(z)P^{(0)}(y_n, dz) → ∫ S f(z)P^{(0)}(x, dz) ŕàĺ n → ∞. (2.7)

Šăł łăł ććĺďã áåőďĺňőáâĺ (2.5) ňŋőęěáâćő {x, yn, n = 1, 2, ...} ⊂ S ïćńïěâáï łőňŕăłâőň, âő ŕő ãáńőćĺî (2.2) ∫ S f(z)P^{(δ)}(y_n, dz) → ∫ S f(z)P^{(0)}(y_n, dz) (2.8)

ŕàĺ δ → 0 àăćŋőňěàŋő ŕő n. Ĺğ (2.7) ĺ (2.8) áńěďãěâ áåőďĺňőáâì ∫ S f(z)P^{(δ)}(y_n, dz) → ∫ S f(z)P^{(0)}(x, dz) ŕàĺ n → ∞, δ → 0. Šăłĺň őąàăğőň, áńăąăï áåőďĺňőáâì (2.6) ďőłăğăŋă.

Ď ő ł ă ğ ă â ě ń ì á â ć ő âěőàěňë 1. Śěňěľáâćő ňěà {π^{(δ)}, δ ≠ 0} ŕńőâŋő, ŕőíâőňã ŕő ŕàïňőľ âěőàěňě Ŕàőåőàőćă (áň., ŋăŕàĺňěà, [9, áâà. 58]) íâő áěňěľáâćő áńăąő łőňŕăłâŋő. Ć çăáâŋőáâĺ, ňŋőęěáâćő ŕàěďěńìŋëå (ć áňëáńě áńăąőľ áåőďĺňőáâĺ) âőçěł íâőčő áěňěľáâćă ŋě ŕãáâő. Ŕãáâì ~π — ŕàőĺğćőńìŋăï ŕàěďěńìŋăï âőçłă, â. ě.

π^{(δk)} ⇒ ~π (2.9)

ďńï ŋěłőâőàőľ ŕőáńěďőćăâěńìŋőáâĺ ĺŋďěłáőć δk → 0, ŕàĺçěň ~π(S) = 1. Ďőłăęěň, çâő ~π ěáâì ĺŋćăàĺăŋâŋăï ňěàă ďńï æěŕĺ {X^{(0)}n }.

Ŕãáâì f ∈ C(S). Őąőğŋăçĺň ψ^{(δ)}(x) ≡ E{f(X^{(δ)}_1 )|X^{(δ)}_0 = x}. Ĺğ ãáńőćĺï (2.1) áńěďãěâ, ć çăáâŋőáâĺ, çâő

ψ^{(0)}(x) ∈ C(S). (2.10)

Ěáńĺ æěŕì {X^{(δ)}n } ŋăåőďĺâáï ć áâăæĺőŋăàŋőň áőáâőïŋĺĺ (â. ě. X^{(δ)}n ĺňěěâ àăáŕàěďěńěŋĺě

π^{(δ)} ďńï ńîąőčő n), âő áŕàăćěďńĺćő àăćěŋáâćő Ef(X^{(δ)}_1 ) = Ef(X^{(δ)}_0 ). Ŕěàěåőďï ł ãáńőćŋőňã

ňăâěňăâĺçěáłőňã őęĺďăŋĺî, ŕőńãçăěň ∫ S f(x)π^{(δ)}(dx) = Ef(X^{(δ)}_1 ) = = E { E{f(X^{(δ)}_1 )|X^{(δ)}_0 } } = ∫ S ψ^{(δ)}(x)π^{(δ)}(dx)

ďńï ńîąőčő δ ≠ 0. Ŕãáâì K — ŕàőĺğćőńìŋëľ łőňŕăłâ ć S. Ĺáŕőńìğãï ŕőáńěďŋěě àăćěŋáâćő, ćëćőďĺň őæěŋłã_| | | ∫ S f(x)~π(dx) − ∫ S ψ^{(0)}(x)~π(dx) | | | = = | | | | ∫ S f(x) [ ~π(dx) − π^{(δk )}(dx) ] − [∫ S ψ^{(0)}(x)~π(dx) − ∫ S ψ^{(δk )}(x)π^{(δk )}(dx) ]| | | ≤ ≤ | | | | ∫ S f(x) [ ~π(dx) − π^{(δk )}(dx) ]| | | + + | | | | ∫ K [ ψ^{(δk )}(x) − ψ^{(0)}(x) ] π^{(δk)}(dx) | | | | + | | | | | ∫ S\K [ ψ^{(δk)}(x) − ψ^{(0)}(x) ] π^{(δk)}(dx) | | | | | + + | | | ∫ S ψ^{(0)}(x) [ π^{(δk )}(dx) − ~π(dx) ]| | | ≡ ≡ I_1 + I_2 + I_3 + I_4.

Őæěŋĺň łăęďőě ĺğ áńăčăěňëå. I1 → 0 ŕàĺ δk → 0 ć áĺńã áńăąőľ áåőďĺňőáâĺ (2.9). I2 → 0 ŕàĺ δk → 0 ďńï ńîąőčő äĺłáĺàőćăŋŋőčő łőňŕăłâă K ć áĺńã ńěňňë 1. Śńăčăěňőě I3 ňőęŋő áďěńăâì áłőńì ãčőďŋő ňăńëň (àăćŋőňěàŋő ŕő δ), ćëąàăć ŕőďåőďïéĺľ łőňŕăłâ K ⊂ S ććĺďã ãáńőćĺï ŕńőâŋőáâĺ áěňěľáâćă ňěà {π^{(δ)}, δ ≠ 0} ĺ őčàăŋĺçěŋŋőáâĺ äãŋłæĺĺ ψ^{(δ)}(x): ψ^{(δ)}(x) ≤ sup_{x∈S} |f(x)| < ∞. I_4 → 0 ŕàĺ δ_k → 0 ć áĺńã áńăąőľ áåőďĺňőáâĺ (2.9), ă âăłęě ŋěŕàěàëćŋőáâĺ ĺ őčàăŋĺçěŋŋőáâĺ

äãŋłæĺĺ ψ^{(0)}(x) (áň. (2.10)).

Šăłĺň őąàăğőň, áőąĺàăï őæěŋłĺ, ŕàĺåőďĺň ł àăćěŋáâćã ∫ S f(x)~π(dx) = ∫ S ψ^{(0)}(x)~π(dx) ďńï ńîąőľ őčàăŋĺçěŋŋőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ f(x). Śńěďőćăâěńìŋő, Ef(X^{(0)}_0 ) = Ef(X^{(0)}_1 ), ěáńĺ áńãçăľŋëľ íńěňěŋâ X^{(0)}_0 ĺňěěâ àăáŕàěďěńěŋĺě ~π. Őâáîďă ćëâěłăěâ (áň., ŋăŕàĺňěà, [9, áâà. 17]), çâő áńãçăľŋëě íńěňěŋâë X^{(0)}_0 ĺ X^{(0)}_1 ĺňěîâ őďŋő ĺ âő ęě àăáŕàěďěńěŋĺě, â. ě. ~π ďěľáâćĺâěńìŋő ěáâì ĺŋćăàĺăŋâŋăï ňěàă æěŕĺ {X^{(0)}n }. Šăłĺň őąàăğőň ďőłăğăŋő, çâő æěŕì {X^{(0)}n } ĺňěěâ ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π^{(0)}, π^{(0)} ≡ ~π. Ŕő ãáńőćĺî æěŕì {X^{(0)}n } ŋě ňőęěâ ĺňěâì ąőńěě őďŋőčő ĺŋćăàĺăŋâŋőčő àăáŕàěďěńěŋĺï. Ŕőíâőňã ćáïłĺľ çăáâĺçŋëľ ŕàěďěń áěňěľáâćă ňěà {π^{(δ)}, δ ≠ 0} áőćŕăďăěâ á π^{(0)}, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Ĺŋőčďă ćőğŋĺłăěâ áĺâãăæĺï, łőčďă æěŕì Ňăàłőćă {X^{(δ)}n } ŕàĺŋĺňăěâ ğŋăçěŋĺï ŋě ćő ćáěň S, ă ć ŋěłőâőàőň ŕőďňŋőęěáâćě S^{(δ)} ⊂ S; ąőńěě âőçŋő, ŕěàěåőďŋëě ćěàőïâŋőáâĺ P^{(δ)}(x, ·) æěŕĺ

{X^{(δ)}n } őŕàěďěńěŋë ńĺèì ďńï x ∈ S^{(δ)}. Ć íâőľ áĺâãăæĺĺ áŕàăćěďńĺćă áńěďãîéăï

Šěőàěňă 2. Ŕãáâì ďńï ńîąőľ ŕőáńěďőćăâěńìŋőáâĺ âőçěł y^{(δ)}, y^{(δ)} ∈ S^{(δ)}, ĺňěîéěľ ŋěłőâőàëľ ŕàěďěń x ∈ S ĺňěěâ ňěáâő áńăąăï áåőďĺňőáâì

P^{(δ)}(y^{(δ)}, ·) ⇒ P^{(0)}(x, ·) ŕàĺ δ → 0. (2.11)

Ŕãáâì ćëŕőńŋěŋő ãáńőćĺě (2.3) ĺ áěňěľáâćő ňěà {π^{(δ)}, δ ≠ 0} ć S ŕńőâŋő. Šőčďă áãéěáâćãěâ ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π^{(0)} æěŕĺ {X^{(0)}n } ĺ ĺňěěâ ňěáâő áńăąăï áåőďĺňőáâì π^{(δ)} ⇒ π^{(0)} ŕàĺ δ → 0.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Řăááňőâàĺň ŋőćãî æěŕì Ňăàłőćă {^~X^{(δ)}n }, ŕěàěåőďŋëě ćěàőïâŋőáâĺ łőâőàőľ őŕàěďěńïîâáï àăćěŋáâćőň ~P^{(δ)}(y, ·) = { P^{(δ)}(y, ·), ěáńĺ y ∈ S^{(δ)}, P^{(0)}(y, ·), ěáńĺ y ∉ S^{(δ)}.

