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Abstract

The famous Lovász theta number θ(G) is expressed as the optimal solution of a
semidefinite program. As such, it can be computed in polynomial time to an ar-
bitrary precision. Nevertheless, computing it in practice yields some difficulties as
the size of the graph gets larger and larger, despite recent significant advances of
semidefinite programming (SDP) solvers. We present a way around SDP which
exploits a well-known equivalence between SDP and lagrangian relaxations of non-
convex quadratic programs. This allows us to design a subgradient algorithm which
is shown to be competitive with SDP algorithms in terms of efficiency, while being
preferable as far as memory requirements, flexibility and stability are concerned.
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1 Introduction

Given an undirected graph G = (V,E), the Lovász θ number, introduced in
[11], is defined as follows:

θ(G) := max
∑

i∈V
Y0i

s.t. Y0i = Yii (i ∈ V ) (1)

Yij = 0 ({i, j} ∈ E)

Y ∈ Sn+1,

where Sn+1 denotes the cone of real symmetric square positive semidefinite
matrices of order n+1. θ(G) plays a central role in combinatorial optimization
as it can be computed in polynomial time to an arbitrary precision (being the
optimal value of a Semidefinite Program) [9] but, at the same time, provides
tight bounds for the stability number α(G) and for the chromatic number χ(G)
of a graph. In detail, α(G) ≤ θ(G) ≤ χ(Ḡ), where Ḡ is the complement graph
ofG. These nice features led to several interesting results, such as a polynomial
time algorithm to compute α(G) and χ(G) when G is a perfect graph [9]
However, most of the results based on the θ number have mainly theoretical
significance. On the contrary, the practical potential of this strong bound has
not yet been fully exploited. In fact, computing θ(G) of graphs from standard
libraries has been a popular test problem for general SDP solvers since the
beginning of their developments (we refer the reader to the repository [4] for
a complete list of available resources on Semidefinite Programming). Among
them, the boundary point method of Povh et al. [16] and the regularization
method of Malick et al. [13] turned out to be efficient to compute θ(G).

Conversely, one can consider Lagrangian reformulations of structured SDPs
(as in the Spectral Bundle method by Helmberg and Rendl [10]) or other non-
linear approaches (such as those by Burer and Monteiro [1] and, recently, Mal-
ick and Roupin [14]). Indeed θ(G) can be computed as the optimal solution
of a certain Lagrangian dual problem. In this paper we describe a subgradi-
ent algorithm for solving this dual approximately, and thereby approximating
θ(G) from above. Of course, the subgradient method is a basic first-order
method for non-differentiable optimisation, that is known to suffer from slow
convergence in many cases. Nevertheless, and surprisingly, we found that our
particular implementation gave results that have a good trade-off between
tightness and computing time.
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2 Lagrangian relaxation

A description of θ(G) can be derived starting from the standard quadratic
formulation of the stable set problem:

max
∑

i∈V
xi

x2
i − xi =0 (i ∈ V ) (2)

xixj =0 ({i, j} ∈ E) (3)

If we associate multipliers λi to constraints (2) and μij to (3), the resulting
Lagrangian relaxation has the form:

L(λ, μ) = max
x∈R|V |

f(x, λ, μ) = max
x∈R|V |

∑

i∈V
(1 + λi)xi −

∑

i∈V
λix

2
i −

∑

{i,j}∈E
μijxixj

or the following more compact form:

L(λ, μ) = max
x∈R|V |

[(1+ λ)Tx− xTA(λ, μ)x] (4)

with A(λ, μ) = Diag(λ) +M(μ), where M(μ) denotes the symmetric matrix
with μij/2 in the ith row and jth column whenever {i, j} ∈ E, and zeroes
elsewhere. In [8] it is shown that the optimal value of the Lagrangian dual
problem yields the Lovász theta bound, that is:

θ(G) = min
(λ,μ)∈R|V |+|E|

L(λ, μ) = L(λ∗, μ∗) (5)

where λ∗ and μ∗ coincide with the optimal dual solution to problem (1). Note
that the function f(x, λ∗, μ∗) is concave and the matrix A(λ∗, μ∗) is positive
semidefinite. We remark that Luz and Schrijver [12] showed that an optimal
solution A(λ, μ) of problem (5) exists such that λ = 1 and the minimim
eigenvalue λmin of A(1, μ) is equal to zero. Observe however that imposing
the second restriction causes the Lagrangian dual to become non-convex. We
decided not to impose either restriction in our subgradient algorithm.

