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Abstract

Conditionally specified models are often used to describe complex mul-
tivariate data. Such models assume implicit structures on the extremes.
So far, no methodology exists for calculating extremal characteristics
of conditional models since the copula and marginals are not expressed
in closed forms. We consider bivariate conditional models that spec-
ify the distribution of X and the distribution of Y conditional on X.
We provide tools to quantify implicit assumptions on the extremes of
this class of models. In particular, these tools allow us to approximate
the distribution of the tail of Y and the coefficient of asymptotic in-
dependence 7 in closed forms. We apply these methods to a widely
used conditional model for wave height and wave period. Moreover,
we introduce a new condition on the parameter space for the condi-
tional extremes model of Heffernan and Tawn (2004), and prove that
the conditional extremes model does not capture 7, when 1 < 1.

Keywords: Multivariate Extremes, Conditional Extremes, Laplace
Approximation, Ocean Engineering
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1 Introduction

Extreme value theory is a topic of growing interest because of its many im-
portant applications in for example risk management (Embrechts et al., 1999)
or ocean engineering (Castillo et al., 2005). For instance, in the design or as-
sessment of offshore facilities it is crucial to understand the distribution of
extreme sea states. Such extreme sea states are quantified in terms of extreme
wave heights, wave periods possibly associated with resonant frequencies, and
extreme wind speeds. In risk management, it is important to identify which
stocks are likely to suffer extreme losses simultaneously, and to which extent
this might happen. In general, we need to use well-estabilished extreme value
methods to model such events. Traditionally, such multivariate extreme value
methods are composed of marginal models and a dependence copula, each
having parametric forms for the tails.

In other areas of statistics, however, it is common to use conditional mod-
els for high-dimensional data. Intuitively, this is the most sensible approach.
We observe X that partially explains Y. So, we define a model for X and a
model for Y conditional on X. There exist many examples in the literature of
models within this conditional framework with applications in extremes, e.g.,
the conditional extreme value model (Heffernan and Tawn, 2004; Fougeres and
Soulier, 2012), the Weibull-log normal distribution (Haver and Winterstein,
2009, henceforth the Haver-Winterstein distribution), and hierarchical models
(Eastoe, 2019). Although conditional models are easy to interpret, it can be
rather difficult to study the extremes of both Y and (X,Y") within this class.
Recently, Engelke and Hitz (2020) developed graphical models for extremes.
However, we do not know of any literature that links existing conditional
models directly to extremal dependence measures.

There are two extremal dependence measures that are key in identifying
and measuring the degree of asymptotic dependence or asymptotic indepen-
dence (Coles et al., 1999). Identifying the correct asymptotic dependence class
is important since extrapolation of models from different classes is different.
To define asymptotic dependence, we first define x € [0, 1], with

=1 =1limP{Y > F! X > Fgt ; 1
x = limx(p) := lim { v (p) | 5 ()} (1)

where F'x and Fy denote the marginal distribution functions of X and Y. We
say that these random variables are asymptotically dependent if x > 0, i.e.,
when the joint probability that both random variables are large is of the same
magnitude as when one is large. If the coefficient of asymptotic dependence
x = 0, we say that the variables are asymptotically independent. In this case,
x does not give us information on the level of asymptotic independence. So,
we additionally define the coefficient of asymptotic independence n € (0, 1]
(Ledford and Tawn, 1996) to satisfy for u — oo

P{X > Fy' [Fg()], Y > Fy'' [Fg(u)]} ~ L (e*) e/, (2)
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where Fg(u) = 1 — exp(—u) is the distribution function of a standard expo-
nential, and where . is a slowly varying function. Here, we write f(z) ~ g(x)
as x — oo when f(z)/g(x) — 1 as  — co. We rewrite definition (2) as

— lim n(p) i lim — 080 =P)
n = lpTl n(p) : Lﬂ log [(1 —p)x(p)]” @

If the variables are asymptotically dependent, then i = 1; if the variables are
asymptotically independent, then n € (0,1) or n =1 and L(u) — 0 as u — co.
The coefficient of asymptotic independence 71 describes the rate of decay to
zero of the joint exceedance probability P{X > Fgl(p), Y > F;l(p)} as p
tends to 1, see Ledford and Tawn (1996).

It is relatively straightforward to calculate the two extremal dependence
measures for distributions when the joint distribution function is specified
parametrically, e.g., a bivariate extreme value distribution (Ledford and Tawn,
1996), or when the joint density function is specified parametrically (Nolde and
Wadsworth, 2021), e.g., a multivariate normal distribution. In this paper, we
consider models specified within the conditional framework. For these cases,
it is not straightforward to calculate n analytically, and numerical estimation
can be difficult since convergence of 7(p) to 1 can be exceptionally slow. We
set up methodology to calculate n in closed form within this framework and
demonstrate the techniques on two widely used examples specified below. We
support these limiting results using numerical integration.

First, we consider the model described in Haver and Winterstein (2009),
used to explain the dependence between extreme significant wave height and
their associated wave periods. Secondly, we investigate the model of Heffernan
and Tawn (2004). This is a conditional model which describes the distribution
of Y | X for large X, where both X and Y are on standard margins. As
the Heffernan-Tawn model focusses on the averages and deviations of Y |
X for large X, and not necessarily on the tails of Y | X for large X, it
cannot be expected to model 5 correctly. Indeed, we will show that n of (X,Y)
can be different to n from the associated exact Heffernan-Tawn model. More
theoretical examples, like Y | X := X?Z and Y | X := |Z|IX| where Z is
some random variable independent of X, can be found in the Ph.D. thesis of
Tendijck (2023).

The layout of the article is as follows. In Section 2, we demonstrate novel
techniques for calculating the coefficient of asymptotic independence n and il-
lustrate the techniques with some examples. In Sections 3 and 4, we apply these
techniques to the Haver-Winterstein model and the Heffernan-Tawn model,
respectively. Proofs are found in the Appendix and Supplementary Material.
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2 Methodology
2.1 Motivation

We aim to investigate the extremal properties of the bivariate distribution of
(X,Y), for which the distribution of X and the distribution of ¥ | X are
specified. In particular, we aim to investigate the tail of the distribution of Y’
and joint extremes of X and Y via the coefficient of asymptotic independence
1. Deriving such extremal quantities in closed form within this class is not
trivial. In this section, we provide a set of tools, derived from the Laplace
approximation, to calculate such properties for any conditional model.

First, we consider the tail of the distribution of Y. Because the distributions
of X and Y | X are specified, it is natural to write

oo

1— Fy(y) ::IP’(Y>y):/ PY >y | X =2)fx(z)d,

—0o0

where fyx is the density of X. In general, this integral is analytically intractable.
In Section 2.2, we present the tools with which we can derive the asymptotic
properties of this integral as y tends to the upper end point of the distribution
of Y.

To derive the coefficient of asymptotic independence, we additionally need
the inverse distribution F;l(p) for values of p close to 1, and

(X > Fx'(p), Y > Fy'(p) = /F wl( B> F) | X =) (o) d

This integral is also intractable in general; the tools from Section 2.2 can again
be applied to derive the asymptotic decay to 0 as p tends to 1.

2.2 Extension to the Laplace approximation

Here we present our theory to calculate asymptotic rates of decay of integrals,
that can be used to compute extremal properties, such as 7, of conditional
models. We first recall the Laplace approximation, a technique commonly used
in Bayesian inference for approximating intractable integrals. This asymptotic
approximation forms the basis of our main result. We then state that result,
and illustrate key differences with the Laplace approximation by comparing
examples.

Proposition 1 (Laplace approximation) Let a < b. Suppose g : [a,b] — R is twice
continuously differentiable and assume there ezists a unique ©* € (a,b) such that
g(z") = max,e(q () and g"(z*) < 0. Then

b *
/ 6ng(:.:t)—ng(r )dl‘ . n(—g”(w*)) ~ \/ﬂ
a

as n — 0.
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The main disadvantage of the Laplace approximation is that it can only be
used to approximate integrals where the integrands are of the form f(x)",
where f(z) = e9(®) ig a positive function. However, we are interested in calcu-
lating integrals with integrand f,,(z) = e9»(®), for some sequence of functions
{gn}nen. Now we extend the Laplace approximation under the assumptions
that: (i) the analogue z? of z* is allowed to depend on n; (ii) ¥ can be equal
to either a or b; (iii) g//(z*) does not need to be negative.

