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Abstract

We give a simple ©@3/2log n) algorithm for finding a minimum weight odd circuit in planar graphs. By geometric duality,
the same algorithm can be used to find minimum weight odd cuts. For general sparse graphs, the fastest known algorithms
for these two problems take (@7 log n) time and Qn3log n) time, respectively.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction (strongly polynomial) deterministic algorithm, due to
Golberg and Tarjar{9], runs in O(nm log(n?/m)),

It has been known for a long time that various op- or O(n?log n) for sparse graphs. For planar graphs,
timization problems defined on graphs can be solved there exists anO(nlog n) algorithm; see Weihe
much more quickly if the underlying graph is planar. [20]. (Actually, the article of Weihe contains some
For example, the fastest known deterministic algo- mistakes; see Brejova and Ving#] for a corrected
rithm for finding aminimum weight cuin a general  algorithm.)
graph withn vertices andn edges, due to Nagamochi Most of these results for planar graphs rely on the
etal.[17], runs inO(n(m +n log n)) time in the worst famousseparator theorenof Lipton and Tarjar{16]:
case, which reduces t8(n? log n) when the graph is
sparse. For planar graphs, however, Chalermsook et al.Theorem 1 (Lipton and Tarjan16]). Given a planar

[6] recently presented af(n log? n) algorithm. Simi- graph G = (V, E), with n vertices there exists a set
larly, for themaximum flowproblem, the fastest known  of verticesS C V, called a separatarsuch that
o [S]is O(V/n),
* Corresponding author. Tel.: +44-1524504719; e the removal of S disconnects the graph into two
fax: +44-1524 844885, Oor more components _
E-mail addressa.n.letchford@lancaster.ac.uk e each such component contains at m@sy/3
(A.N. Letchford). vertices
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Moreover, a separator can be foundn) time.

The separator theorem, or generalizations of it,
leads naturally to a variety of divide-and-conquer al-
gorithms for various optimization problems on planar
graphs.

Our goal in this paper is to give a fast and simple
algorithm for the planar versions of two other well-
known optimization problems: theinimum odd cut
and minimum odd circuifproblems. In Section 2 we
briefly review the literature on these problems. In Sec-
tion 3 we give the new algorithm and show that it runs
in O(n¥2log n) time. Some concluding remarks are
made in Section 4.

2. Literature review

First we give a formal definition of our problems.
Let G=(V, E) be an undirected graph. A set of edges
C C E is called acircuit if it induces a connected
subgraph of5, in which all vertices have degree two.
A set of edgesF C E is called anedge cutsebr cut
if there exists a set of verticésC V such that € F
if and only if e has exactly one end-vertex

Now assume that each edge= E is labelled ei-
ther odd or even A circuit or cut is calledodd if it

A.N. Letchford, N.A. Pearson / Operations Research Letters 33 (2005) 625—-628

instances with many parallel edges can be easily pre-
processed so that there are at most two parallel edges
between any given pair of end-vertices, namely, an
odd-labelled edge and an even-labelled one.

To our knowledge, the first known algorithm for
the minimum weight odd circuit problem is the one
described by Grotschel and Pulleybldidid], who at-
tributed it to ‘Waterloo folklore’. It involves a reduc-
tion of the problem to a sequence of minimum
weight perfect matching problems. Using the algo-
rithm of Gabow[8] to solve these matching problems,
this leads to an overall running time & (nm@m +
nlog n)), or O(n3 log n) if the graph is sparse.

A simpler and faster approach was discovered in-
dependently by several authors (e.g., Barahona and
Mahjoub [2], Grotschel et al[10]). It works as fol-
lows. We create a new graph', with twice as many
vertices and edges, in the following way. For each
i € V, we have two vertice$’, i” in G’. For each
even edgdi, j} in G, we put two edgesi’, j'} and
{i”, j”} in G’; for each odd edgé¢, j} in G, we put
two edges{i’, j”} and {i{”, j'} in G’. Then, by con-
struction, a minimum weight odd circuit i@ passing
through any given vertek corresponds to a shortest
(i’, i")-path inG’. Hence, we can find the overall best
circuit by solvingn shortest-path problems i@'. Us-
ing, for example the fibonacci heap version of Dijk-

contains an odd number of odd edges. Now assumestra’s shortest-path method (see Fredman and Tarjan

that, in addition, each edgec E is assigned aveight

w, =0. Theminimum weight odd circuiproblem is
that of finding an odd circuit of minimum total edge
weight; theminimum weight odd cyproblem is de-
fined similarly. As well as being interesting combina-
torial optimization problems in their own right, these
two problems have applications in the polyhedral ap-
proach to various other combinatorial problems, in-
cluding themax-cut stable setmatchingandtravel-

ing salesmaiproblems; see Grotschel and Pulleyblank
[11], Grotschel et al[10], Padberg and Rad9] and
Padberg and Grotschil8]. They also arise in heuris-
tic methods for the separation of cutting planes for

[7]), this leads to a time of onlY(n(m + nlog n))
overall, orO(n?log n) in sparse graphs.

