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AN ANALOG OF WALD’S IDENTITY FOR

RANDOM WALKS WITH INFINITE MEAN

D. A. Korshunov UDC 519.21

Abstract: We deduce an analog of the classical Wald’s identity ESτ = EτEξ in the case of the infinite
mean of summands. We find the conditions on τ under which Emin(Sτ , x) ∼ EτEmin(ξ, x) as x→∞.
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Let ξ, ξ1, ξ2, . . . be independent identically distributed random variables valued in R. Put Sn = ξ1 +
· · ·+ ξn. Let τ be a random variable valued in {1, 2, . . . }. The following equality, well known as Wald’s
identity,

ESτ = EτEξ, (1)

holds if both Eτ and E|ξ| are finite and τ is such that, for every n,
the event {τ ≤ n} does not depend on ξn+1. (2)

For hitting times and, more generally, for some stopping times, the corresponding theorems were first
proved by Wald in [1–3] and then they were improved by Wolfowitz [4] (also see [5, Chapters XII
and XVIII]). The general result was formulated and proved by A. N. Kolmogorov and Yu. V. Prokhorov
in [6] under a condition similar to (2) (also see [7, Chapter 4]).
In the present article we consider the case of the infinite mean value, E|ξ| =∞. In this case both left

and right sides of (1) may be either nondefined or infinite (positive or negative). Thus we are interested
in the asymptotic behavior of E{Sτ ;−y ≤ Sτ ≤ x} as x, y →∞.
Given an arbitrary random variable X, we denote the positive part max(0, X) of X by X+ and the

negative part max(0,−X) of X by X−, so that X = X+−X−. Denote the truncated mean value of the
positive part of ξ by

m+(x) = Emin(ξ+, x) =

x∫

0

P{ξ > y} dy,

x > 0, and the truncated mean value of the negative part of ξ by

m−(x) = Emin(ξ−, x) =
0∫

−x
P{ξ < y}dy.

We observe first that the positive part of the sum may be estimated by the sum of positive parts of
summands,

S+τ ≤ ξ+1 + · · ·+ ξ+τ .
Together with the concavity of the function y → min(y, x) this implies the inequality

min(S+τ , x) ≤ min(ξ+1 , x) + · · ·+min(ξ+τ , x).
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Since min(ξ+, x) has a finite mean, the last inequality and (1) yield the upper bound

Emin(S+τ , x) ≤ Eτm+(x). (3)

Symmetrically, Emin(S−τ , x) ≤ Eτm−(x). These bounds prompt us a possible version of the asymptotics
of Emin(S+τ , x). Moreover, we assume that Sn →∞ as n→∞ with probability 1; in the case E|ξ| =∞
it holds if and only if (see Corollary 1 in [8])

0∫

−∞

|y|
m+(−y)P{ξ ∈ dy} <∞. (4)

Roughly speaking, this condition means that the right tail of the distribution of ξ is heavier than the left
tail. In particular, m+(x)→∞ as x→∞, that is, Eξ+ =∞. The following theorem holds.
Theorem 1. Let τ do not depend on the future in the sense that, for every n,

σ(ξ1, . . . , ξn, I{τ ≤ n}) does not depend on σ(ξn+1, ξn+2, . . . ). (5)

If (4) holds then, as x→∞,
Emin(S+τ , x) ∼ Eτm+(x), Emin(S−τ , x) ≤ Eτm−(x) = o(m+(x)).

Condition (5) yields, in particular, (2). If the random variable τ does not depend on the sequence
{ξn} then (5) holds. Also, (5) is valid if τ is a stopping time for the sequence {ξn}, that is, if the event
τ ≤ n is σ(ξ1, . . . , ξn)-measurable for every n.
Proof. In view of (3), in order to prove the first equivalence it suffices to check that

lim inf
x→∞

Emin(S+τ , x)

m+(x)
≥ Eτ. (6)

The proof follows the idea of “a single big jump” which is known in the theory of subexponential distri-
butions. Fix N and A; later we will let N , A→∞. We have the following inequality:

Emin(S+τ , x) ≥
∞∑
n=1

min(n,N)∑
j=1

E{min(S+n , x); τ = n, ξj > A, |ξk| ≤ A for all k < j}.