Ŕőáńěďőćăâěńìŋőáâì æěŕěľ Ňăàłőćă {^~X^{(δ)}n } ãďőćńěâćőàïěâ ãáńőćĺïň âěőàěňë 1 ĺ π^{(δ)} — ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě æěŕĺ {^~X^{(δ)}n }. Śńěďőćăâěńìŋő, âěőàěňă 2 ćëâěłăěâ ĺğ âěőàěňë 1.

Šěőàěňë 1 ĺ 2 áćőďïâ ćő ňŋőčőň ğăďăçã ő ŋěŕàěàëćŋőľ ğăćĺáĺňőáâĺ ĺŋćăàĺăŋâŋőčő àăáŕàěďěńěŋĺï őâ ŕăàăňěâàă ł ğăďăçě ő ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà. Ć áńěďãîéĺå ŕăàăčàăäăå ŕàěďńőęěŋë ŋěłőâőàëě ďőáâăâőçŋëě (ąńĺğłĺě ł ŋěőąåőďĺňëň) ãáńőćĺï ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ć âěàňĺŋăå áàěďŋěčő áŋőáă æěŕĺ Ňăàłőćă (§ 5) ĺ ć âěàňĺŋăå ŕàőąŋëå äãŋłæĺľ (§§ 3 ĺ 6).

x 3. Ŕńőâŋőáâì áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ďńï æěŕěľ

Ňăàłőćă ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě

Ć ŋăáâőïéěň ŕăàăčàăäě ňë àăááňăâàĺćăěň áěňěľáâćő (ŕő δ) æěŕěľ Ňăàłőćă {X^{(δ)}n , δ ∈ Δ} áő ğŋăçěŋĺïňĺ ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě (S, ρ). Ňŋőęěáâćő ŕăàăňěâàőć Δ ŕàőĺğćőńìŋő. Ć íâőň ĺ ŕőáńěďãîéĺå ŕăàăčàăäăå ŕàěďŕőńăčăěň, çâő ďńï ńîąőčő δ ∈ Δ áãéěáâćãěâ (ćőőąéě čőćőàï, ŋě ěďĺŋáâćěŋŋőě) ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π^{(δ)} æěŕĺ {X^{(δ)}n }.

Ŕãáâì áãéěáâćãîâ ŋěőâàĺæăâěńìŋăï ŕàőąŋăï äãŋłæĺï V : S → R^+ ĺ çĺáńă c, ε, T > 0 âăłĺě, çâő

E{V (X^{(δ)}_1 ) − V (x)|X^{(δ)}_0 = x} ≤ −ε < 0, (3.1)

ěáńĺ V (x) ≥ T ĺ

E{V (X^{(δ)}_1 ) − V (x)|X^{(δ)}_0 = x} ≤ c < ∞ (3.2)

ďńï ńîąëå x ∈ S ĺ δ ∈ Δ. Őąőğŋăçĺň çěàěğ η^{(δ)}x áńãçăľŋãî ćěńĺçĺŋã á àăáŕàěďěńěŋĺěň

P{η^{(δ)}_x ∈ B} = P{V (X^{(δ)}_1 ) − V (x) ∈ B|X^{(δ)}_0 = x}, B ∈ B(R),

čďě B(R) — ąőàěńěćáłăï σ-ăńčěąàă ć R. Ć ďăńìŋěľèěň ŋăň ŕőâàěąãěâáï áńěďãîéěě ãâćěà-

ęďěŋĺě ő áàěďŋěň áŋőáě ŕàőąŋőľ äãŋłæĺĺ.

Šěőàěňă 3. ([5]). Ŕãáâì {Yn}^∞_{n=0} — æěŕì Ňăàłőćă áő ğŋăçěŋĺïňĺ ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě (S, ρ) ĺ V (x) — ŋěőâàĺæăâěńìŋăï äãŋłæĺï: V : S → R^+. Ŕãáâì æěŕì {Y_n} ĺňěěâ ĺŋćăàĺăŋâŋőě àăáŕàěďěńěŋĺě π. Ěáńĺ ∫ S max(0, E{V (Y_1) − V (x)|Y_0 = x})π(dx) < ∞, âő áŕàăćěďńĺćő ŋěàăćěŋáâćő ∫ S E{V (Y_1) − V (x)|Y_0 = x}π(dx) ≥ 0. (3.3)

Ć çăáâŋőáâĺ, ěáńĺ sup_{x∈S} E{V (Y_1) − V (x)|Y_0 = x} < ∞, âő ćëŕőńŋěŋő (3.3).

Şáńőćĺï (3.1) ĺ (3.2) ŋě ćńěłãâ, ćőőąéě čőćőàï, ŕńőâŋőáâì áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà

{π^{(δ)}, δ ∈ Δ}. Ć áńěďãîéěľ âěőàěňě ćëïáŋïěâáï ďőáâăâăâőçŋőě ãáńőćĺě, ŕőğćőńïîéěě ďěńăâì

ćëćőďë ő ŕńőâŋőáâĺ áěňěľáâćă ňěà {π^{(δ)}, δ ∈ Δ}.

Šěőàěňă 4. Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï (3.1) ĺ (3.2). Łàőňě âőčő, ŕãáâì áěňěľáâćő áńãçăľŋëå ćěńĺçĺŋ {max(0, η^{(δ)}x )} ĺŋâěčàĺàãěňő àăćŋőňěàŋő ŕő x ∈ S ĺ δ ∈ Δ, â. ě.

sup_{x,δ} E{η^{(δ)}_x ; η^{(δ)}_x ≥ N } → 0 ŕàĺ N → ∞.

Šőčďă áěňěľáâćő ňěà {π^{(δ)}(V^{−1}(·)), δ ∈ Δ} ŋă ŕőńãŕàïňőľ R^+ ŕńőâŋő.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Şáńőćĺě àăćŋőňěàŋőľ ĺŋâěčàĺàãěňőáâĺ áěňěľáâćă áńãçăľŋëå ćěńĺçĺŋ {max(0, η^{(δ)}x )} íłćĺćăńěŋâŋő áãéěáâćőćăŋĺî čńăďłőľ ŋěőâàĺæăâěńìŋőľ ćőčŋãâőľ äãŋłæĺĺ Q(t) : R^+ → R^+ âăłőľ, çâő Q(t) ↑ ∞ ŕàĺ t → ∞, Q^′(t) ≤ ~c/t, ~c < ∞, (3.4) sup x∈S,δ∈Δ E{η^{(δ)}_x Q(η^{(δ)}_x ); η^{(δ)}_x ≥ 0} ≤ ^c < ∞. (3.5)

Řăááňőâàĺň ŕàőąŋãî äãŋłæĺî W (x) = V (x)Q(V (x)), x ∈ S. Őæěŋĺň áćěàåã áàěďŋĺľ áŋőá äãŋłæĺĺ W ĺğ áőáâőïŋĺï x. Ŕãáâì áőąëâĺě A őŕàěďěńïěâáï łăł A = {V (X^{(δ)}_1 ) ≥ V (X^{(δ)}_0 )},

A = Ω \ A. Ĺňěěň àăćěŋáâćő

E{W (X^{(δ)}_1 ) − W (x)|X^{(δ)}_0 = x} = E {[ V (X^{(δ)}_1 )Q(V (X^{(δ)}_1 )) − V (x)Q(V (x)) ] I_A|X^{(δ)}_0 = x } + +E {[ V (X^{(δ)}_1 ) − V (x) ] Q(V (X^{(δ)}_1 ))I_A|X^{(δ)}_0 = x } + +E { V (x) [ Q(V (X^{(δ)}_1 )) − Q(V (x)) ] I_A|X^{(δ)}_0 = x } = = I_1 + I_2 + I_3. (3.6)

Ć áĺńã ćőğàăáâăŋĺï äãŋłæĺĺ Q áńăčăěňőě I1 ďőŕãáłăěâ őæěŋłã

I_1 ≤ E {[ V (X^{(δ)}_1 ) − V (x) ] Q(V (x))I_A|X^{(δ)}_0 = x } . (3.7)

Ťãŋłæĺï Q ćőčŋãâă, ŕőíâőňã áńăčăěňőě I2 ňőęŋő őæěŋĺâì áńěďãîéĺň őąàăğőň

I_2 ≤ E {[ V (X^{(δ)}_1 ) − V (x) ] Q(V (x))I_A|X^{(δ)}_0 = x } + +E {[ V (X^{(δ)}_1 ) − V (x) ] Q ( V (X^{(δ)}_1 ) − V (x) ) I_A|X^{(δ)}_0 = x } = = Q(V (x))E {[ V (X^{(δ)}_1 ) − V (x) ] I_A|X^{(δ)}_0 = x } + +E { η^{(δ)}_x Q(η^{(δ)}_x ); η^{(δ)}_x ≥ 0 } . (3.8)

Őŕïâì ĺáŕőńìğãï ćőčŋãâőáâì äãŋłæĺĺ Q, ŕőńãçăěň E {[ Q(V (X^{(δ)}_1 )) − Q(V (x)) ] I_A|X^{(δ)}_0 = x } ≤ Q^′(V (x))E {[ V (X^{(δ)}_1 ) − V (x) ] I_A|X^{(δ)}_0 = x } ≤ ≤ Q^′(V (x))c_1, c_1 < ∞,

ć áĺńã ãáńőćĺï (3.5). Śńěďőćăâěńìŋő, ććĺďã (3.4) áŕàăćěďńĺćă áńěďãîéăï őæěŋłă ďńï I3:

I_3 ≤ c_1Q^′(V (x))V (x) ≤ ~cc_1. (3.9)

