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Charge Quantization
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1. Early experiments on charge quantization and
Coulomb blockade

2. Energy scales of a closed quantum dot
3. Electron transport: effects of charge quantization

4. Statistical description of the discrete electron
states 1n the dot

5. Mesoscopic fluctuations of the conduction
through a dot |
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FIG. 1. Medel m level scheme of Sn particles in a
tunnel junction Vp is the energy in eV of the last
: =0 of the Sn particle, with respect to
ﬂse Fermi energy of Al. AV=e/C is the voltage change
of the particle caused by addition of one electron, In
equilibrium =—e/2¢C =Vp we/ 2c holds.

Tel.6°K

\/tri> =10k

. 1 et s v
ik 4 s .. nv

tage characteristic of a junction with
n&za raﬁO i at 1.6°K for H=0 (particles
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| we get a current flow
,.,ectrons can ﬂow from one

stant, voltage- and
ground condmﬁv‘it; For p 7 ] ,
with a particle radius #3 3( ct mzmeﬁng can be
made completely msghgibie even at 1°K and at zero

bias. ’

Jemmn%

bias rwstance' 'peak We will d;scuss this process in

most of the remainder of the paper.
(3) : Wnehn _from oné aluminum film through a &

Co tunned]

the proc&ss is of second order,

ceivably become i nt at jow temperatures and

at low voltages; however, no expeﬂmental evxdence
has been found for this process. It is very similar_in SLM’@I’N«

principle to Anderson’s model'® for tunneling involving with h

intermediate magnetic impurity states PW\ dl
erssve

According to process (2), in order to get a current B {_j

flow the number of electrons on a Sn particle has to be
changed by at least one. The activation energy re-
quxred is equal to the difference of the Coulomb energies
in the 1n1t1al and the ﬁna.l state, i.e.,

E l(e/C:!: Vo)!C—4VpC, 1)

where the posmve sign holds for adding an-.electron
and the negative sign for subtracting an electron. This
activation energy can only be supplied by the battery.
We would like to emphasize again that £ is a pure
classical. Coulomb energy, and that all effects due to
the level spacing in the particle have been neglected
since the level spacing is small compared with E.

The capacitance of a specific particle, C, is simply
the sum of the capamtance between the particle and the

oAl

»Yapp.

vc v° 2c

Al

F1c. 13. Mechanism of current flow for an asymmetnc junction
(Cr>Cr). An_electron from the els mto the
artxcle raising 1ts electron number
frmn Vp to Vp+e/C.Ina e ee
bringing the particle back in ts ground state.
7 a step function for the conduchwty as a function

This r&ults’
of voltage.
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Observation of Smgle-Electron Chargmg Eﬂ'ects in Small Tunnel Junctlons

T. A. Fulton and G. J. Dolan

AT&T Beil Laboratories, Murray Hill, New Jersey 07974
(Received 6 March 1987)

Unusual structure and large electric-field—induced oscillations have been observed in the cuﬁe:aft-
voltage curves of small-area tunnel junctions arranged in a low-capacitance ($1 fF) multipl nsm
conﬁguranon This behavior arises from the tunneling of individual electrons charging and in
the capacitance. The observations are in accord with what would be expected from a simple modei of
the charging energies and voltage fluctuations of e/ C associated with such effCCts :

3
I Ca T Cio
. % \\Q = == P 2 /
,I(v)l a 4 \2 al2s I _@_5 0
o — o
Izu s Cl To L

FIG.2. A scanning-electron micrograph of a typical sample.
Junctions labeled a, b, and ¢ are formed where the vertical

IG: 1. Left: An equxvaient circuit for d;scussioﬁ“ﬁ' carg- electrodes overlap and contact the longer horizontal central
effects for a single junction. Right: A wmparabiqs triple- electrode. The bar is 1 um long. The configuration is also
stion circuit model. shown in the accompanying drawing.
50
25
I(na) O