3 Subgradient algorithm

The subgradient algorithm is initialized with multipliers λ1 = 1 and μ1 = 0,
i.e., A(λ1, μ1) = I|V |. In all cases in which A(λ, μ) is positive definite (and
obviously I|V | is so), the global minimizer x̃ of the lagrangian relaxation (4)
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Algorithm 1 Update multipliers

Input: gk, hk, L(λk, μk), ε
Output: true if succeeded, false otherwise,

updated multipliers: λk+1, μk+1,
lagrangian solution: x̃

Parameters: γ, step tolerance, an estimate of L(λ∗, μ∗) : L̂

/* Initialization */ t := γ L̂−L(λk,μk)
‖gk‖2+‖hk‖2

/* Main loop */ while (t ≥ step tolerance) {

/* Multipliers update */ λk+1 := λk + tgk, μk+1 := μk + thk;

/* Check pd-ness */ if (chol(A(λk+1, μk+1)))
then compute x̃;

return true;
/* Lambda perturbation */ else λk+1 := λk+1 + ε · 1

if (chol(A(λk+1, μk+1)))
then compute x̃

return true

/* Stepsize reduction */ t := t/2;
}

return false;

is unique and can be analytically computed, being the root of the equation
∇xf(x, λ, μ) = −2Ax+ (λ+ 1) = 0.

At the generic iteration k of a subgradient algorithm, one has to evaluate
the search directions gk ∈ R

|V |, hk ∈ R
|E| and to update the multipliers. In

order to improve practical performance, search directions are evaluated by
using a deflection strategy, that is, by defining the new search directions as
a combination of the previous directions and the current subgradients [5]. In
our implementation we use the deflection described in [19]. In detail:

gk = ∇λf(x̃) + δkgk−1; hk = ∇μf(x̃) + δkhk−1; with δk =
‖∇k

λ,μf(x̃)‖
‖(gk−1 hk−1)‖ .

As far as multiplier updates are concerned, we design an algorithm that main-
tains the matrix A(λk+1, μk+1) positive definite through a “safeguard” strat-
egy: Algorithm 1 receives the optimal value of the current Lagrangian relax-
ation L(λk, μk) and the search directions gk, hk. The procedure begins with
updating the multipliers by a standard stepsize t. If the resulting matrix is
positive definite, then multipliers λk+1, μk+1 are returned and subgradient iter-
ation k+ 1 starts. Otherwise, the positive definiteness is tentatively restored:
first by applying a (small) perturbation ε to the diagonal of A(λk+1, μk+1)
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(that is, to λ multipliers). Note that ε > |λmin(A(λ
k+1, μk+1))| would guar-

antee the positive definiteness of the matrix. However, in practice, this can
correspond to large values of ε that results in bound impairment since it is
equivalent to adding a term ε · ‖x‖22 to f(x, λk+1, μk+1). For this reason, we
halve the stepsize and repeat the main loop until either the matrix is positive
definite or t drops below a given tolerance step tolerance.

The bottleneck of the algorithm is the pd-ness test that is carried out
by the Cholesky Decomposition (see [9], Chapter 9.3 for details). Function
chol(A) in Algorithm 1, based on the implementation developed in [2], returns
true if the matrix is pd and false otherwise. If the matrix A(λk+1, μk+1) is
positive definite then chol(A) also returns a lower-triangular matrix L such
that A = LLT . This decomposition allows one to evaluate the current optimal
solution of the lagrangian subproblem −2Ax + (λ + 1) = 0 being equivalent
to the two triangular systems −2Lz + (λ+ 1) = 0, LTx = z.

A further device of our implementation is that the main loop execution can
be easily parallelized. Precisely, a number n threads of different sets of new
candidate multipliers associated with different values of t can be computed
in parallel. If multiple sets yield a pd matrix, the one corresponding to the
largest stepsize is taken.