Ŕőďáâăćńïï őæěŋłĺ (3.7)–(3.9) ć (3.6) ĺ ĺáŕőńìğãï (3.5), (3.1) ĺ (3.2), ŕàĺåőďĺň ł ŋěàăćěŋáâćăň E { W (X^{(δ)}_1 ) − W (x)|X^{(δ)}_0 = x } ≤ Q(V (x))E { V (X^{(δ)}_1 ) − V (x)|X^{(δ)}_0 = x } + ^c + ~cc_1 ≤ ≤ { −εQ(V (x)) + ^c + ~cc_1, ěáńĺ V (x) ≥ T, cQ(T ) + ^c + ~cc_1, ěáńĺ V (x) < T. (3.10)

Ć çăáâŋőáâĺ, áàěďŋĺľ áŋőá ŕàőąŋőľ äãŋłæĺĺ W őčàăŋĺçěŋ àăćŋőňěàŋő ŕő x ∈ S ĺ δ ∈ Δ: E { W (X^{(δ)}_1 ) − W (x)|X^{(δ)}_0 = x } ≤ cQ(T ) + ^c + ~cc_1 ≡ c < ∞. Ŕőíâőňã ŕàĺňěŋĺňă âěőàěňă 3 ĺ, áńěďőćăâěńìŋő, áŕàăćěďńĺćő ŋěàăćěŋáâćő ∫ S E { W (X^{(δ)}_1 ) − W (x)|X^{(δ)}_0 = x } π^{(δ)}(dx) ≥ 0. Ŕőďáâăćńïï őæěŋłã (3.10), ćëćőďĺň ∫ x:V (x)≥T (−εQ(V (x)) + ^c + ~cc_1)π^{(δ)}(dx) + ∫ x:V (x)<T cπ^{(δ)}(dx) ≥ 0, őâłãďă ćëâěłăěâ ŋěàăćěŋáâćő_∫ x:V (x)≥T Q(V (x))π^{(δ)}(dx) ≤ c/ε àăćŋőňěàŋő ŕő δ ∈ Δ. Šăł łăł Q(t) ↑ ∞ ŕàĺ t → ∞, âő ŕőáńěďŋěě ŋěàăćěŋáâćő ćńěçěâ ãâćěàęďěŋĺě âěőàěňë 4.

Ğ ă ň ě ç ă ŋ ĺ ě. Ćňěáâő âěőàěňë 3 ňőęŋő ĺáŕőńìğőćăâì âěőàěňã ĺğ [10]. Łăł őâňěçăńőáì ćő ććěďěŋĺĺ, ãáńőćĺě àăćŋőňěàŋőľ ĺŋâěčàĺàãěňőáâĺ âěőàěňë 4 ćëŕőńŋěŋő ďăńěłő ŋě ćáěčďă. Ďćă ŋăĺąőńěě ćăęŋëå áńãçăï, łőčďă ãáńőćĺě àăćŋőňěàŋőľ ĺŋâěčàĺàãěňőáâĺ ćáě-âăłĺ ćëŕőńŋěŋő, ćëďěńěŋë ć áńěďãîéĺå áńěďáâćĺïå.

Śńěďáâćĺě 1. Ŕãáâì ĺňěîâ ňěáâő (3.1) ĺ (3.2). Ŕãáâì, łàőňě âőčő, áěňěľáâćő áńãçăľŋëå ćěńĺçĺŋ {r^{(δ)}x , x ∈ S, δ ∈ Δ} á àăáŕàěďěńěŋĺěň P{r^{(δ)}_x < t} = P{ρ(X^{(δ)}_1 , x) < t|X^{(δ)}_0 = x}, t ≥ 0, ĺŋâěčàĺàãěňő àăćŋőňěàŋő ŕő x ∈ S ĺ δ ∈ Δ, ă äãŋłæĺï V ãďőćńěâćőàïěâ ãáńőćĺî Ńĺŕèĺæă, â. ě. |V (x) − V (y)| ≤ cρ(x, y) ďńï ćáěå x, y ∈ S, čďě c < ∞. Šőčďă áěňěľáâćő ňěà {π^{(δ)}(V^{−1}(·)), δ ∈ Δ} ŋă ŕőńãŕàïňőľ R^+ ŕńőâŋő.

Ć áńěďãîéěň áńěďáâćĺĺ àăááňăâàĺćăěâáï ňŋőčőňěàŋăï æěŕì Ňăàłőćă, â. ě. S = (R^+)^d. Ďńï ćáïłĺå ćěłâőàă x = (x1, ..., xd) ĺ çĺáńă k, 1 ≤ k ≤ d, őąőğŋăçĺň Pk(x) = xk.

Śńěďáâćĺě 2. Ŕàěďŕőńőęĺň, çâő k-ï łőőàďĺŋăâă ŕàőæěááă X^{(δ)}n ≡ (X^{(δ)}_{n,1}, ..., X^{(δ)}_{n,d})

(a) ĺňěěâ őâàĺæăâěńìŋëľ áŋőá, â. ě. ďńï ŋěłőâőàőčő T > 0 E{X^{(δ)}_{n,k} − P_k(x)|X^{(δ)}_{n−1} = x} ≤ −ε < 0, ěáńĺ P_k(x) ≥ T , ĺ

(b) ĺŋâěčàĺàãěňă àăćŋőňěàŋő ŕő δ ∈ Δ, â. ě. sup_{x,δ} E{(X^{(δ)}_{n,k} − P_k(x))I_{{X}(δ)_{n,k−Pk(x)≥N}}|X^{(δ)}_{n−1} = x} → 0 ŕàĺ N → ∞. Šőčďă áěňěľáâćő ňěà {π^{(δ)}(P^{−1}_k (·)), δ ∈ Δ} ŋă ŕőńãŕàïňőľ R^+ ŕńőâŋő.

Őąńăáâì ŕàĺňěŋĺňőáâĺ âěőàěňë 4 őčàăŋĺçěŋă ŕő-áãéěáâćã ŕàőąŋëňĺ äãŋłæĺïňĺ, ãďőćńěâćőàïîéĺňĺ ãáńőćĺî Ńĺŕèĺæă. Ěáńĺ ãáńőćĺě Ńĺŕèĺæă ŋăàãèěŋő (ŋăŕàĺňěà, ěáńĺ

V (x) = x^2, x ∈ R), âő âàěąãîâáï ąőńěě âőçŋëě âěőàěňë. Ő ŋĺå ĺ ŕőľďěâ àěçì ć áńěďãî-

éĺå ŕăàăčàăäăå.

x 4. Śćïğì áàěďŋěčő áŋőáă ŕàőąŋőľ äãŋłæĺĺ ĺ ňőňěŋâőć

áłăçłőć ćěéěáâćěŋŋőğŋăçŋőľ æěŕĺ Ňăàłőćă

Ć íâőň ĺ ć ŕőáńěďãîéĺå ŕăàăčàăäăå őáŋőćŋőě ćŋĺňăŋĺě ãďěńïěâáï ŕàőąŋëň äãŋłæĺïň, àăáâãéĺň ąëáâàěě ńĺŋěľŋőľ äãŋłæĺĺ ĺ, áńěďőćăâěńìŋő, ŋě ãďőćńěâćőàïîéĺň ãáńőćĺî Ńĺŕèĺæă. Ŕàĺ íâőň ŋă ŕàőąŋãî äãŋłæĺî ŕàĺåőďĺâáï ŋăłńăďëćăâì ŋěłőâőàëě őčàăŋĺçěŋĺï (áň.

(4.2), (4.3)), łőâőàëě, ćőőąéě čőćőàï, ňőčãâ ąëâì áäőàňãńĺàőćăŋë ńĺèì ďńï äăğőćőčő ŕàő-

áâàăŋáâćă S = R^+. Ĺâăł, ć §§ 4, 5 ĺ çăáâĺçŋő ć 6 àăááňăâàĺćăîâáï ćěéěáâćěŋŋőğŋăçŋëě æěŕĺ Ňăàłőćă. Ć § 6 áäőàňãńĺàőćăŋë ŋěłőâőàëě ãâćěàęďěŋĺï ďńï æěŕěľ Ňăàłőćă áő ğŋăçěŋĺïňĺ ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě.

Ŕãáâì {Xn}^∞_{n=0} — æěŕì Ňăàłőćă áő ğŋăçěŋĺïňĺ ć R^+ ĺ ŕěàěåőďŋëňĺ ćěàőïâŋőáâïňĺ

P (x, ·). Őąőğŋăçĺň çěàěğ ξ_x áńãçăľŋãî ćěńĺçĺŋã, áőőâćěâáâćãîéãî áłăçłã æěŕĺ {X_n} ĺğ

áőáâőïŋĺï x, â. ě. áńãçăľŋãî ćěńĺçĺŋã, ĺňěîéãî àăáŕàěďěńěŋĺě P{x + ξ_x ∈ B} = P (x, B), B ∈ B(R^+). Ŕãáâì ŋěőâàĺæăâěńìŋăï ŕàőąŋăï äãŋłæĺï V : R^+ → R^+ âăłőćă, çâő ŕàĺ x ≥ x∗

E{V (x + ξ_x) − V (x)} ≤ −ε < 0 (4.1)

ďńï ŋěłőâőàëå x∗ ĺ ε > 0. Ŋăá ĺŋâěàěáãěâ áńěďãîéĺľ ćőŕàőá. Łăłőćă óŕàăćĺńìŋăïô ćěàåŋïï őæěŋłă ďńï Eξx, ěáńĺ ćëŕőńŋěŋő ãáńőćĺě (4.1)? Őłăğëćăěâáï, çâő őâćěâ ŋă ŕőáâăćńěŋŋëľ ćőŕàőá ğăćĺáĺâ őâ áłőàőáâĺ àőáâă äãŋłæĺĺ V . Ĺňěŋŋő, ćëďěńïîâáï ďćě áĺâãăæĺĺ: (a) V (x) =

o(x^2) ŕàĺ x → ∞ ĺ (b) V (x) ≥ cx^2, c > 0. Ć áőőâćěâáâćĺĺ á íâĺňĺ ďćãňï áńãçăïňĺ ňë

äőàňãńĺàãěň ńěňňë 2 ĺ 3.