L

b
4 / 0.5 6 0.5 i
m

gat fe vo (-/cz7

FIG. 5. I-V curves for a sample at T‘l 1 K for a set of
equally spaced substrate biases covering 3 % of a cycle. Curves
are offset by increments of 7.5 nA. Inset: ¥V vs V), for two
fixed currents 7 =10.5 and 26 nA.
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MEASUREMENT OF THE INCREMENTAL CHARGE
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,,,,, , P. Joyez, C. Urbina and M.H. Devoret
Service de Physique de I'Etat Condensé, CEA-Saclay
& 01101 Qifavr.Vvetts France
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Strong Tunneling in the Single-Rlectron Transistor

P, Joyez, V. Bowoiiss, 2. Reteve, . Urivinn, and M. H. Devoret

Service de Physaque de I'Biat Condensé, Gometeyarin i ['Frergte Atomigwe. Saclay, 2T Gif swe-¥veite, France
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1.0 —— - .
Sample 3 ]

o=2.5 ]

Sampm1

0.8 }

’QAETWM

02

Q.0¢
-1.0
1-0 1 L l"‘l' L L] T 1 11]‘!‘
0.8 F —— Sample 3 3
i a=2.5 :
o086 [ . L y
O o544 G at the pea §
a 0. 41-""""‘""";,,..—4 ——— Sample 1 .
0.2 ’
0.0 : ek TN
.01 0.1 1 10 100




PEL I neI7(199g)
KN‘N‘-“\M“% ,Tﬂ.ruc.hq_

Transport Spectroscopy
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- discrete energy levels
(excitation energy)

2P0
transport | 1
~ window 5 |
AL {
S T 3 |
. *—‘!— I fV‘ i
drainf == SRS A
| == |source o b U T K
‘ 4 AR LU
15 LR Qs
, GATE VOLTAGE (V)

single electron tunneling Coulomb oscillations




VOLUME 80, NUMBER 20

PHYSICAL REVIEW LETTERS

18 May 1998

Statistics of Coulomb Blockade Peak Spacings

S.R. Patel, S. M. Cronenwett, D. R. Stewart, A. G. Huibers, and C. M. Marcus
Department of Physics, Stanford University, Stanford, California 94305

C.I Duruéz and J. S. Harris, Jr.
Electrical Engineering Department, Stanford University, Stanford, California 94305

K. Campman and A. C. Gossard

Materials Department, University of California at Santa Barbara, Santa Barbara, California 93106
(Received 5 August 1997)

Distributions of Coulomb blockade peak spacings are reported for large ensembles of both unbroken
(magnetic field B = 0) and broken (B # 0) time-reversal symmetry in GaAs quantum dots. Both
distributions are symmetric and roughly Gaussian with a width of ~2%—6% of the average spacing,
with broad, non-Gaussian tails. The distribution is systematically wider at B =0 by a fagter of
~1.2 £ 0.1. No even-odd spacing correlations or bimodal structure in the spacing distribution is found,

suggesting an absence of spin degeneracy. There is no observed correlation between peak spacing and
peak height. [S0031-9007(98)06083-9]
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FIG. 1. (a) Coulomb blockade peaks (diamonds) at B =
30 mT as a function of gate voltage V, for device'l with
Asg = 14 peV and Ec = 460 peV. Solid curve shows fits
to cosh™? ﬁ shape. Left inset: Detailed view of data and
fit on log-linear scale. Right inset: Micrograph of device 1;
other devices are similar. (b) Peak spacings extracted from
_data in (a) at B = 430 mT (diamonds) and B = —30 mT
{(open circles). Dashed line is best fit (to +30 mT data),
corresponding to (AV]). (c) Dimensionless peak spacing
fluctuations, » = (AV] ~ (AV))/(AV}), as a function of gate
voltage V, for data in (b). Differences between =30 mT data
indicated experimental noise. Normalized (spin-resolved) mean
level spacing Agr/Ec indicated by vertical bar (see Table I).