Since the joint occurrence of the events {ξj > A, |ξk| ≤ A for all k < j} and {Sk−Sj ≥ −A for all k > j}
implies S+n ≥ ξ+j −NA,

Emin(S+τ , x) ≥
∞∑
n=1

min(n,N)∑
j=1

E
{
min(ξ+j −NA, x); τ = n, ξj > A,

|ξk| ≤ A for all k < j, inf
k>j
(Sk − Sj) ≥ −A

}
.

By the boundedness of min(ξ+ − NA, x) from below and above, it is possible to change the order of
summation and to get the following inequality:

Emin(Sτ , x) ≥
N∑
j=1

E
{
min(ξ+j −NA, x); τ ≥ j, ξj > A,

|ξk| ≤ A for all k < j, inf
k>j
(Sk − Sj) ≥ −A

} ≡ Σ.
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Since {τ ≥ j} = {τ ≤ j − 1}, by (5) we have

Σ =

N∑
j=1

P
{
τ ≥ j, |ξk| ≤ A for all k < j

}
E
{
min(ξj , x); ξj > A

}
P
{
inf
k>j
(Sk − Sj) ≥ −A

}
.

By (4), which is equivalent to the convergence Sn → ∞, the infimum infk ≥ 1Sk is a proper random
variable. Therefore, for every ε > 0, there exists A such that

P
{
inf
k≥1
Sk ≥ −A

} ≥ 1− ε.
Then

Σ ≥ (1− ε)E{min(ξ+, x); ξ > A}
N∑
j=1

P{τ ≥ j, |ξk| ≤ A for all k < j}.

Hence,

lim inf
x→∞

Emin(S+τ , x)

m+(x)
≥ (1− ε)

N∑
j=1

P{τ ≥ j, |ξk| ≤ A for all k < j}.

Letting A to ∞ we deduce the following estimate:

lim inf
x→∞

Emin(S+τ , x)

m+(x)
≥ (1− ε)

N∑
j=1

P{τ ≥ j}.

By the arbitrary choice of ε > 0 and N , it implies the lower bound (6). The proof of the first equivalence
of the theorem is complete.
To prove the second assertion of the theorem, it suffices to prove only the relation m−(x) = o(m+(x))

as x→∞. Indeed,
m−(x)
m+(x)

=
xP{ξ < −x}
m+(x)

+

0∫

−x

|y|
m+(x)

P{ξ ∈ dy}.

Since the function x/m+(x) is nondecreasing (e.g., see [9]), the first summand on the right does not
exceed −x∫

−∞

|y|P{ξ ∈ dy}
m+(−y) .

The second summand on the right does not exceed

−A∫

−x

|y|
m+(−y)P{ξ ∈ dy}+

0∫

−A

|y|
m+(x)

P{ξ ∈ dy}

for any A < x. Therefore,

lim sup
x→∞

m−(x)
m+(x)

≤
−A∫

−∞

|y|
m+(−y)P{ξ ∈ dy},

which completes the proof by (4) and the arbitrary choice of A.
Denote the first time when the random walk exceeds the nonlinear boundary a(n) ≥ 0 by η =

min{n ≥ 1 : Sn ≥ a(n)}, and denote the overshot by χ = Sη − a(η).
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Theorem 2. Let Eξ+ =∞ and (4) hold. If a(n) ≤ cn for some c > 0 then Eη <∞ and
Emin(Sη, x) ∼ Emin(χ, x) ∼ Eηm+(x) as x→∞.

The particular case of this theorem where a(n) ≡ 0 was proved in [9, Lemma 1] by a different method
(also see [10, Lemma 2]).

Proof. By (4), we have the almost sure convergence Sn − cn → ∞. Therefore, the minimum of
the random walk Sn − cn is finite with probability 1 which is equivalent to the finiteness of the mean of
the first exit time from the negative half-line. Hence, Eη < ∞. Moreover, η satisfies (5) because η is
a stopping time. Then it follows from Theorem 1 that

Emin(Sη, x) ∼ Eηm+(x) as x→∞.
Since χ ≤ Sη,

Emin(χ, x) ≤ Eηm+(x)
by virtue of (3). On the other hand, the inequalities min(χ, x) ≥ min(Sη, x) − a(η), a(η) ≤ b + cη, and
the finiteness of the mean of η imply the following lower bound:

Emin(χ, x) ≥ Emin(Sη, x)− b− cEη ∼ Eηm+(x).
The proof is complete.

The author is thankful to the referee for helpful remarks, especially for a remark on Theorem 2.
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