Ńěňňă 2. Ŕãáâì ćëŕőńŋěŋő ãáńőćĺě (4.1) ĺ ćőğàăáâăîéăï äãŋłæĺï V ćëŕãłńă. Šőčďă ŕàĺ ćáěå x ≥ x_∗ Eξ_x ≤ −ε x V (2x) . Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ťãŋłæĺï V ćëŕãłńă, ŕőíâőňã ć łăęďőľ âőçłě x áãéěáâćãěâ őŕőàŋăï ŕàïňăï ł äãŋłæĺĺ V . Őąőğŋăçĺň çěàěğ dV (x) ãčőń ŋăłńőŋă íâőľ őŕőàŋőľ ŕàïňőľ (ěáńĺ őŕőàŋăï ŕàïňăï ŋě ěďĺŋáâćěŋŋă, âő ćëąĺàăěň ńîąãî ĺğ ŋĺå). Ŕőáłőńìłã V ćëŕãłńă, ŕàĺàăéěŋĺï äãŋłæĺĺ V ãďőćńěâćőàïîâ ŋěàăćěŋáâćã V (y) − V (x) ≥ dV (x)(y − x) ďńï ńîąëå

x, y ≥ 0. Őâáîďă ćëâěłăěâ áńěďãîéăï őæěŋłă áàěďŋěčő áŋőáă ŕàőąŋőľ äãŋłæĺĺ V : E{V (x + ξ_x) − V (x)} ≥ d_V (x)Eξ_x. Őâáîďă ĺ ĺğ ãáńőćĺï (4.1) ćëćőďĺň ŋěàăćěŋáâćő d_V (x)Eξ_x ≤ −ε ŕàĺ x ≥ x∗. Ĺáŕőńìğãï ćëŕãłńőáâì äãŋłæĺĺ V , ŕőńãçăěň d_V (x) ≤ V (2x) − V (x) 2x − x ≤ V (2x) x . Ĺğ ďćãå ŕőáńěďŋĺå ŋěàăćěŋáâć ćëâěłăěâ ãâćěàęďěŋĺě ńěňňë.

Ŋěàăćěŋáâćő ńěňňë 2 ŋěãńãçèăěňő (á âőçŋőáâìî ďő ŕőáâőïŋŋőčő ňŋőęĺâěńï) ńĺèì ďńï äãŋłæĺľ V łńăááă o(x^2). Ć áńãçăě, łőčďă V (x) ≥ cx^2, c > 0, ěčő ňőęŋő áãéěáâćěŋŋő ŕőŕàăćĺâì, ĺáŕőńìğãï ćâőàëě ňőňěŋâë áłăçłőć æěŕĺ, łăł íâő áďěńăŋő ć áńěďãîéěľ ńěňňě.

Ńěňňă 3. Ŕãáâì ćëŕőńŋěŋő ãáńőćĺě (4.1) ĺ ćőğàăáâăîéăï äãŋłæĺï u(x) ≡ V (x)/x ćëŕãłńă, ŕàĺçěň u(0) = 0. Šőčďă ŕàĺ ćáěå x ≥ x_∗

2xEξ_x + E(ξ_x)^2 ≤ −ε x u(2x) . Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ććĺďã ãáńőćĺï ćëŕãłńőáâĺ u, łăł őâňěçăńőáì ć ďőłăğăâěńìáâćě ńěňňë 2, ãčőń ŋăłńőŋă du(x) őŕőàŋőľ ŕàïňőľ ł äãŋłæĺĺ u ć âőçłě x ãďőćńěâćőàïěâ ŋěàăćěŋáâćăň_{u(x + y) − u(x) ≥ d} u(x)y, y ≥ −x, (4.2) u(x) x ≤ d_u(x), (4.3) d_u(x) ≤ u(2x) − u(x) x ≤ u(2x) x . (4.4)

Ĺğ ŋěàăćěŋáâćă (4.2) ćëâěłăěâ áńěďãîéăï őæěŋłă ďńï ŕàĺàăéěŋĺľ äãŋłæĺĺ V , y ≥ −x: V (x + y) − V (x) = (x + y)u(x + y) − xu(x) ≥ d_u(x)(xy + y^2) + u(x)y. Őâáîďă ĺ ĺğ ãáńőćĺï (4.1) áńěďãěâ, çâő d_u(x) [ xEξ_x + E(ξ_x)^2 ] + u(x)Eξ_x ≤ E{V (x + ξ_x) − V (x)} ≤ ≤ −ε ŕàĺ x ≥ x_∗. (4.5)

Ć çăáâŋőáâĺ, Eξx < 0 ŕàĺ x ≥ x∗. Ŕőíâőňã, ŕőďáâăćńïï (4.3) ć (4.5), ŕőńãçăěň ŕàĺ x ≥ x∗ áńěďãîéěě ŋěàăćěŋáâćő d_u(x) [ 2xEξ_x + E(ξ_x)^2 ] ≤ −ε. Ĺğ ŕőáńěďŋěľ őæěŋłĺ ĺ (4.4) ćëâěłăěâ ãâćěàęďěŋĺě ńěňňë.

Ŋěàăćěŋáâćő ńěňňë 3 ŋěãńãçèăěňő ńĺèì ďńï äãŋłæĺľ V łńăááă o(x^2 ln x) ŕàĺ x → ∞. Ěáńĺ V (x) ≥ cx^2 ln x, c > 0, âő ŋěàăćěŋáâćő ńěňňë 3 ňőęŋő ãâőçŋĺâì, ĺáŕőńìğãï ŕàĺ íâőň ŕő-ŕàěęŋěňã ńĺèì ćâőàëě ňőňěŋâë áłăçłőć æěŕĺ, áńěďãîéĺň őąàăğőň.

Ňë ĺáŕőńìğãěň őąőğŋăçěŋĺï (1.3) ĺ (1.4), ă âăłęě L^{(i,k)}(x) = k∏ j=i ln^{(j)} x =

L^{(k)}(x) L^{(i−1)}(x) , i = 1, ..., k. Ťĺłáĺàãěň k ∈ {1, 2, ...}. Ŕãáâì

V (x) = x^2L^{(k−1)}(x)u(ln^{(k)} x), u : R^+ → R^+.

Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ ŕàěďŕőńăčăěň ďő łőŋæă ŕăàăčàăäă, çâő æěŕĺ {X^{(δ)}n } ŕàĺŋĺňăîâ ğŋăçěŋĺï ńĺèì ŋă ŕőńãŕàïňőľ [Ak, ∞), čďě Ak — àěèěŋĺě ãàăćŋěŋĺï ln^{(k)} Ak = 0. Ć çăáâŋőáâĺ, V (X^{(δ)}n ) ≥ 0 á ćěàőïâŋőáâìî 1. Śŕàăćěďńĺćă

Ńěňňă 4. Ŕãáâì ćëŕőńŋěŋő ãáńőćĺě (4.1) ĺ ŋěőâàĺæăâěńìŋăï äãŋłæĺï u(x) ćëŕãłńă, ŕàĺçěň u(0) = 0 ĺ u(ln^{(k)} x) ≤ c + x^{1/5}. Ŕãáâì, łàőňě âőčő, sup_x E{V (|ξ_x|); ξ_x ≤ −N } → 0, N → ∞. (4.6) Šőčďă áãéěáâćãěâ ^x < ∞ âăłőě, çâő ŕàĺ ćáěå x ≥ ^x

2xEξ_x + E(ξ_x)^2 + [ 1 ln x + 1 L^{(2)}(x) + ... + 1 L^{(k)}(x) ] [ xEξ_x + 3 2 E(ξ_x)^2 ] ≤ − ε 2 1 L^{(k−1)}(x)u(2 ln^{(k)} x) .

Ěáńĺ, łàőňě âőčő, sup_x E(ξ_x)^2 < ∞,

âő ŕàĺ ďőáâăâőçŋő ąőńìèĺå x

2xEξ_x + [ 1 + 1 ln x + ... + 1 L^{(k)}(x) ] E(ξ_x)^2 ≤ − ε 4 1 L^{(k−1)}(x)u(2 ln^{(k)} x) . Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őąőğŋăçĺň W (x) ≡ x^2L^{(k−1)}(x) ĺ ŕãáâì W^{−1} — äãŋłæĺï, őąàăâŋăï ł äãŋłæĺĺ W . Ŕőńőęĺň mx ≡ EW (x + ξx). Ŕőáłőńìłã äãŋłæĺï tu(ln^{(k)} W^{−1}(t)) ćëŕãłńă, âő

EV (x + ξ_x) = EW (x + ξ_x)u(ln^{(k)} W^{−1}(W (x + ξ_x))) ≥ m_xu(ln^{(k)} W^{−1}(m_x)).

Őâáîďă ĺ ĺğ ãáńőćĺï (4.1) ĺňěěň, ć çăáâŋőáâĺ, çâő ŕàĺ x ≥ x∗

m_x ≡ EW (x + ξ_x) ≤ W (x). (4.7)

Ććĺďã ćëŕãłńőáâĺ äãŋłæĺĺ u ĺňěěň ŋěàăćěŋáâćő

V (x + y) − V (x) = W (x + y) ( u(ln^{(k)}(x + y)) − u(ln^{(k)} x) ) + [W (x + y) − W (x)] u(ln^{(k)} x) ≥

≥ W (x + y)d_u(ln^{(k)} x) ( ln^{(k)}(x + y) − ln^{(k)} x ) + + [W (x + y) − W (x)] u(ln^{(k)} x). (4.8)

Šăł łăł du(t) ≥ u(t)/t, âő

u(ln^{(k)} x) ≤ d_u(ln^{(k)} x) ln^{(k)} x.