4524

P(v)

P(v)

FIG. 2. Histograms of normalized peak spacing » (bars) for
(a) B = 0 and (b) B # O for devices 3, 4, and 5. Solid curves
show best fit to normalized Gaussian of width 0.019 (0.015) for
B =0 (B +# 0). The B = 0 histogram is wider by a factor of
~1.2 than the B # 0 histogram. Data represent 4300 (10800)
CB peaks from the devices with ~720 gﬁOO) statistically
inde{)@ndent for B = 0 (B # 0). Horizontal bar indicates (spin-
resolved) mean level spacing Agsp/E¢ averaged over the three
devices. Right insets: Plots of histogram (diamonds) and best
fit Gaussian (solid curve) on log-linear scale. Dashed curve is
Gaussian of width 0.13 from Ref. [5]. Left insets: Dotted
curves are CI + SDRMT peak spacing distributions; solid
curves correspond to CI + SDRMT distributions convolved
with Gaussian of width ooise(¥) = 0.009 averaged over the
three dots (see Table I).
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Figure 2-10  The figure plots the probability distribution of the reduced negtron widkhs
cbserved in the reaction & + TR (FI™YE) = FEIE ~"*eV)). The data are taken from
J. B. Garg, J. Rainwater, J. S. Petersen, and W. W. Haveas, Jr., Phos. Rew. 134, B9ES (1964).

v The theoretical distribution obtained in the limit of extreme sonfiguration
mixing (Porter and Thomas, 1956) is a x° distribution with » = |. Sines such
a distribution varies as (I7*) "' for small valoes of I'T™ (see Ba. (FO-08)),

nm«m-mm*»-“*cw{- i'g!";] @
it is convenient to plot the distribution of (I, The obssrved widils in

Fig. 2-10 follow the distribution (2-115) rather well, but are in dissgresmsnt with
the Poisson distribution (3 »* distribution with v = 2; see Bq. (JC-30))
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Zeeman effect in the distribution function

P(¢) P(S)

4/\ S

glleH

no spin-orbit interaction

g H
with the spin-orbit interaction
valid for relatively weak magnetic fields

(maxima of P(£) do not overlap)
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Effects of spin-orbit interactions on tunneling via discrete energy levels in metal nanoparticles

D. G. Salinas, S. Guéron, and D. C. Ralph
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14853

C. T. Black
IBM Thomas J. Watson Research Center, Yorktown Heights, New York 10598

M. Tinkham
Department of Physics and Division of Applied Sciences, Harvard University, Cambridge, Massachusetts 02138
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FIG. 1. (a) Large scale Coulomb-staircase curve for a tun-
neling device containing a nm-scale Al particle at T =50 mK.
Inset: Cross-sectional device schematic. (b) Tunneling spec-
trum of discrete state resonances in the same sample, for a
range of applied magnetic fields, at T'=50 mK. The curves are
offset in dI/dV for visibility. Orbital state #2 gives small but
visible resonances at low B. Small changes in offset charge
occurred between the 0.1 and 1 Tesla scans and between the
6 and 7 Tesla scans, shifting peak positions. The 0.1 and
7 Tesla scans have therefore been shifted along the voltage
axis, to give the best fit to a linear dependence for peak 1 |.
The lines tracing under peaks are guides to the eye.
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FIG. 2. (a) Energies of the discrete electronic states within
the nanoparticle of Fig. 1, calculated by multiplying the
voltage positions of the resonances by the capacitance ratio
eC1/(C1 + C2) = e 0.53. The thin lines are extensions of the
low-field linear dependence of the energies on B. Heavy lines
show the result of the spin-orbit interaction model, describing
the avoided crossing between levels 1 1 and 2 |.
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e How the position of the Zeeman peak depends on
the SO interaction?

(modification of (g))

e How the width of the Zeeman peak depends on
the SO interaction?
(appearance of (g%) — (g)* # 0)
Splitting of the individual levels:
cio(H) = & £ 5g;upH.