Proposition 2 Let I C R be connected with non-zero Lebesgue mass, kg > 1 an
integer, and gn € C*(I) a sequence of real-valued (at least) ko-times continuously

differentiable functions defined on I. For 1 < i < kg, we define ggf) as the ith
derivative of gn. We assume that for all n € N, there ezists a unique zy, € I such
that gn(z7,) > gn(x) for allx € I\ {zy,}. Moreover, we assume that ko is the smallest
integer such that g;k(’)(xfl) < 0 and limp— o g,(f)(xfl)[—gflkg)(xfl)]_i/ko = 0 for all
1 < i< kg. Additionally, assume that there ezists a § such that for all |x| < ¢

_ 1
i {an o [ )] )
lim

n—oo 91(7,160)(1'?7,)

N w

<

Then, for n > N, there exists a constant C1 > 0 such that

/egn(r)—gn(zi) dz - [_g;ko)(x:l)] % > (1.
I

The proof of Proposition 2 can be found in Appendix A. One disadvantage
of our extension is that it only gives an asymptotic lower bound. In many
practical applications, an upper bound can be found directly using inequalities
like that in equation (8).

2.3 Examples

We demonstrate the use of Proposition 2 in three cases. Firstly, let g, (z) =
—nzP forn € N, p € Z>1 and I = [0, 00). It is then valid to apply Proposition 2
with z} = 0 and ko = p. Applying the proposition yields a constant C; > 0
such that as n — oo

1 o0 P
nE/ e " dx > C.
0

This lower bound is tight as we now verify for p > 2, since for p = 1 the
statement holds trivially. For p > 2, we use the variable transformation y = na?
to give as n — o0

e » 1 [ 1
n%/ e " dr = f/ yzlole_ydyzl"(—&-l).
0 P Jo p

After recognizing that the integral over [0, 00) is equal to half of the integral
over R, we see that Proposition 1 is also applicable, but only in the special
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case p = 2. In this case, Proposition 1 additionally gives as n — oo

/ e dx = 1/ e dx ~ i
0 2 —0o0 2[

Secondly, let g, () = —2 — nx? and I = [0,00). Now Proposition 1 is not
applicable since no function g(z) exists for which g, (z) = ng(z) holds. Note
that Proposition 2 is also not applicable with ko = 1, since z, has to be equal
to 0 and for x # 0

/ .
fim 9 OF T 1 an2e = oo,
n—o0 g%(()) n—00

contradicting one of the assumptions. Proposition 2 is applicable with kg = 2,
yielding a constant C's > 0 such that as n — oo

\/ﬁ/ e g > (Ch.

Similar to our first example, this lower bound is tight since we can also directly
calculate as n — oo

\/*/ e L—NE dx_\f/ "x+2n +ﬁdx~\/7?

Finally, let o, > 0, 5, > 0 for n € N and assume liminf «,, > 0. Define
gn(z) = aylogz — B,z. Using an argument similar to that in the second
example, we see that Proposition 1 is not applicable. However Proposition 2
is applicable with ko = 2, yielding a constant C3 > 0 such that as n — oo

)
an—3 —
ap "Rt len [ gtre T dr > Cs.
0

This bound is also tight, which can be seen from recognizing the density of a
gamma distribution in the expression above, and applying limit results for the
gamma function.

3 Haver-Winterstein model

Haver and Winterstein (2009) introduce the Haver-Winterstein (HW) distri-
bution for significant wave height Hg and wave period 7, in the North Sea.
Their model is set up in the conditional framework: they specify a class of dis-
tributions for Hg and a class of distributions for 7, | Hg. Variations of this
approach have been widely applied in ocean engineering with over 150 cita-
tions, 25 of which correspond to 2021, see for example Drago et al. (2013).
However we are not aware of any literature quantifying x and 7 in closed form
for the HW distribution; we now show how to calculate these.
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The HW distribution is formulated as

fx(@) zjrwexp{_%}, for 0 < z < u,
x(z) = <
/\k’“xhl exp{ (%)k} ) for x > u.

(4)
where u, a, k, A > 0 and 0 € R. In particular, the parameters are constrained
such that fx is continuous at u and integrates to 1. Secondly, they take Y | X
to be conditionally log-normal

v {_(logy—u(%))2

Tyix(y|z) = m Xp 20 (1)? } ,  forzy>0, (5)

where p(z) = po + paz*? and o(z) = [o0 + 01 exp(—agaz)]l/2 with po €
R, M1, U2,00,01,09 > 0.

Model parameter estimates (Haver and Winterstein, 2009) from data ob-
served in the northern North Sea are given in the Supplementary Material.
For ease of presentation, we make two assumptions about the parameter
space of the HW distribution that are consistent with parameter estimates
(fig, k) = (0.225,1.55) from Haver and Winterstein (2009). Specifically, we
make the following restrictions: 0 < pe < 0.5 and 2us < k. These assump-
tions reduce the number of cases to be considered significantly whilst including
realistic domains for the parameters as considered by practioners.

We now show how to use Proposition 2 to calculate the extremal depen-
dence measures x and 7 for the bivariate random vector (X,Y") distributed
according to the HW distribution in the restricted parameter space. Calcula-
tion of 7 is split into two steps. In the first step, we calculate the distribution
function Fy of Y and in the second we evaluate the rate of decay of joint
probabilities P{X > Fy'[Fr(u)],Y > Fy ' [Fr(u)]} as u tends to infinity.

We have

IP’(Y>y)—/OOO]P’(Y>y|X_x)fx(x)dz_/owq)(W

)&umm

(6)
where @ is the survival function of a standard Gaussian. This integral is ana-
lytically intractable but we can calculate its limiting leading order behaviour
in closed form. Proposition 2 gives a lower bound and an upper bound of the
same order as the lower bound is then found directly. For ease of notation, we
denote the integrand by

o) = (ELHE) f(o) ")

for x > 0. In Figure 1, we plot g, for various values of y. From the figure, we
note that g, has two local maxima for suffiiciently large y. These are x7, which
converges to zero, and xy*, which diverges to infinity. This observation implies
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Figure 1 The function logg, from equation (7) for y = 10, 20, 30, 40, 50, 100 with
parameters as reported in Haver and Winterstein (2009), see Supplementary Material.

that we cannot apply Proposition 2 directly in this case. We therefore proceed
as follows: (i) calculate x; and x;*; (ii) partition the interval of integration
into intervals I; and I3, where z e Iy and z* € I, such that the conditions
of Proposition 2 hold for both intervals, and then apply the proposition on
each interval; (iii) combine the two lower bounds found to get a lower bound
for integral (6); (iv) derive a limiting upper bound for integral (6) of the same
order as the lower bound.

In the Supplementary Material, we derive that as y — oo
1 J
. o103 logy T oo [ Atpipe - logy T
Ty~ | o and x," ~ | ————
2u1pa(oo + 01) koo

From Figure 1, we recognize that g,(z;) > g,(v;*) as y — oo. We show that
this holds analytically in the Supplementary Materlal when 2us < k. We now
apply Proposition 2 and find that ky = 2 is appropriate. The proposition then
gives a lower bound for integral (6) around x; as y — oo of

log?
P(Y > y) > exp{—z(aogiﬁ) —I—O(logy)}.

Finally, since gy(x;:) > gy(xz*), it is straightforward to show as y — oo that

log? y
P(Y >y) <exp {_%fog—i—m) +O(logy)}

using the inequality
PY>y|X=2x)fx(x)< gy(x;;)]l{x € [O,xz*]} + fx(2)1{z > xz*} (8)

We now can calculate n and show that x = 0. To that end, we first need to cal-
culate the inverse probability integral transform, transforming Y to standard
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exponential margins; i.e., we need Fy ' [F(u)]. Next, we need to evaluate the
asymptotic behaviour of P{Y > Fy ! [Fr(u)], X > Fx'[Fgr(u)]} as u — co. To
evaluate Fy Lo Fg, we first calculate for y — oo

log” y

Fo' (Fy(y)) = —log(1 — Fy(y)) = 2(00 4 01)

+ O(logy).