4 Computational Results

The test bed consists of graphs from the DIMACS Second Challenge available
at the web site [3]. The SDP solver used is mprw2 by Malik et al., which is
publicly available in [18], running under MATLAB (R2008b). Such an algo-
rithm currently outperforms other approaches on medium/large size instances.
The subgradient algorithm is implemented in C++ in a linux architecture
(Ubuntu 12.04), compiler g++ 4.7. The computations were run on a machine
equipped by 2 Intel Xeon 5150 processors (for a total of 4 cores) clocked at
2.6 GHz and having 8GB of RAM. The parameter setting of Algorithm 1 is as
follows: γ = 0.8, ε ∈ {10−6, 10−4}, step tolerance = 10−12. The subgradi-
ent algorithm stops when it reaches either an iteration limit or an optimality
tolerance fixed to 10−6 (same as the SDP solver).

In Table 1, besides the graph name, size, density and stability number, we
report: a bound on θ(G) and the CPU time required by [18] to compute it;
the best value Z found by the subgradient algorithm and the corresponding
CPU time; the values θ105% = 1.05 · θ and θ110% = 1.1 · θ along with the CPU
times required by the subgradient algorithm to reach these values (∗ ∗ ∗ if
θ105% < Z).
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The results give clear indications. In all cases Z is significantly close to
θ(G), that is, the subgradient algorithm returns quite good solutions to (5).
In several cases the SDP solver is faster, but also the subgradient algorithm
takes reasonable CPU times. As pointed out in [13], the SDP solver performs
poorly on some classes of instances (see, e.g., p hat, san, sanr), while the
subgradient algorithm still guarantees restrained CPU times, showing a more
robust behaviour. This is also expressed by the times elapsed to reach θ105%,
θ110%, which are quite competitive. This shows that the subgradient algorithm
quickly computes quite good approximations of θ(G).