Ććĺďã (4.7) ĺ ŕőáńěďŋěčő ŋěàăćěŋáâćă ĺňěěň ĺğ (4.8) ŕàĺ x ≥ x∗

E{V (x + ξ_x) − V (x)} ≥ d_u(ln^{(k)} x)E(x + ξ_x)^2L^{(k)}(x + ξ_x) − d_u(ln^{(k)} x) ln^{(k)} xEW (x + ξ_x) + +d_u(ln^{(k)} x) ln^{(k)} xE{W (x + ξ_x) − W (x)} = = d_u(ln^{(k)} x) [ E(x + ξ_x)^2L^{(k)}(x + ξ_x) − x^2L^{(k)}(x) ] . Şçĺâëćăï ŋěàăćěŋáâćő du(t) ≤ (u(2t) − u(t))/t ≤ u(2t)/t ĺ ãáńőćĺě (4.1), ŕàĺåőďĺň ŕàĺ x ≥ x∗ ł őæěŋłě

E(x + ξ_x)^2L^{(k)}(x + ξ_x) − x^2L^{(k)}(x) ≤ −ε ln^{(k)} x u(2 ln^{(k)} x)

. (4.9)

Ŕěàćăï ĺ ćâőàăï ŕàőĺğćőďŋëě äãŋłæĺĺ x^2L^{(k)}(x) àăćŋë: d dx x^2L^{(k)}(x) = 2xL^{(k)}(x) + xL^{(2,k)}(x) + ... + x ln^{(k)} x + x, (4.10)

d^2 dx^2 x^2L^{(k)}(x) = 2L^{(k)}(x) + 3L^{(2,k)}(x) + ... + 3 ln^{(k)} x + 3 + ψ(x), (4.11)

čďě ψ(x) ≥ 0 ĺ ψ(x) ≤ cL^{(3,k)}(x)/ ln x ŕàĺ x ≥ Ak. Ŕőíâőňã ŕő äőàňãńě Šěľńőàă ćëćőďĺň ŋěàăćěŋáâćő

(x + y)^2L^{(k)}(x + y) − x^2L^{(k)}(x) ≥ ≥ y [ 2xL^{(k)}(x) + xL^{(2,k)}(x) + ... + x ] + y^2 2 [ 2L^{(k)}(x + θy) + 3L^{(2,k)}(x + θy) + ... + 3 ] ≥ ≥ xy [ 2L^{(k)}(x) + L^{(2,k)}(x) + ... + 1 ] + y^2 [ L^{(k)}(x − y^−) + 3 2 L^{(2,k)}(x − y^−) + ... + 3 2 ] ,(4.12)

čďě 0 ≤ θ ≤ 1 ĺ y^− = max(0, −y). Ŕőáłőńìłã L^{(i,k)}(x −^√x) = L^{(i,k)}(x) + O(x^{−1/4}) ĺ L^{(i,k)}(x −

y^−) ≥ L^{(i,k)}(x) − L^{(i,k)}(A_k + y^−) (ććĺďã ćőčŋãâőáâĺ äãŋłæĺĺ L^{(i,k)}), âő ĺğ (4.12) ĺňěěň

E{(x + ξ_x)^2L^{(k)}(x + ξ_x) − x^2L^{(k)}(x)} ≥ ≥ xEξ_x [ 2L^{(k)}(x) + L^{(2,k)}(x) + ... + 1 ] + E(ξ_x)^2 [ L^{(k)}(x) + 3 2 L^{(2,k)}(x) + ... + 3 2 ] + o(x^{−1/4}) − −E { (ξ_x)^2 [ L^{(k)}(A_k + ξ^−_x ) + 3 2 L^{(2,k)}(A_k + ξ^−_x ) + ... + 3 2 ln^{(k)}(A_k + ξ^−_x ) ] ; ξ_x ≤ − √ x } = = L^{(k)}(x) ( 2xEξ_x + E(ξ_x)^2 ) + L^{(k)}(x) [ 1 ln x + 1 L^{(2)}(x) + ... + 1 L^{(k)}(x) ] [ xEξ_x + 3 2 E(ξ_x)^2 ] + +o(x^{−1/4}) + o ( ln^{(k)} x u(ln^{(k)} x) )

ŕàĺ x → ∞ (ňăńőáâì őáâăâőçŋëå çńěŋőć áńěďãěâ ĺğ ãáńőćĺï (4.6) ĺ ŋěàăćěŋáâćă Ůěąëèěćă). Ŕőďáâăćńïï ŕőáńěďŋěě ŋěàăćěŋáâćő ć (4.9), ŕőńãçăěň áŕàăćěďńĺćőáâì ŕěàćőľ őæěŋłĺ ńěňňë ŕàĺ ďőáâăâőçŋő ąőńìèĺå x.

Ŕőáłőńìłã ńěćăï çăáâì ŕěàćőľ őæěŋłĺ ńěňňë àăćŋă ( 2xEξ_x + E(ξ_x)^2 ) [ 1 + 1 2 ln x + 1 2L^{(2)}(x) + ... + 1 2L^{(k)}(x) ] + [ 1 ln x + 1 L^{(2)}(x) + ... + 1 L^{(k)}(x) ] E(ξ_x)^2,

âő ćâőàăï őæěŋłă ńěňňë ŕőńãçăěâáï ĺğ ŕěàćőľ ãňŋőęěŋĺěň ŋă [ 1 + 1 2 ln x + 1 2L^{(2)}(x) + ... + 1 2L^{(k)}(x) ]_{−1} . x 5. Şáńőćĺï ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ďńï

ćěéěáâćěŋŋőğŋăçŋëå æěŕěľ Ňăàłőćă ć âěàňĺŋăå ňőňěŋâőć áłăçłőć æěŕěľ

Ŕãáâì {X^{(δ)}n }^∞_{n=0} — æěŕì Ňăàłőćă áő ğŋăçěŋĺïňĺ ć R^+ ĺ á ŕěàěåőďŋëňĺ ćěàőïâŋőáâïňĺ

P^{(δ)}(x, ·); δ ∈ Δ, Δ — ŕàőĺğćőńìŋőě ŕăàăňěâàĺçěáłőě ňŋőęěáâćő. Őąőğŋăçĺň çěàěğ ξ^{(δ)}_x

áńãçăľŋãî ćěńĺçĺŋã á àăáŕàěďěńěŋĺěň P{x + ξ^{(δ)}x ∈ B} = P^{(δ)}(x, B). Ć áńěďãîéĺå âěőàěňăå 5 ĺ 6 ćëïáŋïěâáï, áłőńì ąëáâàő ňőęěâ àăáâĺ (ŕő x) ğŋăçěŋĺě Eξ^{(δ)}x , çâőąë áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ąëńő ŕńőâŋëň. Śŕàăćěďńĺćă

Šěőàěňă 5. Ŕãáâì ŋěőâàĺæăâěńìŋăï ćőčŋãâăï äãŋłæĺï v âăłőćă, çâő v(x)/x → 0 ŕàĺ x → ∞. (5.1) Ŕãáâì ďńï ŋěłőâőàőčő ^x ćëŕőńŋěŋő

Eξ^{(δ)}_x ≤ −1/v(x) (5.2)

ŕàĺ ćáěå x ≥ ^x ĺ δ ∈ Δ, ĺ áěňěľáâćő áńãçăľŋëå ćěńĺçĺŋ {|ξ^{(δ)}x |v(|ξ^{(δ)}x |)} ĺŋâěčàĺàãěňő àăćŋőňěàŋő ŕő x ĺ δ, â. ě.

sup_{x,δ} E{|ξ^{(δ)}_x |v(|ξ^{(δ)}_x |); |ξ^{(δ)}_x | ≥ N } → 0 ŕàĺ N → ∞. (5.3)

Šőčďă áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ŕńőâŋő.

Śńěďáâćĺěň ŋăáâőïéěľ âěőàěňë (ŕàĺ v(x) = const) ĺ âěőàěňë 1 ïćńïîâáï âěőàěňë ãáâőľçĺćőáâĺ ĺğ [11, § 20] (áň. âăłęě [12, čń. 4]).

Ğ ă ň ě ç ă ŋ ĺ ě. Ŕőáłőńìłã äãŋłæĺï v ŋěőâàĺæăâěńìŋă ĺ ćőčŋãâă, âő v ŋě ãąëćăěâ, ă äãŋłæĺï v(x)/x ŋě ćőğàăáâăěâ. Ć çăáâŋőáâĺ, ŕàěďěń őâŋőèěŋĺï v(x)/x ć (5.1) ćáěčďă áãéěáâćãěâ (ŕőńőęĺâěńìŋëľ ĺńĺ àăćŋëľ ŋãńî).

Ď ő ł ă ğ ă â ě ń ì á â ć ő âěőàěňë. Ŕãáâì ŋěőâàĺæăâěńìŋăï ćőğàăáâăîéăï äãŋłæĺï

g : R^+ → R^+ âăłőćă, çâő g(x) ↑ ∞, ŕàĺçěň

äãŋłæĺï Q(x) = v(x)g(x) ćőčŋãâă, (5.4)

sup_{x,δ} E{|ξ^{(δ)}_x |Q(|ξ^{(δ)}_x |)} = c_1 < ∞. (5.5)

Śãéěáâćőćăŋĺě äãŋłæĺĺ g, őąńăďăîéěľ ŕěàěçĺáńěŋŋëňĺ áćőľáâćăňĺ, őąěáŕěçěŋő ãáńőćĺïňĺ

(5.1) ĺ (5.3).