We invert this expression by solving FEl(Fy(y)) = u for logy. This yields

logy = /200 + 01)u+0O(1) as y — oo. We can now write down an asymptotic
expression for y(u) as u — oo

V() = B{FF [Fe (V)] > u, F [Fx(X)] > u)
- P{logY > V2(00 + o)V + O(1), (X/A)F > u}
(Voo b o) Vat O —pla) .\ kAU [ a
7/}\ <I>( Xx)~ exp{ (f

ul/k o(x) Ak
In the Supplementary Material, we show that Proposition 2 is applicable for

this integral with ko = 1 and z}, = \ul/k. Moreover, we derive directly an
upper bound of the same order, obtaining

x(u) = exp {— <2 + Z;) u+0 (u1/2+u2/k>}

as u — oco. Hence, x = 0 and

In particular, for the parameter estimates from Haver and Winterstein (2009),
the value of n € (0,1/2) implies that the distribution exhibits negative
asymptotic independence (Ledford and Tawn, 1996).

4 Heffernan-Tawn model

In multivariate extreme value theory, the conditional extreme value model of
Heffernan and Tawn (2004), henceforth denoted the HT model, is widely stud-
ied and applied to extrapolate multivariate data. The HT model has been cited
over 600 times, and is applied e.g. in oceanography (Ross et al., 2020), finance
(Hilal et al., 2011), and spatio-temporal extremes (Simpson and Wadsworth,
2021). The HT model is a limit model and its form is motivated by derived lim-
iting forms from numerous theoretical examples. Keef et al. (2013) assume that
for (X,Y) on standard Laplace margins there exist parameters o € [—1,1],

)k} da.
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B < 1 and a non-degenerate distribution function H such that for x > 0, z € R

lim ]P’(Y_aX < z, X—u>x|X>u> = exp(—x)H(z). (9)
U—00 X5

In the limit of v — oo, this formulation implies that (Y — aX)X~? and
(X — u) are independent conditional on X > u, and are distributed as H and
a standard exponential, respectively. As is common practice in extreme value
theory, the HT model assumes that the corresponding limiting family in (9)
holds exactly at a finite level. Thus the HT model is specified for x > u, where
u is a sufficiently high threshold such that the limit representation in (9) is
considered a good approximation. Let (X,Y) be a random vector such that
X and Y both have standard Laplace margins. Moreover, let a, 5 € [0,1) and
assume that for z > u >0

IP’(Y>y|X:x):H<y xﬂ‘“) (10)
holds for all y € R where H = 1 — H is some non-degenerate survival function.
In this case, we say that (X,Y) are distributed according to an exact version
of the HT model. We consider two cases for H, corresponding to finite and
infinite upper end points. If H has a finite upper end point 2, calculations
for 1 are trivial. Indeed, when X = z, Y cannot be larger than ax + z°2z%.
In particular, as u — oo, Y > u is equivalent to X > u/a + O(u”). Hence as
U — 00

P(X >u,Y >u) ~P{X >u,X >u/a+O0u’)}
~P{X >u/a+O0’)}

=exp{—u/a+ O(uﬁ)} .
Therefore, n = o when « > 0 and otherwise does not exist.
Now assume that H has an infinite upper end point. To make calculations
tractable, we parameterise H as

H(2) =exp{—72° +0(2°)} 1{z > 0} + 1{z < 0} (11)

for v > 0, § > 1. For simplicity, we do not consider potential negative argu-
ments for H since the precise form of its lower tail is not relevant to the current
work. Parameterisation (11) covers most non-trivial cases for the upper tail
including Gaussian, Weibull and exponential tails; see examples in Heffernan
and Tawn (2004). Moreover if the tail of H is heavier than that of the exponen-
tial, Y cannot possibly possibly follow a standard Laplace distribution. This
links to the restricton § > 1. For illustration, we set 0(z°) = 0 in equation (11).
The resulting Weibull survival function is a suitable choice for H, since it has
an extreme value tail index of 0, but a varying tail thickness controlled by 4.
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0 0,1) | (0,(1—p)/8] -t 1/(v+1)

0 0,1) | [(1—8)/B,00) 1-p" A6 —1)110 )8

Table 1 Values of 7 for model (10) with H as in (11) for different ranges of parameter
combinations, where ¢ = max{1,co} € [1,1/a) for cg given in equation (12).

0.8

0.6

04

0.2

0
0 02 04 06 08 1 0 0.2

a a a

Figure 2 Visualisation of co from equation (12) for y = 1, 1.5, 2, 5and § = (1—£)~1. The
region corresponding to co € (0,1) is shown in red; the region corresponding to ¢g € (1,1/«)
is shown in green.

Proposition 3 If (X,Y) follows distribution (10) with H as in (11) with o(z%) = 0,
then 6 > (1— )~ L.

The proof of Proposition 3 is found in Appendix A. Following similar argu-
ments to those used in the proof of Proposition 3, we calculate x and 7 for any
combination of the parameters («, 8,9,7) in their specified parameter space.
We collect results in Table 1. In the Supplementary Material, we only give de-
tails of the 7 calculations when «, 3 € (0,1), 7 > 0 and § = (1 — 3)~!. For the
other five cases in Table 1, we state results without proof. In particular, the
argument underpinning the 7 calculation when § > (1 — 3)~! is similar to the
argument used when H has a finite upper end point. In this case, 7 = o when
«a > 0 and when a = 0, 7 is not defined.

In Table 1, it is convenient to refer to ¢ = max{1l,¢o} € [1,1/«) where
¢o € (0,1/) satisfies

(1 = aco)® (6 =1+ aco) = ¢. (12)

To give some intuition on the value of ¢, in Figure 2 we sketch the region of
the parameter space corresponding to ¢ = 1 (in red) for different values of ~.
Finally in Figure 3 we visualise 7 for a set of different parameter combinations
with 6 = (1 — 8)~1L.

We note the following interesting findings. The parameter 7 is non-
decreasing with increasing o and with increasing 5. Parameter combinations
(a, B,7,9) exist for which «,8 > 0 but n < 0.5. Hence, there are cases for
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0o 0 00

Figure 3 The value of i as a function of o, 8 and v with § = (1 — 8)~! from the HT
model (10) and (11).

which Y increases with X but the extremes of (X, Y") are negatively associated
as measured by 7 (Ledford and Tawn, 1996).

Finally we note that the Heffernan-Tawn model is not 7 invariant, i.e.,
when the HT model occurs in the limit of the distribution of (X,Y’), then
n for (X,Y) is not necessarily the same as 7 for the associated exact HT
model. To illustrate this, let (X,Y") follow an inverted bivariate extreme value
distribution with a logistic dependence structure (Ledford and Tawn, 1996) on
Laplace margins with parameter £ € (0, 1], such that

3
P(X >z, Y >y) :exp{— {t;/f-i-t;,/g] }7 (13)

where t, := log2 — log[2 — exp(z)] for < 0 and t, := log2 + = for z > 0,
with ¢, similarly defined. It is straightforward to derive that in the limit, the
Heffernan-Tawn model (10) is applicable to (X,Y) with H as in equation (11)
and o(2?) = 0. Specifically,

lim P(YX* ' > 2| X =12) =exp (—§z1/5> .
Tr—r00

Now let (X g7, Yur) be distributed following our exact version of the HT model
associated with (X,Y). That is, for Xgr < u, we have (Xgr,Yur) = (X,Y).
For Xy > u, Xy — u is standard exponentially distributed, and Ygr | Xgr
follows model (10) with H as in (11) with parameters («, 3, 7, §) = (0, 1 —
€ & 1/€) and o(2°) = 0. In this case v < (1 — 3)/3, and Table 1 implies
that the coefficient of asymptotic independence ngr of (Xgr, Yhr) is equal to
1/(&+1). In contrast, it is straightforward to derive directly from definition (13)
that 7 of (X,Y) is equal to 27¢. Hence nyr # n when £ € (0,1).