@ 5y

energy (meV)
N
(9, ]

B (Tesla)

To characterize the strength of the SO interaction,
we introduce (size-independent) SO relaxation rate

1 2T

= " 5 Wk, olHeolp, BY|%8(er — €
oo hp,5|< | 80|p 5>| (k p)




General property of SO interaction (T-invariance):

<k’, @|H50|k,5> =)

Perturbative correction to the g = 2 value:

59"\“ 1 a Z|<Z &IHSO‘jaﬁ>I2
¢ ppOH j ej—¢ej— ppH

1
TsoO F

H—0

Rigorous calculation:

Weak or strong SO interaction:

Parameter \ = T(% 7 small or large.

Meaning of A: |
Tso. time between the spin flips;
h/0E: travel time along the trajectory
corresponding to a quantum level

A is the typical number of spin flips
for such a trajectory




Strong S0 interaction. (3>1)

Magnetic moment of a state :

(M)i = pup ({L2); + 2(s2):)
At X # 0, the angular momentum (/,); # 0, even
in the limit A =0.
(Kravtsov, Zirnbauer, PRB 1992)

Level splitting at H # 0: |
effect of perturbation H; = M H

'T'wo contributions to ¢

Estimate of the spin contribution to g¢:

Number of spin flips is large, rms spin 7

Spin splitting in the field: ~ p B%H

0E ~ 1/vL°

gsp scales with size L as gsp o

1/L3/2,d =3
1/L, d=2



Estimate of the orbital contribution to ¢:

At AR L <t~ JeeBy|
V()i ~|(7xp) |~ mkfx— e 197 ffﬂ— mASE |k
R jdt

A: directed area under the trajectory,

A~ LQJ- ( \/_f)

sign is random.

== [JI/L, d=3
o — 2 Y :

Orbital contribution to g
UL, de3
\/ A Fl, d = 2

The spin and orbital contributions to ¢ are inde-
pendent. In the d = 3 case:
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Jorb ™
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Coulomb blockade peak positions
iversal” model (ry < 1):
H = Hiee + Hinty,  Hint = EC(N o N)Qa

Bimodal distribution: each orbital level &, accomo-
dates two electrons with opposite spins

A
d-peak: adding e
to the same orbital level

Pwp: Wigner-Dyson distribution =
for adding e to the next orbital level
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Signatures of spi,n paxrmg in a qﬁantum dot in the Coulob blockade regime

m@tﬁ&ﬁ@k ‘méiiﬂ are taken into account .
PACS numbers: 73.20.My, 78.23.Hk, 05.45.+b -

P(s) == [5(s) + PA(s)] (1)

P#(s) is the Wigner surmise for the corresponding Gaus-

sian ensemble, i.e. § = 1 for systems with time inversion
symmetry (Gaussian orthogonal ensemble - GOE), and
p = 2 when time inversion symmetry is broken (Gaus-
sian unitary ensemble - GUE). The peak spacing s is
measured in units of the average Sﬁinsdegenerate energy
level spacing.

0'.3 7,.,,,,, e e X

0 Vl (mV) © 300

FIG. 1. (a) Right inset: AFM picture (taken before evap-
oration of the top gate) of the oxide lines (bright) that define
the dot, coupled to source (S) and drain (D) via tunnel bar-
riers, which can be adjusted with the planar gates PC1 and
PC2. Gates I and IT are used to tune the dot. Main figure:
Conduetance G as a function of Vi, showing Coulomb block-
ade resonances. Left inset: fit (line) to one measured CB peak
(open circles), see text. (b) Linear fit (line) of the peak spac-
ing AVjas a function of V; (dots). The average peak spacing
is almost constant, indicating small shape deformations.

: Laboratory, ETH Zunch 80,
'ntelle Physik Umvgrsztat li

: are small. The para,metnc evolution of thﬁ G@ai@mb b
orrelation in both position and amplitude, which is int
ence, the nearest-neighbor distribution of peak spacings can be well ;ame&imatad
bimodal Wigner surmise, provided that interactions which go beyond the constant

ngt(g_;: a&‘) =

1 (s - F)? L R
- {ezp [— 2%, ] + ezp [—-2—‘7—?:} x PP(s+¢ )}

()
Here, the “x” denotes the convolution.
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FIG. 2. Measured NNS distributions (gra.y bars) for B=0
(a) and B # 0 (b). The bold solid curves are the fits to

P2 ,(€*,0¢+), with the fit results as indicated in the figure
(see text). Also drawn are the two components of P5,, i.e.
the Gaussian distribution of separations between spin pairs,
and its convolution with the corresponding Wigner surmises.
The inset compares the GUE data to P’(a) (eq. 1), using the
spin-resolved level spacing A/2 as the average peak separa-
tion.