Ććěďěň ć àăááňőâàěŋĺě ŕàőąŋãî äãŋłæĺî V , őŕàěďěńïěňãî àăćěŋáâćőň

V (x) = ∫_x 0 Q(y)dy. Őæěŋĺň ŕàĺàăéěŋĺï äãŋłæĺĺ V . Ŕő äőàňãńě Šěľńőàă ĺňěěň ŕàĺ ńîąëå x, y ≥ 0 (0 ≤ θ = θ(x, y) ≤ 1): V (y) − V (x) = Q(x + θ(y − x))(y − x) = = Q(x)(y − x) + [Q(x + θ(y − x)) − Q(x)](y − x). Ććĺďã ćőčŋãâőáâĺ ĺ ćőğàăáâăŋĺï (áň. (5.4)) äãŋłæĺï Q őąńăďăěâ áćőľáâćőň: |Q(u) − Q(t)| ≤

Q(|u − t)| ďńï ńîąëå u, t ≥ 0. Ŕőíâőňã V (y) − V (x) ≤ Q(x)(y − x) + Q(|θ(y − x)|)|y − x| ≤ ≤ Q(x)(y − x) + Q(|y − x|)|y − x|. Őâáîďă, ă âăłęě ĺğ (5.5) ćëâěłăěâ, çâő

E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ Q(x)Eξ^{(δ)}_x + c_1 =

= g(x)(v(x)Eξ^{(δ)}_x ) + c_1 ≤ ≤ −g(x) + c_1, c_1 < ∞, ŕàĺ x ≥ ^x ĺ δ ∈ Δ ććĺďã ãáńőćĺï (5.2). Šăł łăł ŕő ŕőáâàőěŋĺî g(x) → ∞ ŕàĺ x → ∞, âő ďăńìŋěľèěě ĺáŕőńìğőćăŋĺě âěőàěňë 3 (łăł ĺ ŕàĺ ďőłăğăâěńìáâćě âěőàěňë 4) ğăćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë 5.

Ěáńĺ ŋě őąàăéăâì ćŋĺňăŋĺě ŋă ćőčŋãâőáâì äãŋłæĺĺ v, âő ãáńőćĺï (5.1)–(5.2) ňőęŋő ŕěàěäőàňãńĺàőćăâì áńěďãîéĺň őąàăğőň:

lim sup x→∞ xEξ^{(δ)}_x = −∞ àăćŋőňěàŋő ŕő δ ∈ Δ. Ďăńěě ňë àăááňăâàĺćăěň áĺâãăæĺî, łőčďă íâő ãáńőćĺě, ćőőąéě čőćőàï, ŋăàãèěŋő. Ŋăŕàĺňěà, łőčďă ŕàĺ ŋěłőâőàőň q < 0 ćëŕőńŋěŋő Eξ^{(δ)}x ∼ q/x ŕàĺ x → ∞. Őłăğëćăěâáï, çâő ĺ ć íâőň áńãçăě ŕńőâŋőáâì áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ňőęěâ ĺňěâì ňěáâő, ěáńĺ łőŋáâăŋâă q óďőáâăâőçŋő őâàĺæăâěńìŋăô. Ŕàĺ íâőň ŕàĺåőďĺâáï ŕàĺćńěłăâì ł àăááňőâàěŋĺî ćâőàëě ňőňěŋâë áłăçłőć æěŕěľ, łăł íâő áďěńăŋő ć áńěďãîéěľ âěőàěňě.

Šěőàěňă 6. Ŕãáâì ŋěőâàĺæăâěńìŋăï ćőčŋãâăï äãŋłæĺï v ãďőćńěâćőàïěâ ãáńőćĺî (5.1). Ŕãáâì ďńï ŋěłőâőàőčő ^x < ∞ ćëŕőńŋïěâáï ŋěàăćěŋáâćő

2xEξ^{(δ)}_x + E(ξ^{(δ)}_x )^2 ≤ −1/v(ln x) (5.6) ŕàĺ ćáěå x ≥ ^x ĺ δ ∈ Δ, ă âăłęě ŕãáâì áěňěľáâćő áńãçăľŋëå ćěńĺçĺŋ {(ξ^{(δ)}x )^2v(ln ξ^{(δ)}x )I{ξ^{(δ)}x ≥ 1}} ĺŋâěčàĺàãěňő àăćŋőňěàŋő ŕő x ĺ δ, â. ě.

sup_{x,δ} E{(ξ^{(δ)}_x )^2v(ln ξ^{(δ)}_x ); ξ^{(δ)}_x ≥ N } → 0 ŕàĺ N → ∞,

ă ćâőàëě ňőňěŋâë áłăçłőć æěŕěľ őčàăŋĺçěŋë àăćŋőňěàŋő ŕő x ĺ δ, â. ě.

sup_{x,δ} E(ξ^{(δ)}_x )^2 < ∞.

Šőčďă áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ŕńőâŋő.

Śńěďáâćĺěň ŋăáâőïéěľ âěőàěňë ĺ âěőàěňë 1 ïćńïěâáï âěőàěňë ãáâőľçĺćőáâĺ ĺğ [13] ĺ [5] (ŕàĺ v(x) = const > 0).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ áçĺâăěň, çâő æěŕĺ {X^{(δ)}n } ŕàĺŋĺňăîâ ğŋăçěŋĺï ć [1, ∞). Ĺğ ãáńőćĺľ âěőàěňë áńěďãěâ, çâő áãéěáâćãěâ ŕőńőęĺâěńìŋăï ćőğàăáâăîéăï äãŋłæĺï g âăłăï, çâő g(x) ↑ ∞ ŕàĺ x → ∞, äãŋłæĺï^~Q(x) = v(x)g(x) ćőčŋãâă, (5.7)

sup_{x,δ} E{(ξ^{(δ)}_x )^2 ~Q(ln(1 + ξ^{(δ)}_x )); ξ^{(δ)}_x ≥ 0} = c_2 < ∞. (5.8)

Ŕőńőęĺň ^Q(x) ≡ ∫_x 0 ~Q(y)dy ĺ Q(x) ≡ ∫_x 0 ^Q(y)dy. Ŕőáłőńìłã äãŋłæĺï^~Q ćőčŋãâă, âő ŕàőĺğćőďŋăï^^Q^′(x) =^~Q(x + 1) −^~Q(x) ŋě ćőğàăáâăěâ ĺ, áńěďőćăâěńìŋő, äãŋłæĺï^^Q ćőčŋãâă. Ć çăáâŋőáâĺ, ďńï ńîąőčő x ≥ 0

Q^′(x) = ^Q(x + 1) − ^Q(x) ≤ ^Q(1). (5.9)

Řőćŋő âăłęě ćőčŋãâă ĺ äãŋłæĺï Q. Ŕő ŕőáâàőěŋĺî^~Q(x) ≤ Q(x) ≤^~Q(x + 2), ŕőíâőňã Q(x) ∼ ~Q(x) ŕàĺ x → ∞. (5.10) Řăááňőâàĺň ŕàőąŋãî äãŋłæĺî V (x) = x^2Q(ln x). Őæěŋĺň áćěàåã ŕàĺàăéěŋĺě äãŋłæĺĺ V . Ŕő äőàňãńě Šěľńőàă ĺňěěň ŕàĺ y ≥ −x + 1 àăğńőęěŋĺě (0 ≤ θ = θ(x, y) ≤ 1):

V (x + y) − V (x) = y[2xQ(ln x) + xQ^′(s)|_{s=ln x}] + + y^2 2 [ 2Q(ln(x + θy)) + (3Q^′(s) + Q^{′′}(s))|_{s=ln(x+θy)} ] ≤ ≤ (2xy + y^2)Q(ln x) + yxQ^′(s)|_{s=ln x} + y^2 ( Q(ln(1 + y^+)) + 3 2 ^Q(1) ) . čďě ŋěàăćěŋáâćő ćěàŋő ććĺďã ćőğàăáâăŋĺï ĺ ćőčŋãâőáâĺ äãŋłæĺï Q, (5.9) ĺ ŋěŕőńőęĺâěńìŋőáâĺ ćâőàőľ ŕàőĺğćőďŋőľ Q^{′′}(s); y^+ = max(0, y). Őâáîďă ćëćőďĺň áńěďãîéãî őæěŋłã áćěàåã ďńï áàěďŋěčő áŋőáă ŕàőąŋőľ äãŋłæĺĺ V ĺğ áőáâőïŋĺï x: E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ [ 2xEξ^{(δ)}_x + E(ξ^{(δ)}_x )^2 ] Q(ln x) +

+xQ^′(s)|_{s=ln x}Eξ^{(δ)}_x + E(ξ^{(δ)}_x )^2Q(ln(1 + ξ^{(δ)+}_x )) + 3 2 ^Q(1)E(ξ^{(δ)}_x )^2.

Şçĺâëćăï, çâő Eξ^{(δ)}x < 0 ŕàĺ x ≥ ^x (ć áĺńã ãáńőćĺï (5.6)), ă âăłęě (5.8) ĺ àăćŋőňěàŋãî őčàăŋĺçěŋŋőáâì ćâőàëå ňőňěŋâőć áłăçłőć æěŕěľ, ŕőńãçăěň ŕàĺ x ≥ ^x áőőâŋőèěŋĺě E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ [ 2xEξ^{(δ)}_x + E(ξ^{(δ)}_x )^2 ] Q(ln x) + á_3.

Őâáîďă ććĺďã (5.6) ĺ (5.10) ŕàĺåőďĺň ł áńěďãîéĺň áőőâŋőèěŋĺïň E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ − Q(ln x) v(ln x)

+ c_3 ∼ ∼ −g(ln x), x → ∞, âăł łăł ŕő ŕőáâàőěŋĺî g(ln x) → ∞. Ďăńìŋěľèěě ĺáŕőńìğőćăŋĺě âěőàěňë 3 (łăł ĺ ŕàĺ ďőłăğăâěńìáâćě âěőàěňë 4) ğăćěàèăěâ ďőłăğăâěńìáâćő.