Finally we illustrate numerically the differences between 7, ngr and their
finite level counterparts n(p) and ngr(p) for p € (0, 1). For definiteness, we let
(X,Y) follow distribution (13) with & = 0.35. We simulate a sample {(z;,y;) :
i = 1,...,n} of size n = 10,000. First we empirically estimate n(p) from
equation (3) for p € (0,1) and calculate pointwise 95% confidence intervals
using the binomial distribution. Next we note that n(p) = n for p € (0.5,1).
Finally we calculate the corresponding ng7(p) for p near 1 using numerical
integration.
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~o i(p)

0.88 ~_ ———-nar(p) | | 0.88

-~ ——=n

07 0.75 0.8 0.85 0.9 0.95 1 0 50 100 150 200 250 300
P log(2 - 2p)

Figure 4 Coefficients of asymptotic independence 7 (red dashed) for distribution (13) with
& = 0.35, and the corresponding value for the exact limiting HT model ngr (green dashed),
and its finite level counterpart ngr(p) (black dashed). Empirical estimates 7(p) for a sample
of size 10,000 with pointwise confidence intervals are shown in blue. Left and right hand
panels are the same except for the scale of the z-axis, set on the right to illustrate the
behaviour of ngr(p) for p near 1.

Results are shown in Figure 4. Left and right hand plots are the same
except for the scale of the z-axis, illustrating the behaviour of ngr(p) for p
near 1. Reassuringly, the true n of the underlying model (red dashed) falls
within the 95% confidence interval for its empirical counterpart 7(p) (blue).
Further, ngr(p) (black dashed) converges to npr (green dashed). We note
that ngr(p) varies as a function of p and only seems to asymptote for p >
1 — exp(—50)/2 ~ 1 — 9.6 - 10~22. Finally, since ngr < 7, we would expect
that ngr(p) would underestimate 7, but it turns out this is only the case for
p>1—exp(—7.5)/2 = 0.9997.

Supplementary information. In the Supplementary Material, we give
details of the mathematical derivations corresponding to the case studies.
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Mackay of Exeter University and David Randell of Shell. This article is based
on work completed while Stan Tendijck was part of the EPSRC funded STOR-
i centre for doctoral training (grant no. EP/L015692/1), with part-funding
from Shell Research Ltd.

Appendix A Proofs

Proof of Proposition 2. We prove that as n — oo, there exists a constant
C > 0 such that

1
7 = / 9 (@=0nx) 4y (—gf0)(a7)) " > €.
I
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To bound ., from below, we first simplify its expression by applying the
1/k
variable transformation y = t,(z) := (z — z}) (—gﬁbk[’)(a:;‘l)> * and defining

() =0 (59 (o) ) Brye L (tale) s a e 1),

Then, the integral .#, becomes

jn*/ —hy (0 y.

We note that for all n € N, we have 0 € I/, h, € C*(I}), and h,,(0) > h,(y)
for all y € I!, \ {0}. Moreover, we have for y € I',, i =1,..., ko,

X . —-1/k —i/ko
) = o0 (w0 (o)) (aten)

Hence, h%k”)(O) = —1 and lim,_, th)(o) =0forall 1 <i < kg. Using Taylor’s
theorem, there exists a function £(y) taking on a value between 0 and y such
that

() Z_ LH00) + L e().

Let € > 0. Because lim,,_, h( )( 0) = 0 for all ¢ < kg, we can find an Ny € N
such that for all n > Ny, we have max;—1 . k,—1 |h£f)( 0)| < e. Moreover, from
the assumptions of the proposition, we can find a § > 0 and an N; € N such
that for all n > Ny, hsbk")(y) > —3/2fory € (—0,0)NI. For n > max{Ny, N1},

ly|? Jy[Fo—1 3]yl*o s 3lyl*
ho(y) — R “lyle = e .. _ _eed
)= hn(0) > —lyle = e e TR e WD

for y € (—4,6) N I},. Hence, we derive a lower bound

3)ylko

Jn Z e—ee‘s/ T T2kqgl dy — Cl
( 55)

From the connectedness of I and 0 € I, we conclude that I, N (—4,0) has

positive mass under the Lebesgue measure. Hence, C; € (0, c0). (I

Proof of Proposition 3. Let (X,Y') be a random vector such that X and Y both
have standard Laplace margins. Moreover, assume that there exist -1 < a < 1,
0 < B <1 and u > 0 such that for z > u
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holds for all y € R with
H (2) = exp(—y2°)1{z > 0} + 1{z < 0},

where 7,5 > 0. We now derive that § > (1 — 3)~! must hold. Since Y is
distributed as a standard Laplace, we have for y > 0

wzp(a_}(—i—){ﬂzzy, X > u)P(X >u) +P(Y >y, X <u)
>PaX +XPZ>y, X>u)>P(XPZ >y, X >u)

o0 y 1 oo y5 -
:/u P(szfﬂ)fx(x)dxzi/l exp(—%—m) de =: .7,.

We will show that 2 exp(y)jy >lasy — ooif § < (1—3)~1, which thus would
contradict with the marginal distribution of Y. This result holds trivially for
B = 0. So, for now, we let 5 > 0. We will prove this asymptotic inequality by
applying Proposition 2, with kg = 2, to bound jy from below.

First define I := [u, 00) as the integration domain, and

g,(z) = exp (-Zgj - a:) {z eI}, and hy(z):= (-% - x) 1{z € I}.

Next we find the mode z; of g,(x). We assume that z; lies in the interior of

I such that hj(xz}) = 0, which implies that 85y’ (z})#~1 = 1. So, z}, =
(ﬁé'y)ﬁ y#, which lies in the interior of I for sufficiently large y. We now

compute
)

* Y * _5
gy(xy) = exp (_ (22)83 xu) = exp (_Aylml)
Yy

with A =~ (ﬂé’y)_% + ([357)ﬁ. Secondly,

Hy(y) = —BO(B8 + 1)) ™y’ = —(83 + 1) (B6) Ty .

Using these expression, we can now check that the assumptions from Proposi-

tion 2 with ko = 2 are satisfied. First we note that hj, (z3)(—hj(z})) /2 = 0.
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Next let C' > 0 and |z| < C, then

" * T
(s )
lim v
—B5—2
—B5(B8 + 1) [ (B6y) 75 ymo + S L
i \/(ﬁ5+1)(,857) CLEN LES:
= lim 1 6
o —(B6 +1) (Boy) #o71 y~ movT
—B5—2
s . )
y36+1 + i i y
i \/(55-&-1)(,667)67?7;*%
= lim i
y—00 yfm
—B6—2
= lim |1+ T
- _1 s
Yy—00 \/(5(5 —+ 1) (ﬁ(s’)/) FOFT 4 BoFT
=1

9

which is sufficient to show that for each Z, Proposition 2 is applicable with
N M e e
there exists a constant C(Z) > 0 such that as y — oo

ko = 2 on interval Iz := [w . Hence for each z,

_9/2 3 = _ /2 _
Yy~ BFoHT exp (Ay[36+1) . jy >y~ BT exp <Ayﬁ6+1) . gy(x) dz
1

z

_ (@) (88y) 0

VIR
Using the inequality Qexp(y)f; <1 as y — oo, we must have

_8/2 5 1 C1(Z) (Bo7) SETD
Lz —y) > Al
Y~ BT exp (Ayﬁaﬂ) 5 exp(—y) > RS (A1)

as y — oo. Since 0 < B < 1, we note that if § < (1—3)~! then inequality (A1)
does not hold. So, we derive that § > (1 — 3)~L. O
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S1 Introduction

We give an overview of the content in the Supplementary Material. In Section
S2.1, we give parameter estimates of the Haver-Winterstein (HW) distribution
as referred to in Section 3. In Sections S2.2-S2.6, we give the details of the
calculations that support the arguments in Section 3. Finally, in Section S3
one can find the mathematical derivations of the results stated in of Section 4.

S2 Supplementary Material
S2.1 HW model parameters

Parameter e 0 u k A
0.573 | 0.893 | 3.803 | 1.550 | 2.908
Parameter 1o ni 2 le) o1 o9
1.134 | 0.892 | 0.225 | 0.005 | 0.120 | 0.455

Table S1 Parameters of the joint probability density function of significant wave height
Hg (m) and wave period T (s) for the Northern North Sea (Haver and Winterstein, 2009).
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S2.2 Details on calculations for the HW distribution

Let (X,Y) follow the HW model, see Section 3, with 0 < ps < 0.5 and
219 < k. The goal is to calculate the asymptotic behaviour of joint probabilities
P(X > Fy'(p), Y > Fy ' (p)) when p tends to 1 where Fx and Fy denote the
distribution functions of the random variables X and Y, respectively. First,
we evaluate the distribution function of Y at large values such that we can
calculate F;l(p). After, we compute joint probabilities, like P(Xg > u,Yg >
u), where Xp and Yg denote X and Y, respectively, on exponential margins,
ie, Xgp=—log(l— Fx (X)) and Yg = —log(1 — Fy(Y)).