Overall, robustness and efficiency let the subgradient method be suitable
to be embedded into a branch-and-bound algorithm to compute α(G) or χ(Ḡ).
Recall that θ(G) turns out to be a much stronger upper bound for α(G) than
those obtained by traditional polyhedral combinatorics techniques [6], used in
previous branch-and-cut algorithms [17] [15]. In fact, several attempts have
been recently made to design exact algorithms based on upper bounds close
to the Lovász θ bound, either computed by SDP [20] or by LP [8] [7] [6] algo-
rithms. The subgradient method proves to be a promising third competitor,
as it allows faster reoptimization with respect to SDP algorithms and much
easier implementation if compared to either LP or SDP methods.
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SDP mprw2 Subgradient
Graph |V | density α θ(G) Time Z Time θ105% Time θ110% Time
brock200 1 200 0.25 21 27.45 20.75 27.75 25.21 28.82 5.80 30.20 2.52
brock200 2 200 0.50 12 14.23 19.65 14.58 35.21 14.94 19.44 15.65 6.57
brock200 3 200 0.39 15 18.82 18.97 19.08 33.65 19.76 11.45 20.70 4.69
brock200 4 200 0.34 17 21.29 19.51 21.53 35.59 22.35 10.19 23.42 3.95
brock400 1 400 0.25 27 39.70 134.56 40.35 140.83 41.69 45.13 43.67 18.22
brock400 2 400 0.25 29 39.56 133.63 40.02 209.64 41.54 39.09 43.52 14.72
brock400 3 400 0.25 31 39.48 133.35 39.99 175.24 41.45 34.45 43.43 15.07
brock400 4 400 0.25 33 39.60 133.27 40.13 164.37 41.58 40.99 43.56 12.99
C.125.9 125 0.10 34 37.81 8.29 37.99 14.48 39.70 0.42 41.59 0.16
C.250.9 250 0.10 44 56.24 45.46 56.77 54.02 59.05 18.47 61.87 5.96
c-fat200-1 200 0.57 12 12.00 28.27 12.42 60.34 12.60 40.23 13.20 10.91
c-fat200-2 200 0.84 24 24.00 763.17 24.09 28.09 25.20 5.15 26.40 1.25
c-fat200-5 200 0.57 58 60.32 113.59 60.57 10.12 63.34 9.18 66.35 8.60
DSJC125.1 125 0.09 34 38.40 8.70 38.49 12.23 40.32 0.99 42.24 0.12
DSJC125.5 125 0.50 10 11.47 6.00 11.68 5.53 12.05 2.06 12.62 0.96
DSJC125.9 125 0.10 4 4.00 10.90 4.09 4.68 4.20 3.46 4.40 2.31
gen200 p0.9 44 200 0.10 44 44.00 71.40 44.95 70.82 46.20 21.86 48.40 7.09
gen200 p0.9 55 200 0.10 55 55.38 791.25 55.28 52.64 58.15 0.41 60.92 0.13
hamming6-2 64 0.10 32 32.05 2.65 32.00 0.01 33.60 < 0.01 35.20 < 0.01
hamming6-4 64 0.65 4 5.33 0.24 5.37 2.35 5.61 0.97 5.86 0.45
hamming8-2 256 0.03 128 128.00 228.81 128.00 0.03 134.40 < 0.01 140.80 < 0.01
hamming8-4 256 0.36 16 16.00 12.44 16.52 80.35 16.80 17.17 17.60 8.65
johnson8-2-4 28 0.44 4 4.00 0.03 4.00 1.1 4.20 0.32 4.40 0.04
johnson8-4-4 70 0.23 14 14.00 0.48 14.00 0.01 14.70 < 0.01 15.40 < 0.01
johnson16-2-4 120 0.24 8 8.00 1.37 8.18 14.22 8.40 9.31 8.80 4.91
keller4 171 0.35 11 14.01 10.77 14.17 22.34 14.71 8.53 15.41 3.00
p hat300-1 300 0.76 8 10.07 119.36 10.57 142.32 10.57 142.32 11.08 79.79
p hat300-2 300 0.51 25 26.97 423.82 27.25 171.6 28.32 22.07 29.66 10.89
p hat300-3 300 0.26 36 41.17 204.77 41.51 157.7 43.23 20.63 45.29 5.72
p hat500-1 500 0.75 9 13.07 416.25 14.01 568.74 13.73 *** 14.38 441.85
p hat500-2 500 0.50 36 38.98 1927.48 39.53 717.02 40.93 104.33 42.88 31.61
p hat500-3 500 0.25 50 58.57 1136.02 59.14 940.9 61.50 166.82 64.43 44.32
p hat700-1 700 0.75 11 15.12 1029.39 16.55 2797.81 15.88 *** 16.63 2605.65
p hat700-2 700 0.50 44 49.02 5319.12 49.78 1807.36 51.47 149.32 53.93 55.08
p hat700-3 700 0.25 62 72.74 4277.59 74.09 778.5 76.37 174.57 80.01 57.97
san200 0.7-1 200 0.30 30 30.00 684.73 30.00 0.75 31.50 0.24 33.00 0.12
san200 0.7-2 200 0.30 18 18.00 764.01 18.44 34.72 18.90 13.84 19.80 3.23
san200 0.9-1 200 0.10 70 70.00 813.33 70.00 0.68 73.50 0.10 77.00 0.03
san200 0.9-2 200 0.10 60 60.00 798.70 60.00 0.85 63.00 0.04 66.00 0.01
san200 0.9-3 200 0.10 44 44.00 691.16 44.67 33.63 46.20 5.78 48.40 1.28
san400 0.5-1 400 0.50 13 13.00 3761.83 13.41 527.08 13.65 401.04 14.30 120.34
san400 0.7-1 400 0.30 40 40.00 4373.72 40.02 48.12 42.00 5.30 44.00 1.30
san400 0.7-2 400 0.30 30 30.00 4007.51 30.04 187.61 31.50 56.21 33.00 23.32
san400 0.7-3 400 0.30 22 22.00 449.68 22.77 879.23 23.10 600.32 24.20 457.32
san400 0.9-1 400 0.10 100 100.00 4963.48 100.50 5.71 105.00 2.10 110.00 0.97
sanr200 0.7 200 0.30 18 23.83 21.06 23.95 41.06 25.02 7.00 26.21 1.95
sanr200 0.9 200 0.10 42 49.27 28.88 49.64 57.61 51.73 10.02 54.20 4.10

Table 1
Computational results
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