Łăł ĺ ćáńěď ğă ďőłăğăâěńìáâćőň âěőàěňë 5 áńěďãěâ őâňěâĺâì, çâő ãáńőćĺï (5.1) ĺ (5.6) ňőęŋő ŕěàěäőàňãńĺàőćăâì áńěďãîéĺň őąàăğőň:

lim sup x→∞ [2xEξ^{(δ)}_x + E(ξ^{(δ)}_x )^2] ln x = −∞

àăćŋőňěàŋő ŕő δ ∈ Δ. Ěáńĺ íâő ãáńőćĺě ŋăàãèěŋő, âő ŕńőâŋőáâì áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ćáě ěéě ňőęěâ ĺňěâì ňěáâő. Ĺňěŋŋő, áŕàăćěďńĺćă

Šěőàěňă 7. Ŕãáâì ŋěőâàĺæăâěńìŋăï ćőčŋãâăï äãŋłæĺï v ãďőćńěâćőàïěâ ãáńőćĺî (5.1). Ŕãáâì k ∈ {1, 2, ...} ĺ ďńï ŋěłőâőàőčő ^x < ∞ ćëŕőńŋïěâáï ŋěàăćěŋáâćő

2xEξ^{(δ)}_x + [ 1 + 1 ln x + 1 L^{(2)}(x) + ... + 1 L^{(k)}(x) ] E(ξ^{(δ)}_x )^2 ≤ − 1 L^{(k)}(x)v(ln^{(k+1)} x)

(5.11)

ŕàĺ ćáěå x ≥ ^x ĺ δ ∈ Δ. Ŕãáâì

sup_{x,δ} E{(ξ^{(δ)}_x )^2L^{(k)}(ξ^{(δ)}_x )v(ln^{(k+1)} ξ^{(δ)}_x ); ξ^{(δ)}_x ≥ N } → 0 ŕàĺ N → ∞,

ĺ ćëŕőńŋěŋő ãáńőćĺě ŕàěďëďãéěľ âěőàěňë ő àăćŋőňěàŋőľ őčàăŋĺçěŋŋőáâĺ ćâőàëå ňőňěŋâőć áłăçłőć. Šőčďă áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ŕńőâŋő.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ áçĺâăěň, çâő æěŕĺ {X^{(δ)}n } ŕàĺŋĺňăîâ ğŋăçěŋĺï ć [Ak+1, ∞), čďě Ak+1 — àěèěŋĺě ãàăćŋěŋĺï ln^{(k+1)} Ak+1 = 0. Ć áĺńã ãáńőćĺľ âěőàěňë áãéěáâćãěâ ćőčŋãâăï äãŋłæĺï^~Q âăłăï, çâő^~Q(x)/v(x) ↑ ∞ ŕàĺ x → ∞,

sup_{x,δ} E{(ξ^{(δ)}_x )^2L^{(k)}(A_{k+1} + ξ^{(δ)}_x ) ~Q(ln^{(k+1)}(A_{k+1} + ξ^{(δ)}_x )); ξ^{(δ)}_x ≥ 0} = c_4 < ∞. (5.12)

Řăááňőâàĺň ŕàőąŋãî äãŋłæĺî V (x) = x^2L^{(k)}(x)Q(ln^{(k+1)} x), čďě äãŋłæĺï Q ŕőáâàőěŋă ć åőďě ŕàěďëďãéěčő ďőłăğăâěńìáâćă. Şçĺâëćăï (4.10) ĺ ŋěőâàĺæăâěńìŋőáâì Q^′, ĺňěěň ŋěàăćěŋáâćő d dx V (x) ≥ ( 2xL^{(k)}(x) + xL^{(2,k)}(x) + ... + x ln^{(k)} x + x ) Q(ln^{(k+1)} x).

Ťãŋłæĺï Q ćőčŋãâă, ŕőíâőňã Q^{′′} ≤ 0 ĺ, łàőňě âőčő, d dx Q(ln^{(k+1)} x) ≤ sup_s Q^′(s) xL^{(k)}(x) = c_5 xL^{(k)}(x) . Ćňěáâě á (4.11) íâő ďăěâ áńěďãîéãî őæěŋłã áćěàåã ďńï ćâőàőľ ŕàőĺğćőďŋőľ äãŋłæĺĺ V :

d^2 dx^2 V (x) ≤ [ 2L^{(k)}(x) + 3L^{(2,k)}(x) + ... + 3 ln^{(k)} x + 3 ] Q(ln^{(k+1)} x) + c_6.

Ŕő äőàňãńě Šěľńőàă

E{V (x + ξ^{(δ)}_x ) − V (x)} = V^′(x)Eξ^{(δ)}_x + 1 2 E { V^{′′}(x + θξ^{(δ)}_x )(ξ^{(δ)}_x )^2 } Şçĺâëćăï, çâő Eξ^{(δ)}x < 0 ŕàĺ x ≥ ^x (ććĺďã ãáńőćĺï (5.11)), ă âăłęě őæěŋłĺ ďńï V^′ ĺ V^{′′} ĺ ãáńőćĺě àăćŋőňěàŋőľ őčàăŋĺçěŋŋőáâĺ ćâőàëå ňőňěŋâőć áłăçłőć, ŕőńãçăěň áńěďãîéãî őæěŋłã áćěàåã ďńï áàěďŋěčő áŋőáă ŕàőąŋőľ äãŋłæĺĺ V ĺğ áőáâőïŋĺï x: E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ x ( 2L^{(k)}(x) + L^{(2,k)}(x) + ... + ln^{(k)} x + 1 ) Q(ln^{(k+1)} x)Eξ^{(δ)}_x +

+E(ξ^{(δ)}_x )^2 ( L^{(k)}(η) + 3 2 [ L^{(2,k)}(η) + ... + ln^{(k)}(η) + 1 ]) Q(ln^{(k+1)}(η)) | | |_{η=x+ξ(δ)+x} + c7. Ŕőáłőńìłã äãŋłæĺĺ L^{(i,k)}(x)Q(ln^{(k+1)} x) ćőčŋãâë, âő ŕàĺ y > 0

L^{(i,k)}(x + y)Q(ln^{(k+1)}(x + y)) ≤

≤ L^{(i,k)}(x)Q(ln^{(k+1)} x) + á_8L^{(i,k)}(A_{k+1} + y)Q(ln^{(k+1)}(A_{k+1} + y))

ĺ, áńěďőćăâěńìŋő, E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ [ 2xEξ^{(δ)}_x + E(ξ^{(δ)}_x )^2 ] L^{(k)}(x)Q(ln^{(k+1)} x) + + [ xEξ^{(δ)}_x + 3 2 E(ξ^{(δ)}_x )^2 ] [ 1 ln x + ... + 1 L^{(k)}(x) ] L^{(k)}(x)Q(ln^{(k+1)} x) + c_9,

ććĺďã (5.12). Ć áĺńã (5.11) 2xEξ^{(δ)}x + E(ξ^{(δ)}x )^2 < 0 ŕàĺ x ≥ ^x, ŕőíâőňã ŕőáńěďŋěě ŋěàăćěŋáâćő ćńěçěâ E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ [ 2xEξ^{(δ)}_x + [ 1 + 1 ln x + ... + 1 L^{(k)}(x) ] E(ξ^{(δ)}_x )^2 ] L^{(k)}(x)Q(ln^{(k+1)} x) + c_9,

Ĺáŕőńìğãï ãáńőćĺě (5.11) âěőàěňë, ŕàĺåőďĺň ŕàĺ x ≥ ^x ł őæěŋłě E{V (x + ξ^{(δ)}_x ) − V (x)} ≤ − Q(ln^{(k+1)} x) v(ln^{(k+1)} x)

+ c_9 → −∞, x → ∞. Ďăńìŋěľèěě ĺáŕőńìğőćăŋĺě âěőàěňë 3 (łăł ĺ ć åőďě ďőłăğăâěńìáâćă âěőàěňë 4) ğăćěàèăěâ ďőłăğăâěńìáâćő.

x 6. Şáńőćĺï ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ć

âěàňĺŋăå ŕàőąŋëå äãŋłæĺľ

Ŕàĺ àěèěŋĺĺ ćőŕàőáă őą ãáńőćĺïå ŕńőâŋőáâĺ áěňěľáâćă ĺŋćăàĺăŋâŋëå ňěà ć âěàňĺŋăå ŕàőąŋëå äãŋłæĺľ (äãŋłæĺľ Ńïŕãŋőćă) ňë ąãďěň ŕàěďŕőńăčăâì, çâő áãéěáâćãîâ çĺáńă x∗, c ĺ

ε > 0 âăłĺě, çâő

a^{(δ)}(x) ≡ E{V (ξ^{(δ)}_x ) − V (x)} ≤ −ε < 0, (6.1)

ěáńĺ x ≥ x∗ ĺ a^{(δ)}(x) ≤ c ďńï ćáěå x ≥ 0 ĺ δ ∈ Δ. Łàőňě âőčő, ąãďěň ŕàěďŕőńăčăâì ćëŕőńŋěŋŋëň áńěďãîéěě ćěáìňă ěáâěáâćěŋŋőě ãáńőćĺě ő àăćŋőňěàŋőľ (ŕő x ≥ 0 ĺ δ ∈ Δ) ĺŋâěčàĺàãěňőáâĺ áěňěľáâćă áńãçăľŋëå ćěńĺçĺŋ {V (|ξ^{(δ)}x |)}, â. ě.

sup_{x,δ} E{V (|ξ^{(δ)}_x |); |ξ^{(δ)}_x | ≥ N } → 0 ŕàĺ N → ∞. (6.2)

(ãáńőćĺě âĺŕă Ńĺŋďěąěàčă). Şáńőćĺě (6.2) ć ŋĺęěáńěďãîéĺå âěőàěňăå 8 ĺ 9 ćěáìňă ąńĺğłő ł ŋěőąåőďĺňőňã. Ŋăá ĺŋâěàěáãěâ ćőŕàőá, łăłĺě őčàăŋĺçěŋĺï (ŕő-ćőğňőęŋőáâĺ, ňĺŋĺňăńìŋëě) ŋăďő ŋăńőęĺâì ŋă ŕàőąŋãî äãŋłæĺî V , çâőąë áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ąëńő ŕńőâŋëň? Łăł ĺ ć § 4, őâćěâ ŋă ŕőáâăćńěŋŋëľ ćőŕàőá ğăćĺáĺâ őâ áłőàőáâĺ àőáâă äãŋłæĺĺ V . Ć âěőàěňě 8 àăááňăâàĺćăěâáï áńãçăľ V (x) = o(x^2) ŕàĺ x → ∞. Ć âěőàěňě 9 àăááňăâàĺćăěâáï áńãçăľ V (x) ≥ cx^2, c > 0.