We write down an analytical expression for the survival function Fy of Y’

Fyt) =P >0 = 8 (B f@an

where p(z) and o(x) are defined in the main paper. We remark that we need
to evaluate F'y at large y. To that end, we denote p,(z) := (logy —u(z))/o(z),
and the integrand

gy() := @ (py(2)) fx (2). (52)
As seen in Figure 1, the integrand g, has two local maxima for y large enough.
Hence, Proposition 2 is not directly applicable. However, we can use the propo-
sition to indirectly prove a lower bound for the intergal (S1). Next, it is
straightforward to find an upper bound for the integral with the same rate of
decay as the proven lower bound.

We follow the following sets of steps: (a) we prove that there exist (at least)
two local maxima z; and x}*, and find expressions for both. If there are more
then z is the one with the smallest argument, and z* is the one with the
second smallest argument; (b) we show that we can apply part of Proposition 2
to the smaller of the two local maxima, which gives a lower bound for the
integral; (c) we define an upperbound g, for the integrand g,, compute the
integral of g,, and show that this integral has the same rate of decay as the
lower bound; (d) finally, we combine the results to get an asymptotic expression
for Fy (y) as y — oo.

We need to start by working out the expressions for the local maxima. We
do this by considering all possible options, which yields five (types of) local
extrema 0 < xg < 71 < T2 < x3 < x4 < oo that satisfy the following: (i) as
y — 00, py(xo) — oo holds and xzy — 0; (ii) as y — oo, py(x1) — oo holds
and x1 — ¢ € (0,00); (iil) as y — o0, py(z2) — oo holds and x5 — oo; (iv) as
y — 00, py(x3) = ¢ € R holds and z3 — o00; (v) as y — 00, py(x4) = —00 € R
holds and z4 — oo. It is straightforward to show that z3 and x4, cannot exist.
However, this argument is unnecessary for the purpose of this section.

Finally, we calculate Fy (y) using Proposition 2. In particular, we will get
a lower bound by applying Proposition 2 around the local maximum zy and
we derive an upper bound directly.
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S2.3 Finding local extrema

We consider cases (i), (ii) and (iii). These cases have in common that py(z.) —
oo for z, € {xg,x1,z2}. We will write x, rather than either ¢, 21,2 to not
distinguish between arguments that are applicable to all three cases. To find
an expression for z, in closed form, we define h,(z) := log g,(«) and we solve
hy, () = 0. First, we calculate hy (),

) = S (108 (p, () + log Fx (x)
_—ey@) oy Ix(@)
=By T @)

Since py(x.) — oo, we can simplify this expression by using Mills’ ratio, which
says that
(z)

(z

)
) /2(

|

1 _
—?‘FO(x 5)

BS)

1
T
x)

=x+2 1 +0(273) as x — oco. Moreover,

—~

as x — 0o, which implies ¢

we can write 4 /1 ()
vy 4 (logy — p(x
wo = 5 ()

= —(logy — p(x)) -

= py(@)- o(z)  olx)
So,
%@@=—<mmg+m@0+0@ﬂmr%)(ﬂM%ngj‘fgj>
S ies
= py(x.)”- Z((f; +py(wa) Z;f)) + Z((f; - py(i()x;gx*)
0 (et * o) e

as y — o0o. We now fill in the parametric forms for g and o. We can then
simplify this expression to
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(logy — po — p1ak®)? - —2o102 exp (—02z.) (00 + 01 exp(—ooz.)) ~1/2
(00 + 01 exp(—0ax,))3/2
L (ogy —puo - k) ot
o0 + o1 exp(—o9zs)

hy,(z.) =

%0102 exp(—ooxy ) (00 + 01 exp(—oax,))~1/?
(00 + o1 exp(—oaxy))t/2
Mluzxﬁrl
logy — po — pa ok
L0 zhet N exp(—oaxy) n i (xy)
(logy — pio — puuak®)3 — (logy — po — p1ak®)? fx (@)
_ (ogy — po — nak?)? - 0102 exp (—02.)
2(cg + o1 exp(—oax4))?
(logy — po — puak®)ppea®™" o103 exp(—oaw)
00 + 01 exp(—o22.) 2(0g 4 01 exp(—oaxy))
papat® ! Lo ah ! exp(—0oa,)
logy — pio — prak® (logy — po — p1ak®)® ~ (logy — po — pwk*)?
)
fX(x*)

Since, hy (v.) = 0 for all y, we can let y — oo, to further simplify

— lim [ —log?y- 0109 exp(—oay)
y—00 2(og + o1 exp(—0o2x4))?

+logy - (po + p1ak®)o102 exp (—o2xy) n M1H2I§f271
(00 + 01 exp(—0224))? o0 + 01 exp(—o22,)

(1o + p @) g prg > ! 0102 exp(—0o2y)

oo + o1 exp(—oaxy) 2(0g + o1 exp(—0oax4))

(po + p175?)? - o102 exp (—o2zy) N pi prp > ! f&(m))

Jr
2(00 + 01 exp(—0az4))? logy — po — pak®  fx ()

We now split up the analysis into the three cases: (i) z. = zo — 0; (ii)
Te =21 — ¢ € (0,00); (iii) x4 = 2 — 00.

Case (i): z. =x9 — 0
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In this case, there must exist a ' > 0 such that for all y > ¢/, zo(y) < u. So,
let y > 9/, then
f (zo) logzg—6 1

fx (o) B zoa? - 570.
Filling in x, = ¢ simplifies equation (S3) to

. o0 o0 ph2! ph2l
lim (—log2y'2( ! 201)2 +logy - <(u0 192, Hik2% _ HoMli2%o

y—o0 oo+ oo+ 01)? oo+ 01 oo+ 01
. 0102 _ /L%Ul()’z /1,1[1,2‘%61’271 _ IOgIEO -0 _ i —0
2(c0+01)  2(00+01)? logy o2 Zo '
(S4)

Because 0 < ps < 0.5, the dominating terms within this limit are of the order
log?(y) and logy - x{)”_l. Indeed, (logxzg)/xo is dominated by both of these
terms since, we must eventually have z3*>~2 > (logzg)/xo. So zo must satisfy

as y — 00

g109 —1 IOgJJO
—lo e+ lo . . I'MZ = O .
gy 2(UO+01) gy /,Ll,LLQ 0 (zology>

Finally, we derive the following asymptotic expression for xg as y — oo

0102 _1_1“2 1 9
=57 ~(logy) ™7 + 0 (1 . 35
o <2um<oo+al>) (logy) (log™%(y) . (S5)

We will later show that hj(zo) < 0. So, indeed z¢ corresponds to a local
maximum.

Case (ii): z. =21 — ¢ € (0,00)
In this case, equation (S3) is equivalent to

lim —c;log?y 4+ calogy —c3 =0
yA)OO

where
e pa—
0<e = 0109 exp(—oac) i
2(00 + 01 exp(—o02¢))

0 <= (o + p1c?)o109 exp (—o2c) pia proct>

? (00 + 01 exp(—02c))? oo + o1 exp(—o2c)
0 < ca— (o + ") ppgct> ™! 0102 exp(—02+)

3 o0 + 01 exp(—o2c) 2(0¢ + 01 exp(—0oaxy))

4 (B0t me)? - g103 exp (~ouc) ppect2—t i (c)

2(00 + o1 exp(—0o2c))? logy — pio — pict2  fx(c)
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We can now clearly see that equation (S3) cannot be valid under this
assumption. We conclude that x; does not exist.