Actually, although not mentioned if2,10], there
is a minor complication. It is possible that a shortest
(i’,i")-path inG’ yields, not an odd circuit i, but an
odd cyclewhich visits some vertices more than once.
(By a cycle we mean a set of edges which induces a
connected subgraph & in which all vertices have
even degree.) However, any such cycle will consist of
the union of an odd circuit not passing througand
one or more even circuits, one of which will indeed
pass through. (Fig. 1lillustrates this possibility. The
solid lines represent even edges and the dotted lines

general integer programs (see, for example, Caprararepresent odd edges. The odd cycle shown contains

and Fischett[5] and Borndorfer and Weismantd]),

three circuits, of which only the one on the right is

and also appear in the literature on binary matroids odd.) Fortunately, we can ignore any such odd cycle

and clutters (e.g., Grétschel and Truem[it]).
We remark that, in some of these applications, it
may be worthwhile allowing parallel edges@(i.e.,

generated as the algorithm proceeds, because (since
edge-weights are non-negative) the odd circuit con-
tained in the odd cycle will have the same or smaller

edges which share the same end-vertices). Note thatweight than the odd cycle itself, and therefore we are
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Fig. 1. A shortest odd cycle always contains one odd circuit.

guaranteed to find either that odd circuit or a better
one later on.

Now we move on to briefly consider the minimum
weight oddcutproblem. The first, and essentially only,
algorithm for this problem is due to Padberg and Rao
[19]. It involves the solution of a sequence of up to
n — 1 max-flow problems. Using the pre-flow push
algorithm of Goldberg and Tarjal®] to solve these
max-flow problems, the Padberg—Rao algorithm can
be implemented to run i®(n2m log(n?/m)) time, or
On3log n) if the graph is sparse. When the graph is
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1. Find a separatd and letG?, ..., G” be the as-
sociated components.

2. For each vertex in the separator, find the mini-
mum weight odd cycle passing throughif this
cycle is a circuit, and its weight is less than that of
the best odd circuit found so far, store it in mem-
ory. (Otherwise, ignore it.)

3. Call this algorithm recursively witlG1, ..., G?
as input.

The correctness of the algorithm is obvious. From
Theorem 1, step 1 také&3(n) time. To find the mini-
mum weight odd cycle passing througim step 2, it
suffices to find the shortest path fraihto i” in the
graphG’ defined above. Note that’ is not necessar-
ily planar, but it is sparse. Hence, using a good im-
plementation of Dijkstra’s method, each such shortest
path computation take®(n log n) time. Since there
areO(4/n) vertices in the separator, step 2 can be per-
formed in O(n%?log n) time. It then remains to be
shown that subsequent recursive calls to the algorithm

planar, we can solve these max-flow problems using contribute a negligible amount to the overall running

the Weihe algorithm, leading 0 (n? log n) overall.
We will give a simple®(n%?log n) algorithm for
both problems in the planar case.

3. The algorithms

It is well known (see, e.g., Harafit3]) that given
any planar graplG, there is another planar graph,
called the (geometric or combinatorial) dual, such that
every minimal cut inG corresponds to a circuit in

the dual and vice-versa. There is a one-to-one corre-

spondence between edges@rand edges in the dual
graph, and therefore every odd cut@corresponds
to an odd circuit in the dual. Moreover, constructing
the dual take®)(n) time. Therefore, for our purposes
it suffices to present an algorithm for the odd circuit
case only.

In our context, the key is the trivial observation that
the minimum weight odd circuit either passes through

at least one vertex in the separator, or it does not.

This leads to the following general approach to our
problem:

0. LetG = (V, E), w € R and the parity labels be
the input.

time, so that the entire minimum weight odd circuit
problem can be solved i@(n%/2 log n) time. This can
be shown using a standard inductive argument.

Note that it is not actually necessary to use the
fibonacci heap version of Dijkstra’s method, since
the simpler binary heap versioj21] also runs in
O(nlog n) time on sparse graphs. The resulting algo-
rithm still has a time of®(n%?log n) overall, but is
much simpler to implement.

4. Concluding remarks

We have shown that the use of planarity enables us
to save anO(4/n) factor in the case of odd circuits
and an®(n%/2) factor in the case of odd cuts. It is nat-
ural to ask whether this running time can be further
improved. We believe that it probably can be, for the
following two reasons. First, we note that there is a
(very complicated) linear-time algorithm due to Hen-
zinger et al.[14] to solve planar shortest path prob-
lems. If we could adapt this algorithm to find shortest
paths inG’ in linear time, then we could save a lag
factor. Second, it might be possible to adapt some of
the ideas in the recent paper by Chalermsook et al.
[6] to somehow perform step 2 of the above algorithm
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more directly, without solving a series of shortest-path
problems in an auxiliary graph.

It is also natural to ask what happens if we re-
move the restriction that edge-weights must be non-
negative. For general real weights, it is easy to show
that the planar minimum weight odd circuit prob-
lem is stronglyA/P-hard, for example by reduction
to Hamiltonian circuit on grid graphfl5]. By pla-
nar duality, the same holds for the planar minimum
weight odd cut problem with general real weights.
However, in the case afonservativaveights (i.e., the
case in which there may exist negative weights but no
negative weight circuits), our algorithm can be mod-
ified to yield anO(»n°?) algorithm. The idea is sim-
ply to replace each call of Dijkstra’s method with a
call to the Moore—Bellman—Ford shortest-path algo-
rithm, which can handle conservative weights. (The
increased running time is due to the fact that the
Moore—Bellman—Ford algorithm runs #i(n?) time.)

Finally, we point out that our algorithm can also be
used to solve the minimum weight odd circuit problem

in more general classes of graphs for which separa-

tors of sizeO(4/n) exist and can be found efficiently,
such as graphs which are not contractibleio(see,
for example, Barahon§l]). However, the algorithm
cannot be used to solve the minimum weight aud

problem in such graph classes, since the duality be-

tween cuts and circuits no longer holds.
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