
Operations Research Letters 30 (2002) 71–73
www.elsevier.com/locate/dsw

Totally tight Chv"atal–Gomory cuts�

Adam N. Letchford ∗

Department of Management Science, The Management School, Lancaster University, Lancester LA1 4YX, UK

Received 1 April 1999; received in revised form 1 February 2002; accepted 11 February 2002

Abstract

Let P := {x∈Rn: Ax6 b} be a polyhedron and PI its integral hull. A Chv atal–Gomory (CG) cut is a valid inequality for
PI of the form (�TA)x6 ��Tb�, with �∈Rm+; �TA∈ Zn and �Tb �∈ Z . We give a polynomial-time algorithm which, given
some x∗ ∈P, detects whether a totally tight CG cut exists, i.e., whether there is a CG cut such that (�TA)x∗=�Tb. Such a CG
cut is violated by as much as possible under the assumption that x∗ ∈P. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

This paper is concerned with the separation prob-
lem for Chv atal–Gomory cuts. Given a polyhe-
dron P := {x∈Rn : Ax6 b}, where A∈Zm×n and
b∈Zm, a Chv atal–Gomory cut is an inequality of the
form

(�TA)x6 ��Tb�; (1)

where �∈Rm+ is such that �TA∈Zn and �Tb �∈ Z , and
�·� denotes lower integer part (see [5,9,13,14]).
Chv"atal–Gomory cuts are valid for the integral

polyhedron PI := conv{x∈P∩Zn} and, indeed, many
important facet-inducing inequalities, for polyhedra
associated with many important combinatorial op-
timization problems, are Chv"atal–Gomory cuts, see
Caprara et al. [2,3]. For this reason (see, e.g. [10]), we
might want to ?nd an e@cient algorithm to solve the
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following problem:

The Chv atal–Gomory separation problem (CG-
SEP): Given some x∗ ∈P := {x∈Rn: Ax6 b}, -nd
a Chv atal–Gomory cut which is violated by x∗; or
prove that none exists.

The complexity of CG-SEP was posed as an open
problem in [14]. Unfortunately, CG-SEP was recently
shown to be strongly NP-hard by Eisenbrand [8].
A problem related to CG-SEP was recently stud-

ied in [3]. Call a Chv"atal–Gomory cut a mod-k cut if
�∈{0; 1=k; : : : ; (k − 1)=k}m for some integer k¿ 2. It
is easy to show that every (nondominated) Chv"atal–
Gomory cut is a mod-k cut for some k. Then, CG-SEP
can be decomposed into an in?nite number of sub-
problems: for each k, solve

The mod-k separation problem (mod-k-SEP):
Given some x∗ ∈P = {x∈Rn: Ax6 b} and some
integer k¿ 2, -nd a mod-k cut which is violated by
x∗, or prove that none exists.

Unfortunately, this does not seem to help much. In
[2] it is shown that mod-k-SEP is strongly NP-hard
even for k = 2.
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Some more useful concepts can be found in [3].
Given some x∗ ∈P, the vector s∗ := b− Ax∗ is called
the slack vector. (Note that the components of s∗ are
non-negative.) It is not di@cult to show that the slack
of a Chv"atal–Gomory cut (1), computed with respect
to x∗, equals ��Tb� − �Tb+ �T s∗. Therefore, for any
given x∗ ∈P, an upper bound on the violation of a
Chv"atal–Gomory cut is �Tb − ��Tb� (6 1). For this
upper bound to be achieved, it must be possible for
s∗j �j=0 to hold for j=1; : : : ; m, that is, for all inequal-
ities used in the derivation of the cut to be tight at x∗.
When this occurs, the Chv"atal–Gomory cut is said to
be totally tight (TT) at x∗ [3].
In [3], it is shown how to identify TT mod-k cuts for

a ?xed k, or prove that none exist, in polynomial time
(provided that the prime factorization of k is known).
If a TT mod-k cut is found, this provides a positive
solution to mod-k-SEP and therefore also for CG-SEP.
In Section 2 of this paper we present a related pos-

itive result. We show that it is possible to identify a
TT Chv"atal–Gomory cut, or prove that none exists, in
polynomial time. That is, it is not necessary to spec-
ify k when looking for a TT cut. Clearly, if a TT cut
is found, this provides a positive solution to CG-SEP,
and therefore to mod-k-SEP for some integer k.

2. Finding TT cuts

In this section, we give a polynomial-time algorithm
for solving the following problem:

The totally tight separation problem (TT-SEP):
Given some x∗ ∈P = {x∈Rn:Ax6 b}, -nd a TT
Chv atal–Gomory cut, or prove that none exists.