Case (iii): . = z2 — o0

Finally, let x, = x5 — co. In this case, there must exist a y” > 0 such that for
all y > 4", zo(y) > u. So, let y > 3", then

Now, equation (S3) is equivalent to

lim ( B log2 y- 0109 eXp(2—O'2.132)
y—00 20§

+ logy -

(Mo‘Jr',ulxlﬁz)iflfhexlo(’f72x2)4Jr p proh®
o} o

(1o + maah®)papoxh® ™ o109 exp(—0a1) (S6)
ao 200
(po + p175?)? - o102 exp (—o222)
203
pu o> k—1  kab™t
m t+ - = =0.
logy — po — p1h o A

The dominating terms in equation (S6) are of the order log?y, logy - a:‘{“_l
and xéfl. So, we can simplify equation (S6) to

p2—1 k—1
. H1pH2To ka

lim — log? +logy - -

yggo o8 Y 20’3 o8y (s} )\k

0102 exp(—oaxa)

—0. (S7)

We note that the first and third terms have a negative sign, and the second
has a positive sign. We note that we cannot simplify this further without
considering the following two options as y — oo: (a) exp(—oaz2) log? y > k1
(b) exp(—cazs)log?y < 2571, Both of these cases will yield a solution to

equation (S7) which we call x5, and x9; respectively.
Case (iii-a): . = 29, — 00 and exp(—0ax2,)log®y > b !

We derive from equation (S7) that xo, must satisfy as y — oo

k—1
01092 -1 Lo
—logy - 500 exp(—0a2Ta,) + pipazh?” " =0 <logay> )
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So, x9, must satisfy as y — oo

k—1
1-/”0271@ T =lo . ﬂ_’_O T2a .
% xp(02%24) gy Yo0r1 12 exp(—02220) log2 y

Finally, we derive the following asymptotic expression for zs, as y — oo

_loglogy
==

T2q + O(logloglog y). (S8)

Case (iii-b): z, = x9y — 00 and exp(—o222,) log?y < x’ga_l
We derive from equation (S7) that xo, must satisfy as y — oo

Cpaps kgt

oo )\k

log y =0 (10g2 yexp(—ang)xé_“Q) )

So, xo, must satisfy as y — oo

1

Ak fo=rry =y

Ty = ( ﬂlNZ) - (logy) T +0 ((log y)"“—l*‘? k—u22> . ($9)
kO'Q

S2.4 Identifiying local maxima and local minima

In the previous section, we have found expressions for local extrema, see
equations (S5), (S8) and (S9). In this section, we will show by using the sec-
ond derivative h;’ that xp and zg, correspond to local maxima and that xo,
corresponds to a local minimum.

We calculated before

Sy — =2 @) o fr(@)

"D = F oy P R
So,
%m:_ﬂ@mfm@éyﬂmwmwy_w@umm@_&uy+

T (py())? ® (py(2)) T (py(2)) fx ()2

We can simplify h;’(x*) for x, € {xg, T2, Tap} as y — oo by using the identities
P(py(2:))/P(py(w4)) ~ py(@s) +py(2:)~" as y — oo and ¢’ (z) = —zp(z). We
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get as y — 00

S )2p;<m*>2 + (e + p(l)) Py )pl ()

py(@“)
_ T L s _féf(x*)Q fx (@)
(""y( *”py(x*))py( R P
e BER ) ) e
P G PR ) /) ") * o)

olx) o) o(x)? o(x)? o(x)?
and
1 _d72 logy — pu(x)
o= ()
W), M@ (@) o)
- e e tow =t (5 - 703

2 )
o(x4)? o(x)?

~py(a2) (pym) - (2”'(””*)2 . ""@*)) Ly H@)o @) u”(m))

o(x4)? o(zy) o(x4)? o(zy)

)
Fx@? T Fx(@)
o (30 @)\ (o) )
Py(e) <a<x 72 o(x») Pyl *)< o ()2 a(xn)
G @) )
(@ Ix@ P fx()
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For x = x(, we have

= wpaxh
= —papa(l — pa)ah* 2,
~ Voo + o1,
~— 102/(2m)»

PR I .
4(og 4+ 01) 4(oo + 01)
log y 2ol 010y papa(l — pp)ah?
(O'O‘f‘O'l)?’/2 Voo + 01

iP5y 1 logxzo—0 1
oo + + 3+ 2°2 2.2
0 g1 0 T Tolx
2 2
0703 o pipa(l — p2) fi2—2
~———=_"]o ————— = . logy - xp®
2(0’0+0’1)3 &y oo+ 01 &Y %o
pin3 2n-2 | 1 logzg — ¢ 1
[ A o B e R, PR
0 g1 n T T

We combine this result with equation (S5), to get

1—
Wi (o) ~ (1 — p9)

Jogy - #1272~ —C (logy) 2t T
por gy - Ty (logy)

with

_ M1M2(1 —Mz) . ( 0102 >1+1‘1"'2
o9+ 01 2p p2 (00 + 01) -
We conclude that hj(ro) < 0 and that indeed x corresponds to a local
maximum.
For x = 9, with x = a, b, we have

p2—1
H1p2Toy
po—2

) =
532*) = —papa(l — po)as?
) ~ Voo,
) ~ —0102/(2y/00) - exp(—0272.),
o 3:2*) ~ 0103 /(2\/70) - exp(—0272,), and
)
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So,

B (50 ~ _1og2y ' 30203 - exp(—202724) 3 0103 - exp(—02T24)
yi 0o 403 200

| logy <2M1M2$§f_1 $ 0103 exp(—02%2.)  papa(l — po)ahi” 2)

Voo 0'3/2 Voo
Ml/‘2$§g2 ? k-1 k(k — 1)552*
o0 w5 Ak

For x5, = x9,, we simplify

2
" 0103
hy (x2a) ~ 20(2)

log?y - exp(—oaag)

which confirms that x5, corresponds to alocal minimum. Finally, for zo, = x2p,
we simplify

1o —2 k—2
pripa(1 — po)aty ™ k(k — 1z
(o) ~ 2L g, MR DT
H2—2 k—2
k—png k k—pg
pupa(1 - po) (M) k() (M)
~ = UO + Ak (logy) H2

k—2

k=pa k—2
) e

(map2(l = p2) koo +k(kf—1) (Arpaps
00 TN Ak koo

k A (=) k=2
“E (k — p2) - ( ;1;12) (logy)*=r= .

Finally, it is clear to see that h;’ (x2p) < 0 which confirms that zq is a local
maximuim.

S2.5 Calculating the survival function of Y

We will apply Proposition 2 to g, from equation (S2), where we find that
ko = 2 and z;, = xo(y). This gives us a lower bound for Fy(y) as y — oo. We
start with evaluating g,(xo) and after, we check the smoothness assumption
of the proposition for ky = 2. Finally, we derive an upper bound that is of the
same order as the lower bound. Hence, we can combine the lower and upper
bound to get an estimate for the rate of convergence to 0 of Fy (y).

Before, we evaluate g, (o) and hy(x), we first simplify p, (zo) and p,(x)
as y — oo. We have

logy Ho _t2
= — O (1 =
py(IO) Voo + o1 Voo + o1 - (( oY) M)
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and
1 2V _o_ K2 v
_Yoota +0 ((logy) 2 1*/32) _ Yoot + 0 ((logy)™?).
py(zo) logy logy
So,

B logy — p(@o) | o(xo) o(xo) ? .
(o) _VJ( o (o) ) <logy—ﬂ(wo) o ((logy—u(:vo)> )) Fx (o)
_ 1 1 (logy — p(0) |
‘me"p{ 2( o(w0) )}
(o (e ))) 2 {~tougoc0r)
logy — pu(o) logy — pu(o) V2rzoa

Voo + 01 1 logy 1o _m \ )
= - —_— — 1 1—p2
o P 2 \Voo+o1 oo+o1 +0 (( o8 Y) )
1oéy +0 ((log y)_2)

_1% 1 _
(5mizn) 7 - Gogy) ™7 + 0 (1og2(y)

_ ) 2
(log {(M;}%) " (logy) T +0 (logz(y))} - 9)

- exp — 2a2

1 9 1—2p9
oot (tog?y - amotogy + 0 (105 ) .
eXp{ 200+ o1) (og y —2uology + O ( (logy) T2

Next, we check the assumptions of Proposition 2. First, we clearly have
hi,(z0)(—hi)(z0))~*/% = 0. Secondly, we have one clearly dominating term in
the second derivative of h, near x, so it is enough to show that