Šěőàěňă 8. Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï (6.1) ĺ (6.2). Łàőňě âőčő, ŕãáâì ćőğàăáâăîéăï äãŋłæĺï V ćëŕãłńă ĺ ďőŕãáłăěâ ăáĺňŕâőâĺçěáłőě ŕàěďáâăćńěŋĺě

V (x) = xv(x)(1 + o(1)) ŕàĺ x → ∞,

čďě ŋěőâàĺæăâěńìŋăï äãŋłæĺï v ćőčŋãâă. Šőčďă áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ŕńőâŋő.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ğăňěâĺň, çâő ěáńĺ v ćőčŋãâă, âő V (2x) ≤ 5V (x) ŕàĺ ďőáâăâőçŋő ąőńìèĺå x. Ććĺďã íâőčő ğăňěçăŋĺï âěőàěňă ćëâěłăěâ ĺğ ńěňňë 2 ĺ âěőàěňë 5 (ěáńĺ v(x)/x → 0) ĺ ĺğ ńěňňë 3 ĺ âěőàěňë 6 (ěáńĺ v(x) = cx, c > 0).

Šěőàěňă 9. Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï (6.1) ĺ (6.2). Łàőňě âőčő, ŕãáâì äãŋłæĺï V ďőŕãáłăěâ ăáĺňŕâőâĺçěáłőě ŕàěďáâăćńěŋĺě

V (x) = x^2L^{(k)}(x)v(ln^{(k+1)} x)(1 + o(1)) ŕàĺ x → ∞,

čďě k ∈ {0, 1, 2, ...} (áçĺâăěň L^{(0)}(x) ≡ 1), ŋěőâàĺæăâěńìŋăï äãŋłæĺï v ćőčŋãâă, ă äãŋłæĺï tv(ln(1 + t)) ćëŕãłńă. Šőčďă áěňěľáâćő ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}, δ ∈ Δ} ŕńőâŋő.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ć áńãçăě k = 0 âěőàěňă áńěďãěâ ĺğ ńěňňë 3 ĺ âěőàěňë 6. Ć áńãçăě k ≥ 1 âěőàěňă áńěďãěâ ĺğ ńěňňë 4 ĺ âěőàěňë 7.

Ć ğăłńîçěŋĺě őâňěâĺň, łăł ňőęŋő ĺáŕőńìğőćăâì ŕőńãçěŋŋëě àěğãńìâăâë ďńï æěŕěľ Ňăàłőćă áő ğŋăçěŋĺïňĺ ć ŕàőĺğćőńìŋőň ňěâàĺçěáłőň ŕàőáâàăŋáâćě S. Ŕàěďńőęěŋŋëě ŋăňĺ ďőłăğăâěńìáâćă ŕőğćőńïîâ ğăňěŋĺâì æěŕì Ňăàłőćă {X^{(δ)}n } áő ğŋăçěŋĺïňĺ ć R^+ ŋă äãŋłæĺî őâ æěŕĺ Ňăàłőćă. Ĺňěŋŋő, ŕãáâì {Y^{(δ)}n } — æěŕì Ňăàłőćă áő ğŋăçěŋĺïňĺ ć ňěâàĺçěáłőň ŕàőáâàăŋáâćě S, ă f : S → R^+ ĺ V : R^+ → R^+ áãâì ŋěőâàĺæăâěńìŋëě äãŋłæĺĺ. Ŕãáâì áãéěáâćãîâ x∗ ĺ ε > 0 âăłĺě, çâő ŕàĺ ćáěå δ ∈ Δ ćëŕőńŋïěâáï

a^{(δ)}(t) ≡ E{V (f(Y^{(δ)}_1 )) − V (f(t))|Y^{(δ)}_0 = t} ≤ −ε,

ěáńĺ f(t) ≥ x∗ ĺ sup t∈S,δ∈Δ a^{(δ)}(t) < ∞. Őąőğŋăçĺň çěàěğ η^{(δ)}_t áńãçăľŋãî ćěńĺçĺŋã á àăáŕàěďěńěŋĺěň

P{η^{(δ)}_t ∈ B} = P{f(Y^{(δ)}_1 ) − f(t) ∈ B|Y^{(δ)}_0 = t}, B ∈ B(R^+).

Ŕàěďŕőńőęĺň, çâő áěňěľáâćő áńãçăľŋëå ćěńĺçĺŋ {V (|η^{(δ)}_t |)} ĺŋâěčàĺàãěňő àăćŋőňěàŋő ŕő

t ∈ S ĺ δ ∈ Δ. Šőčďă, ěáńĺ äãŋłæĺï V ãďőćńěâćőàïěâ ãáńőćĺïň âěőàěň 8 ĺńĺ 9, âő áěňěľáâćő

ĺŋćăàĺăŋâŋëå ňěà {π^{(δ)}(f^{−1}(·)), δ ∈ Δ} ŋă R^+ ŕńőâŋő.

İâő ãâćěàęďěŋĺě ňőęŋő ŕàĺňěŋïâì ł ňŋőčőňěàŋëň æěŕïň Ňăàłőćă ć (R^+)^d. Śłăęěň, ěáńĺ őďŋă ĺğ łőőàďĺŋăâ æěŕĺ (łőâőàăï, łăł ŕàăćĺńő, áăňă ŕő áěąě ŋě ïćńïěâáï æěŕìî Ňăàłőćă) ãďőćńěâćőàïěâ ãáńőćĺïň âĺŕă ãáńőćĺľ âěőàěň 8 ĺńĺ 9, âő áěňěľáâćő ňěà, áőőâćěâáâćãîéĺå íâőľ łőőàďĺŋăâě, ŕńőâŋő (łăł ć áńěďáâćĺĺ 2).

Ńĺâěàăâãàă

[1] Meyn S. P., Tweedie R. L. Markov Chains and Stochastic Stability. Springer–Verlag, London etc., 1993.

[2] Karr A. F. Weak convergence of a Sequence of Markov Chains. Z. Wahrscheinlichkeistheorie und verw. Gebiete., 1975, B. 33, S. 41–48.

[3] Ňăńëèěć Ć. Ă., Ňěŋìèĺłőć Ň. Ć. İàčőďĺçŋőáâì, ŋěŕàěàëćŋőáâì ĺ ăŋăńĺâĺçŋőáâì áçěâŋëå æěŕěľ Ňăàłőćă. Šà. Ňőáłőćáłőčő ňăâěňăâĺçěáłőčő őąéěáâćă, 1979, Š. 39, á. 3–48.

[4] Łăńăèŋĺłőć Ć. Ć., Řăçěć Ś. Š. Ňăâěňăâĺçěáłĺě ňěâőďë ŕőáâàőěŋĺï áâőåăáâĺçěáłĺå ňőďěńěľ őąáńãęĺćăŋĺï. Ň., Ŋăãłă, 1988.

[5] Korshunov D. Transition phenomena for real-valued Markov chains. Siberian Adv. Math., 1993, V. 3, P. 53–100.

[6] Ňěŋìèĺłőć Ň. Ć., İľáëňőŋâ Ĺ. Ň., §áŋőčőàőďáłĺľ Ř. Ňăàłőćáłĺě ŕàőæěááë á ăáĺňŕâőâĺçěáłĺ ŋãńěćëň áŋőáőň. Ŕàőąńěňë xŕěàěďăçĺ ĺŋäőàňăæĺĺ, 1995, Š. 31, ò3, á. 60–75.

[7] Fayolle G., Malyshev V. A., Menshikov M. V. Topics in the Constructive Theory of Śountable Markov Śhains. Cambridge Univ. Press, 1995.

[8] Lamperti J. Criteria for stochastic processes II: passage-time moments. J. Math. Anal. Appl.

7, 1963, P. 127–145.

[9] Ąĺńńĺŋčáńĺ Ŕ. Śåőďĺňőáâì ćěàőïâŋőáâŋëå ňěà. Ň.: Ŋăãłă, 1977.

[10] Ŋăğăàőć Ń. Ć., Śňĺàŋőć Ś. Ŋ. Őæěŋĺćăŋĺě ňőňěŋâőć áâăæĺőŋăàŋőčő àăáŕàěďěńěŋĺï æěŕĺ

Ňăàłőćă ňěâőďőň ŕàőąŋëå äãŋłæĺľ. Ćěáâŋĺł Ňőáłőćáłőčő ãŋ-âă, Śěà. 15, 4, Ś. 43–48.

[11] Ąőàőćłőć Ă. Ă. Ćěàőïâŋőáâŋëě ŕàőæěááë ć âěőàĺĺ ňăááőćőčő őąáńãęĺćăŋĺï. Ň.: Ŋăãłă, 1972.

[12] Ąőàőćłőć Ă. Ă. Ăáĺňŕâőâĺçěáłĺě ňěâőďë ć âěőàĺĺ ňăááőćőčő őąáńãęĺćăŋĺï. Ň.: Ŋăãłă, 1983.

[13] Borovkov A. A., Fayolle G., Korshunov D. A. Transient phenomena for Markov chains and application. Adv. Appl. Probab., 1992, 24, P. 322–342.