Of course, if x∗ is a (fractional) extreme point of P,
then TT-SEP is trivial: it su@ces to generate a Gomory
cut from the associated simplex tableau. Moreover, if
x∗ lies in the strict interior of P, then TT-SEP is again
trivial: s∗j ¿ 0 for j=1; : : : ; m and no TT cut exists. We
are really concerned with the non-trivial case, when x∗

is not a vertex of P, but lies on a face of P. The key to
resolving TT-SEP in this case is the following integer
version of Farkas’ lemma, taken from Edmonds and
Giles [7] (see also [14], Chapters 4 and 5).

Theorem 1 (Edmonds and Giles, 1977). For a given
system of linear equations of the form Ax = b; pre-

cisely one of the following statements is true:

• There is an integer solution to Ax = b.
• There is some rational vector y such that yTA is

integral; but yTb is not. Moreover; either an x; or
a y can be found in polynomial time.

Now let A′x6 b′ denote the subsystem of Ax6 b
which is tight at x∗. (If there are no tight inequalities,
there can be no TT cuts.)

Lemma 1. A TT cut exists if and only if there is
some rational vector y such that yTA′ it is integral;
but yTb′ is not.

Proof. By de?nition; a TT cut exists if and only if
there is some y′¿ 0 such that (y′)TA′ is integral; but
(y′)T b′ is not. But a suitable y′ immediately yields
a suitable y; and one can obtain a suitable y′ from a
suitable y by taking fractional parts.

Geometrically speaking, the situation is as follows.
The minimal face of P containing x∗ is F := {x∈P :
A′x = b′}. A TT cut exists if and only if there are no
integer points in the a@ne hull of F . Moreover, a TT
cut, if one exists, will cut oJ F in its entirety.

Theorem 2. TT-SEP can be solved in polynomial
time.

Proof. Given A; b and x∗; it takes O(nm) time to iden-
tify A′ and b′. (If x∗ has been found by a simplex-based
cutting plane algorithm; the slack variables are avail-
able and only O(m) time is needed.) Then; by The-
orem 1; obtaining a suitable y; or proving that none
exists; can be performed in polynomial time. Finally;
converting y to y′ as required in Lemma 1 takes O(m)
time.
The precise details of the implementation are as

follows. First, note that, in the case of degeneracy,
the rows of (A′; b′) may be linearly dependent. In this
case, not all of the rows are needed. What is needed
is a minimal, linearly independent set of equations
de?ning the a@ne hull of F . Such a set of rows can
be found by Gaussian elimination, which was shown
to run in polynomial time by Edmonds [6].
Thus, from now on we assume that the rows of

(A′; b′) are linearly independent. Since b′ is in the
columnspace of A′, this implies that also the rows of
A′ are linearly independent.
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Next, we need the concept of Hermite normal form
(see, e.g. [13,14]).

De�nition. A square nonsingular integer matrix is a
Hermite matrix if it satis?es the following conditions:

• hij = 0 for i¡ j (i.e.; H is lower triangular);
• hii ¿ 0 for i = 1; : : : ; p;
• hij6 0 and |hij|¡hii for i¿ j.

De�nition. A square integer matrix is called unimod-
ular if its determinant is equal to 1 or −1.

Lemma 2. Given an r by n integer matrix C which is
of full row rank; there is an n by n unimodular matrix
U and a unique r by r Hermite matrix H such that:

• CU = (H; 0);
• H−1C is integral.

The matrix (H; 0) is called the Hermite normal
form (HNF) of C and can be found in polynomial
time, see [13,14]. So suppose that (H; 0) is the HNF
of A′. If H−1b′ is integral, then x :=U (H

−1b′

0 ) is an
integral solution to A′x = b and no TT cut exists. If,
on the other hand, the ith component of H−1b′ is
fractional, then the ith row of H−1 provides a y, as
required in Lemma 1, from which a TT cut can be
derived. Indeed, any row ofH−1A′ for whichH−1b′ is
fractional yields a TT cut and, by taking integer mul-
tiples of these rows it is possible to produce a ‘group’
of TT cuts (see [9,4]).
To close, we mention a few other key references.

Further applications of HNF to the generation of cut-
ting planes are given in Hung and Rom [12] and Bock-
mayr and Eisenbrand [1]. Fast algorithms for HNF
computation can be found in Storjohann and Labahn
[15] and Havas et al. [11].
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