1 X
My (”“"”\/W o>)
lim -
y—>00 hy (o)
xT 1 X
I <x°+ h4:<zo>> ! <““’°th<ro>> o (o)
2—0 py(zo) 1" (o)

X
o (&Uo + ,7_%,(%))

is equal to 1 for any fixed x. Since (—hy(zo)) < xp as y — oo and since p,
and o are differentiable at 0 = lim,_, 29, it is clear that the first and third
term of the equation above tend to 1. Since p”(0) does not exist, we would

—1/2
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need to work out the term involving the second derivative of p more carefully.
We get
/L2—2

v (s e
Ve
Lo . (S10)

1 (o) 20\ /—hl! (o)

We note that ZL'()\/% is asymptotically equal to a constant times

(logy)(1—2#2)/(2=212) " Since py < 0.5, the second term within the brackets in
equation (S10) tends to 0 when y — oco. This yields that the right hand side of
equation (S10) converges to 1 as y — co. This is enough to show the smooth-
ness assumption of the proposition. We get that for any fixed & > 0, there
exists a constant C1(Z) such that

zo+

/,.hg(mo) gy(x) d;p
ajo*\/—hg(ﬂﬂo)
> C1(Z)gy(xo) -

/Ooogy(x)dw >

1
—hyy(20)

(as y — o0) :exp{— ) {log2y—2,uology+0((logy)llzuuzz)}},

2(00 + g1
(S11)

Next, we evaluate g, (z2p) but first we work out

lo _no
py(wa) = \/g;% +0 ((1ogy) =2 )
and
1 /7o

= +0 ((logy) 70z ).
py(xo)  logy (( gy) )
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i - () (o ()

= <logy +0 ((logy)k“i’z)) LYo (1 +0 ((logy)fovﬁ;iz))

Vo logy
k—1
k )\k k—png k=1 _k—2p
S ( klfrlom) (logy)*=rz (1 +0 ((logy) o ))
_k X
(5=)"" (ogy) = o
o LY

= exp {—2(170 log?(y) + O ((logy)’“kﬂ)} :

In particular, we find that g,(zo) > gy(x2s) for y large enough. We have now
all tools available to find an upperbound that gives the result directly,

IN

0,(2) < 3,() ::{max{gy@): ve0,ml} for0<s<a

I fx(x) for z > x4.

Since gy (x2p) < gy(zo) for y large enough, we have derived that the maximum
over the interval [0, z2] is attained at zo. We here note that we do not need to
show that x3 and x4 cannot exist as per definition, as they would clearly need
to be larger than zs if they exist. So, as y — oo

/00 gy(x)de < /E% gy(xo) do + /OO Ix(z)dz = gy (z0) + Fx (72)
0 0 T2p

— (Akk“oj()W) o (1+0 (togy)” =) (togy) = (S12)

1 2 1112:2
- exp {_2(00+01) [log y —2puglogy + O ((logy) 2 )} }

+exp {—)\—k <W> " (logy) =7 [1+0 ((logy)*k";zi? ] }

k’O’O

- v 2, - T2
= exp { (o0 T o1) [log y — 2uglogy + O ((log Y) )] } . (S13)

Now, combining equation (S11) and equation (S13), yields as y — oo

PY >y) = / gy(x)dz = exp {— log? y — 2u0 logy + O ((logy) Tris. )} } .
0

Toa o |
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S2.6 Calculating n

We use the previous work to transform Y to Ygr on standard exponential
margins. Thus

Vg = Fg' (Fy(Y)) = —log(1 — Fy(Y))

1 2 1-2up
=~ tog (e { gy oY — 2ty +0 (101) ) )
1—2p9

So, the function 7" that transforms logY to Yg is given by
2

Y Koy 1243
T(y) = - +0(y i),
(y) 2(0’0+01) oo+ 01 y

as y — oo. In calculating the extremal dependence measures, we need to solve
T(y) = u for large y. We get

T_l(u) = 4/ 2(00 + 01)u + 0(1)

as u — oo. We write down a formula for y = lim, 0o P(Yz > u | (X/A\)* > u)
as u — 0o

P(Yg > u | (X/N)F > u) =e® /:ol/k P(T(logY) >u| X =2z)fx(z)dx

=eY /:O PlogY > T *(u) | X = 2)fx(z)dx

o (P ) B )

In particular, we have for I = [Mu!/* \(2 + a1 /00)"/*]

P(Ye > u | (X/A)* > u) (S14)
— (T () — p(z ak—t x
>e“/IcI> <T(U)(x)u() |X:c> .k)\kexp{ ()\)k} dz.
(S15)

For ease of presentation, we define p,(x) = [T~!(u) — p(z)]/o(x). Similar to
the previous section, we define g, as the integrand and h,, := log g,, as the log
of the integrand, both are specified only on the integration domain I. For x in
the integration domain, we have

hu(@) = log (P(pu(@)) fx (x)) -
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We apply Proposition 2 to bound integral (S14) from below. In particular,
we first need to find the mode of h, over the integration domain. Let z,
be a sequence such that for each w, x, lies in the integration domain. So,
then we can write = C,u'/* + o(u'/*) for some bounded set of constants
Cy € [N\, A2+ 01/00)]. We have

" _go(pu(x)). ) — k—1 kbt

ha () Twu(@) Pu() = — SF
_ppu@) (v ol@)  p@)) k-1 kat!
- O(pu(x)) ( u() o) © o’(g;)) - S

Since, py(z) ~ 1/2(1 + 01/00)u — 00 as u — oo, we simplify

_ —Ug(Cuul/k-i-o(ul/k))
B (z) ~ 2<1+01)u- < 2<1+01)u- 102¢

(s} 20’0

N L1 fh2 (Cuul/k +0(u1/l~c))#271
N

~

E—1 k (Cuul/k + O(ul/k))k—l
Coul/* + o(ul/F) \F
kckflulfl/k

2\

In particular, we derive that A, (x) < 0 as u — co. So, the maximum of h,
over the integration domain must be attained at the boundary and hence is
given by zo = Au!/*. In particular, we get h/,(xg) ~ —ku'~/* /). We now will
show that we can apply Proposition 2 with kg = 1. We have, as u — oo,

, 1 1
ha(ut!®) = = log(2m) — Spu (/") —log pu (/") + log fx (Au'/¥)

a5 ()
() e (57

=— (2—1— Ul) u+ 0O (u1/2+“2/k) .
o0

Next, we check the smoothness assumption of Proposition 2 with ky = 1.
Let § > 0 and 0 < x < §. It is now enough to show that the limit of u to



Springer Nature 2021 IATEX template

16 Extremal characteristics of conditional models

infinity of the following expression tends to 1. We have

/ 1/k T E_1 B
lim hu(/\U/ +W)—lim (M 4 ) AT S
U—00 h;()\ul/k) T S wk—1/k = 2 = 1.

This is enough to show the smoothness assumption of Proposition 2 with
ko = 1. We conclude that for each Z, there exists a constant C;(Z) such that

0o )\ul/k:+%w " 1
W(z)dz > " de > Oy (#)gu(Mut/®) . ———
JRZCEEEY o) da > C1 (@) (M) - s
- 1 k2
) o) us0 (s, 10

To get an upper bound, we use the following crude upper bound g, for g,,

1/k
gu()\ul/k) for \ul/F <z <\ (2 + %) ul/k,

1/k
fx(x) for z > A (2 + %) ul/k,

We get as u — oo,

oo 1/k
/)\ gu(x)de < ()\ (2 + Ul) ul/t — /\ul/k> gu(Mul’") (S17)

wl/k

= exp < (2 + 01) u+ 0O <u1/2+“2/k)) + exp ( <2 + Ul) u)
oo oo
= exp (— (2 + Ul) u+ 0O (u1/2+”2/k)) . (S18)

00

Combining equations (S16) and (S18), we get

gu(7) dz = exp < (2 + 1) w+ O <u1/2+uz/k>)

i o
[o4]

P(Ye > u | (X/\)F > u) :/A o

as u — oco. From this expression, it is straightforward to see that £ = 0 and

17_1 :2—1—2.
00
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S3 Details on Calculations for the Exact HT
model

S3.1 Introduction

Assume model (10) for random vector (X,Y) with H as in equation (11). We
recall that (X,Y") is a random vector such that X and Y both have standard
Laplace margins. Moreover,there exist 0 < a < 1, 8 < 1 and uw > 0 such that
forx >u

—(y—ax
IP(Y>yX:x):H( = )

holds for all y € R with
H (2) = exp(—y2°)1{z > 0} + 1{z < 0}

for v > 0 and § > (1 — 3)~!. In this section, we work out the value for  when
0<a<l1, B>0andd=(1—p)" . The other cases are significantly easier
to work out and the results of these cases are stated in the main paper.