[1] For a review, see L.P. Kouwenhoven, C.M. Marcus,
P.L. McEuen, -S. Tarucha, R.M. Westervelt, and N.S.
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Non-Gaussian Distribution of Coulomb Blockade Peak Heights in Quantum Dots

A.M. Chang,! H.U. Baranger,' L. N. Pfeiffer,' K. W. West,' and T. Y. Chang?
|AT&T Bell Laboratories, 600 Mountain Avenue, Murray Hill, New Jersey 07974-0636
2AT&T Bell Laboratories, Crawfords Corner Road, Holmdel, New Jersey 07733

. ' (Received 26 July 1995)

We have observed a strongly non-Gaussian distribution of Coulomb blockade conductance
heights for tunneling through quantum dots. At zero magnetic field, a low-conductance spike dominates
the distribution; the distribution at nonzero field is distinctly different and still -non-Gaussian. The
observed distributions are consistent with theoretical predictions based on single-level tunneling and the
concept of “quantum chaos” in a closed system weakly coupled to leads.
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G. 4. Histograms of conductance peak heights for (a) B =
and {b) B-# 0. Data aré scaled to unit area; there are

! peaks for B = 0 and 216 peaks for B # 0; the statistical -

ror bars are generated by bootstrap resampling. Note the
n-Gaussian shape of both distributions and the strong spike
ar zero in the B = 0 distribution. Fits to the data using both
e fixed pincher theory (solid) and the theory averaged over
ncher variation (dashed) are excellent. The insets show fits
* xé(a)—a more Gaussian distribution—averaged over the
ncher variation; the fit is extremely poor. :
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Statistics and Parametric Correlatmns of Coulomb Blockade Peak Fluctuatmns
in Quantum Dots

* 1. A. Folk, S.R. Patel, . F. Godijn, A.G. Huibers, 8, M. Cronenwett, and C. M: Marcus
szawm of Physies, Stanford University, s:arfard,. California 943054060
K. Campman and A.C, Gossard
Materials Department, Unfwmty of C’elgfamm @ Santa Barbara, Santa Barbara, California 93106
(Received 18 September 1995) ‘ :
We report measurements of mesoscopic fluctuations of Coulomb blockade
deformable GaAs quantum dot. Distributions ofpeakhe:ghtsagwcwuhpredimd

fwbothmandmnmmagnemﬁelds Parametric fluctuations of peak hd@riﬁdposim
measured using a two-dimensional sweep over gate voltage and magnetic field, yield autoc )
height fluctuations consistent with a predicted Lorentzian-squared form for thc unitary ensemble. We
dlscussdxedependeneeofﬂwmrelauouﬁcldontemperamreandcouphngtoﬂwhadsisthedotls :
opened A _

Peak Width
it

200 400 0 3
Tiidge (mK) _ Tesses (ﬂ'm_ &

1G. 1. (a) Temperature dependence of Coulomb peak line
ape for the larger dot ( 15 peV). Circles show fit
of bas temperamre peak by &/gmax = cosh™ %(neVy/2kT)..
nset: Micrograph of dot. Vi and Vi, are shape
mﬁﬂggam (b)Pak h measured as FWHM of the fit
to-cosh ™%, unwmmahi temperatures gives voltage-
wmgymvy-smz (c) Inverse peak height decreases
for kT < A. From satufations at low T in

(b)md (c) we estimate the electron temperature in the dot to
be 70 % 20 mK. ;
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Mesoscopic Fluetuations in Covlomb Blocsade Valleys

(Hluctianens of Elastic Cotinpeling)
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