S3.2 Calculating 7

We write

U — aoxr

P(Y>u,X>u):/ H( e )fx(x)dx

u

1 w/o _ 3 1 0o

5/u exp (_7 <u xﬁaJJ) _ x) dx + 2/u/a exp(—x)dz
1 [ u—az\’ 1 u

:§/u exp <'y< e ) I) derieXp(fa).

In general, we cannot evaluate the first integral in closed form for finite w.
However, we can bound it from below using Proposition 2. A bound from above
can again be found directly. We define the integration domain I = [u, u/a],

gu(x) 1= exp (7 (u ;Bam>6 — x)

for x € I and h,, :=log g, on I. We now need to determine whether or not the
mode zo := zo(u) of the integrand g,, over the integration domain I lies on the
boundary of I or in the interior of I. We assume that z( lies in the interior of
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I, then we have

51
U — axg a  (u—ax)p

Lo Lo
=06 (u — owco)‘sxofﬁéfl + yda(u — owco)‘s_lava'g5 -1
= 0B (u — o)y + yda(u — o) ray Pt — 1
and we derive that
5 5—1 L s
Blu— axg)’ + alu — axg)’ ™ xg = —xf. (S19)

70

Since, we work under the premise that xg € (u,u/a), we are only interested in
finding solutions that satisfy o = éu + o(u) as u — oo for some ¢ € [1,1/q],
otherwise the mode of h,, is found at the boundary of the integration domain
at u. We try o = cu with ¢ € (0,00) in equation (S19), and we derive that
this is an exact solution if ¢ solves

0=~6(B(1— ac)’ + ac(l — ac)‘s*l) — =51 - )’ (6 -1+ ac) — .
(520)
Since the right hand side is a continuous function of ¢ for ¢ € [0, 1/«], we show
by the intermediate value theorem that ¢ € (0,1/a) by inserting ¢ = 0 and
¢ = 1/a and comparing signs of the right hand side of equation (520). Indeed,
for ¢ = 0, we have that

Y1 —ac)’ P (F—1+ac)—c =76 —1)>0
and for ¢ = 1/«, we have that
Y1 —ac)’ L —14ac)—c =—-a"? <0.

We recall that we are only interested in the value for ¢ if ¢ € (1,1/«a). Hence,
let ¢ = 1 in the right hand side of equation (S20) to give

v (B(1 - ac)® + ac(l — ac)‘;*l) — S =y1-a) (6 -1)(1—a)+da)—1
=y(1-a) 16 -14a)-1

which is negative if and only if v(1 — @)®~1(§ — 1 + ) < 1. We conclude that
c € (0,1) if and only if (1 —a)? 2 (§ —1+a) < 1 and c € [1,1/a) if and only
if (1 —a)®1(§ —1+a) > 1. We term these cases as Case (2a) and Case (2b),
respectively. In Case (2b), x lies in the interior of the integration domain I
for large enough u, and in Case (2a), the mode over the integration domain I
is found at u on the boundary.
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We work out g,(xo) for both Case (2a) and (2b),

5
U — Ty
gu(xo) =expy§ 7 ] — X0
Lo

:”mp{ “13ii?>%»>6 C“+O“”}
:exp{ Yu 90— 1;3?C+(0()1))) cu+o(u)}
:exp{ ( 1—ac +c>u+o( )}

Next, we work out h! (z¢) in Case (2a)

Rl (z0) = v08(u — au)’u=P "1 4 yda(u — au)®tuP0 — 1
=y(1-a)’ 10 -140a)-1

By definition of Case (2a), we have that h,(x9) < 0. Let C > 0 and |z| < C,
then as u — oo

(v st ) =790 (00 (s0+ i) <+ W) e
oo ) (i)

=~p (u—au— ra

5
1—v(1—a)1 ((5—l+a))

'(“*1—%1—mi4w—1+a0 h

o 5-1
1—~(1—a)i-1 (5—1+a))

x Bo
- <u+ 1—7(1—a)5‘1(5—1+a)) -1
=vf (u5(1 _ a)é +0 (ué—l)) (u—ﬁé—l +0 (u_gg_g))
+da (WMl =)’ + 0 (u2)) (w P + 0 (u 7)) —1
= R, (z0) + O (u*~277%).

+ v (u—au—

So,

. i, (‘TO T w (ro))
. 1 (o) =1
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which is enough to show the smoothness assumption of Proposition 2 with
ko = 1. We get that for any fixed Z > 0 there exist a C1(Z) > 0 such that

u/a

1
P(X > u, Y>u):/ gu(z) dx + §exp{—g}

u

1 [or ey 1
T s e (-2)

o—
—h7, (z0)

v

1 . 1 1 U
icl(z)gu(LEO) i (z0) T exp {*E}

V

> %C’l(iz) exp {— (v(1 - a)’ + 1) u+o(u)}

1 1 U
'1—7(1—a)5*1(5—1+a)+§eXp{ a}
:exp{f(fy(lfa)5+1)u+o(u)}.

In the last step we used that y(1 —«)® 41 < 1/« holds, which can be directly
derived from the assumptions corresponding to Case (2b). Similarly to be-
fore, we can find an upper bound rather straightforwardly using the following
upperbound for g, (x)

_ ) gu(zo) foru <z <w/a,
9u(®) < Jul2) := { fx(x) forx>u/a.
So,
u/o
P(X > u, Y>u):/ gu(x)dx—l—fexp{—f}

We conclude that
P(X >u, Y >u)=exp{— (y(1 - @)’ + Du+o(u)},

x = 0 and
n= ('y(l—a)‘s—&-l)_l.
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For Case (2a), we work out h!/(zo) as u — oo

W (z0) = —ay8(8 — 1) (u — o) 2y P° — 208702 (u — v )Ly P01
— B8(88 + 1)y(u — o)’y "
= —a’y5(8 — 1)(u — afcu + o(u)))°~2(cu + o(u)) =7
—20876% (u — acu + o(u)))°(cu + o(u)) P01
— B8(BS + 1)y(u — aleu + o(u))) (cu + ofu))~* 2
= —1a270(6 — 1)(1 — )’ 2¢7P° 4 2a8702(1 — ac)d~Le AL
+ B3(BS + 1)y(1 — ac)%fﬁH] N ()
= —B6%c P72 (1 - ac)® 2 (a* 4+ 2a(l —ac)e+ (1 — ac)®) u™' +o(u™t)
= —B6%yc P21 —ac)’2u"t 4o (u™)
=60 -1y M1 —ae)’ 2ut +o(u ).

Now, let C' > 0 and |z| < C, then we have zg + z(—h"(20)) /2 = cu + o(u).
So,

! <x0 + x) =h! (cu+o(u)).

—hii(zo)
So,
h | @0 + n; —5-1 5-2, -1
. v —h (o) . —0(0—1)vyc (1 —ac)’2u=(1+0(1))
lim = lim =1,
u=rc0 R (xo) u=r00o —§(6 — 1)yc=071(1 — ac)92u~1(1 + o(1))

which is enough to show the smoothness assumption of Proposition 2 with
ko = 1. We get that for any fixed & > 0 there exist a C1(Z) > 0 such that as
U — 00

u/o 1
gu(z) dz + 5 exp {*%}

IP’(X>u,Y>u):/

1 [t =Gy
> */ et gu(x) dz
2 )
—h, (z0)
1 1
> —Cy(%)gu -
=9 1(1')9 (.’Iio) *h;(lﬂo)

:eXp{— <w+c>u+o(u)}.



Springer Nature 2021 IATEX template

22 Extremal characteristics of conditional models

Similarly to before, we can find an upper bound rather straightforwardly,

u/ao

1 U
PX >, Y>u)=/u gu(x)dﬂf+§eXp{_a}

<u (; - 1) gu(o) + %exp{—g}
(e (529 ) Lo 1)
o (1559 Yot}

P(X > u, Y>u)exp{ <W+C>U+O(U)},

and we conclude that y = 0 and

—1
71—0405
- (et )

So,
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